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Abstract. Thepolyhedraimodelprovidespowerful abstraction$o optimizeloop
nestswith regularaccessedAf ne transformationdn this modelcapturea com-
plex sequencef execution-reorderingpoptransformationshatcanimprove per
formanceby parallelizationaswell aslocality enhancemenilthougha signi -
cantbody of researchhasaddressedf ne schedulingandpartitioning,the prob-
lemof automaticallynding goodaf ne transformgor communication-optimized
coarse-graine@arallelizationtogethemwith locality optimizationfor the general
caseof arbitrarily-nestedoop sequenceemainsa challengingproblem.

We proposean automatictransformatiorframework to optimize arbitrarily-
nestedloop sequencesvith afne dependencefor parallelismand locality si-
multaneouslyThe approachnds goodtiling hyperplanedy embeddinga pow-
erful andversatilecostfunctioninto anintegerLinearProgrammindormulation.
Thesetiling hyperplanesareusedfor communication-minimizedoarse-grained
parallelizatioraswell asfor locality optimization.Theapproaclenableghemin-
imization of intertile communicationvolumein the processospace andmini-
mization of reusedistancedor local executionat eachnode.Programsequir
ing one-dimensionarersusmulti-dimensionatime schedulegwith scheduling-
basedapproachesareall handledwith the samealgorithm.Synchronization-free
parallelism,permutabldloops or pipelinedparallelismat variouslevels canbe
detectedPreliminarystudiesof theframewvork shov promisingresults.

1 Intr oduction and Motivation

Currenttrendsin architectureareincreasinglytowardslarger numberof processingel-
ementson a chip. This hasled to multi-corearchitectureecomingmainstreanalong
with the emegenceof several specializedparallel architectureor acceleratorsThe
dif culty of programmingthesearchitecturego effectively tap the potentialof multi-
ple on-chipprocessinginitsis a well-known challenge Among several approacheso
addressinghisissue onethatis very promisingbut simultaneouslyery challengings
automaticparallelization.

Many compute-intensie applicationsoften spendmost of their runningtime in
nestedlioops. This is particularly commonin scienti ¢ and engineeringapplications.



Thepolyhedraimodel[6, 10,12] providesa powerful abstractiorto reasorabouttrans-
formationson suchloop nestsby viewing a dynamicinstance(iteration)of eachstate-
mentasan integer point in a well-de ned spacewhich is the statemensg polyhedon.
With sucharepresentatiofor eachstatementanda precisecharacterizatiowf inter or
intra-statemendependenced, is possibleto reasoraboutthecorrectnesandgoodness
of a sequencef compl loop transformationaisingmachineryfrom Linear Algebra
andInteger Linear ProgrammingThe polyhedralmodelis applicableto loop nestsin
whichthedataaccess$unctionsandloop boundsareaf ne combinationglinearcombi-
nationwith a constantpf the enclosingoop variablesandparametersWhile a precise
characterizatioof datadependenceis feasiblefor programswith staticcontrol struc-
tureandaf ne references/loop-boundspdewith non-afne arrayaccesgunctionsor
dynamiccontrolcanalsobe handled usingconserative assumptions.

Early approacheto automatigparallelizatiorappliedonly to perfectlynestedoops
and involved the applicationof a sequenceof transformationgo the programs at-
tributed abstractsyntaxtree. The polyhedralmodel hasenabledmuch more comple
programsto be handled,and easycompositionand applicationof more sophisticated
transformation$6, 12]. Thetaskof programoptimizationin the polyhedralmodelmay
beviewedin termsof threephases(1) staticdependencanalysisof theinput program,
(2) transformationsn the polyhedralabstractionand (3) generatiorof ef cient loop
code.Despitetheprogressn theseechniquesseveralscalabilitychallengedimited ap-
plicability to smallloop nests Signi cant recentadvancesn dependencanalysig28]
andcodegeneration2, 23,27] have demonstratedhe applicability of the polyhedral
techniquego realapplicationsHowever, currentstate-of-the-anpolyhedralimplemen-
tationsstill applytransformationsnanuallyandsigni cant timeis spentby anexpertto
determinghe bestsetof transformation$6, 12]. An importantopenissueis the choice
of transformationgrom the hugespaceof valid transforms.Our work addressethis
problem,by formulatingaway to obtaingoodtransformationgully automatically

Tiling is a key transformatiorandhasbeenstudiedfrom two perspecties— data
locality optimizationandparallelizationTiling for locality requiresgroupingpointsin
aniterationspacento smallerblocks(tiles) allowing reusein multiple directionswhen
theblock ts in afastermemory(registers,L1, or L2 cache)Tiling for coarse-grained
parallelismfundamentallyinvolves partitioningthe iteration spaceinto tiles that may
be concurrentlyexecutedon differentprocessorsvith areducedrequeny andvolume
of inter-processorcommunication:a tile is atomically executedon a processomith
communicatiorrequiredonly beforeandafterexecution.Hence oneof thekey aspects
of anautomatiaransformatiorframework is to nd goodwaysof performingtiling.

Existingautomatidransformatiorframenorks[1, 13,17—19]have oneor moredrav-
backsor restrictionsthat do not allow themto effectively parallelize/optimizeoop
nestsAll of themlack arealisticcostmodelthatis suitablefor coarse-grainegarallel
executionasis usedin practicewith manuallydevelopedparallelapplicationsWith the
exceptionof Griebl [13], previous work generallyfocuseson one or the other of the
complementanaspectof parallelizationandlocality optimization.The approachwe
developanswerghe following question\Whatis a goodway to tile imperfectlynested
loop sequenced minimize the volumeof communicatiorbetweertiles (in processor
spacepnswell asimprove datareuseat eachprocessor?



Therestof this paperis organizedasfollows. Section2 providesanoverview of the
polyhedraimodel.ln Section3 describe®urautomatidransformatiorframenork. Sec-
tion 4 shaws step-by-ste@pplicationof our approachthroughan example.Section5
providesa summaryof the implementatiorandinitial results.Section6 discussese-
latedwork and conclusionsare presentedn Section?7. Full detailsof the framework,
transformationsaindoptimizedcodefor variousexamples andexperimentakesultsare
availablein extendedreports[3, 4].

2 Overview of the Polyhedral Framework

The setX of all vectorsx 2 Z™ suchthath:x = k; fork 2 Z, forms an afne
hyperplane The setof parallelhyperplanenstancesorrespondingo differentvalues
of k is characterizedby the vectorh whichis normalto the hyperplane Eachinstance
of ahyperplanegs ann 1 dimensionakfne sub-spac®f the n-dimensionakpace.
Two vectorsx; andx lie in thesamehyperplandf h:x; = h:x».

Thesetof all vectorsx 2 Z" suchthatAx + b 0, whereA is aninteger matrix,
de nesa (cornvex) integerpolyhedon. A polytopeis a boundedpolyhedron Eachrun-
time instanceof a statemens is identi ed by its iterationvectori, of dimensionality
mg, , containingvaluesfor the indicesof the loops surroundingit from outermostto
innermost.Hence,a statemens is associatedvith a polytopecharacterizedvy a set
of boundinghyperplanesor faces.This is true whenthe loop boundsareaf ne com-
binationsof outerloop indicesand programparametergtypically, symbolicconstants
representinghe problemsize).Let p bethevectorof the programparameters.

A well-known known resultusefulfor polyhedralanalysess the following [26]:

Lemmal (Af ne form of FarkasLemma).LetD beanon-emptyolyhedonde ned
by s afne inequalitiesor faces:ax:x + by 0,1 k s.Anafne form (x)is
non-n@ativeeverywheein D iff it is a positiveaf ne combinationof thefaces:

X
(xX) ot l@akx +b); & 0 (1)
k
Thenon-ngative constants ;, arereferredto asFarkasmultipliers.

Polyhedal DependencesOur dependencenodelis of exactafne dependenceand
sameastheoneusedin [6,18,22,28]. Dependencearedeterminedpreciselythrough
arraydata ow analysig9], but theinputneednotbein single-assignmeriorm. All de-
pendenceicluding anti (write-afterread),output (write-afterwrite) andinput (read-
afterread)dependenceare consideredThe Data Dependenc&raph(DDG) is a di-
rectedmulti-graphwith eachvertex representing statementandanedgee 2 E, from
nodeS, to S; representing polyhedraldependencéom a dynamicinstanceof S; to
oneof S;: it is characterizedby a polyhedronP., calledthe dependenceolyhedon
thatcaptureshe exactdependencaformationcorrespondindgo edge e (seeFig. 1(b)
for anexample).The dependenceolyhedronis in the sumof the dimensionalitief
the sourceandtarget statemens polyhedra(with dimensiondor programparameters
aswell). Thoughtheequalitiesn P, typically representheaf ne functionmappingthe
targetiterationvectort to theparticularsources thatis thelastaccesso thecon icting
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for (c1=0; c1< N;cl++)
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00 000 1 (d) transformedcode

(c) transformation

Fig. 1. Polyhedrakransformatioranddependences

memorylocation,alsoknown asthe h-transformatio10], thelastaccessonditionis
not necessaryin generalthe equalitiescanbe usedto eliminatevariablesfrom P.. In
therestof this sectionwe assumdor corveniencehats canbecompletelyeliminated
usingh., beingsubstitutedy h.(t).
A one-dimensionaf ne tranr?formfor statemen§;, is de ned by:

i

s = f1:::fmSk i +fg ;22

A multi-dimensionakaf ne transformatiorfor a statementannow be representedby

a matrix with eachrow beingan afne hyperplane/transformlf sucha transforma-
tion matrix hasfull columnrank,it completelyspeci eswhenandwhereaniteration
executegone-to-onamappingfrom sourceto tamget). The total numberof rows in the

matrix maybemuchlargerassomespecialrows, splitters, mayrepresentnfusedoops
at a level. Fig. 1 shavs applicationof a transformationSuchtransformationsapture
the fusion structureaswell ascompositionsof permutationyeversal,relative shifting,

andskewing transformationsThis representatiofor transformationfiasbeenusedby

mary researcherf6, 11,12,15], anddirectly ts with scatteringfunctionsthata code
generatotike CLo0oG [2] supportsOur problemis thusto nd thethetransformation
matricesthatarebestfor parallelismandlocality.

3 Finding goodtransformations

3.1 Legality of tiling imperfectly-nestedloops

Theorem1. Let , beaone-dimensionafne transformfor statemens,. Forf ,,
ss1 o151, s 0 to bea legal (statement-wiseliling hyperplane the following should
holdfor ead edge e fromS; t0 S;:

5 M) s(s) 0O Pe 2



Proof Tiling of a statemens iterationspacede ned by a setof tiling hyperplaness
saidto belegal if eachtile canbe executedatomicallyanda valid total orderingof the
tiles canbe constructedThis implies thatthereexists no two tiles suchthatthey both
inuence eachother Letf !, ! :::, Lgf 2, 2,:::, 2 gbetwo statement-
wisel-dafne transformghatsatisfy(2). Consideiatile formedby aggreyatingagroup
of hyperplaneinstancesalong ; and §|. Dueto (2), for ary dynamicdependence,
thetamgetiterationis mappedo the samehyperplaneor a greaterhyperplanethanthe
sourcej.e., the setof all iterationsthat are outsideof thetile andarein uenced by it
alwayslie in the forward directionalongoneof theindependentiling dimensiong !
and 2 in this case) Similarly, all iterationsoutsideof aftile in uencing it areeitherin
thattile or in the backwarddirectionalongoneor moreof the hyperplanesThe above
argumentholdstruefor bothintra-andinter-statementlependence§or inter-statement

dependenceshis leadsto aninterleased executionof tiles of iterationspace®f each

statementvhencodeis generatedrom thesemappingsHence f il, ;2,:::, ikg,
f 2, 2,:::, 2 grepresentectangularlytilable loopsin the transformedspace f

sucha tile is executedon a processgrcommunicatiorwould be neededonly before
andafterits execution.Fromlocality point of view, if suchatile is executedwith the
associatedata tting in afastermemory reuseis exploitedin multiple directions2
The aborve conditionwas well-known for the caseof a single-statemerperfectly
nestedoopsfrom thework of Irigoin andTriolet[14] (ash”:R  0). We have general-
izedit above for multiple iterationspaceswith exactaf ne dependencewith possibly
differentdimensionalitieandimperfectnestinggor statements.

Tiling atanarbitrary depth. Notethatthelegality conditionaswrittenin (2) isimposed
on all dependencesiowever, if it is imposedonly on dependencethathave notbeen
carriedup to a certaindepth,the independent 's that satisfy the conditionrepresent
tiling hyperplanesat that depth,i.e., rectangulamblocking (stripmine/interchangeat
thatlevel in thetransformedorogramis legal.

Considerthe perfectlynestedversionof 1-d Jacobishavn in Fig. 2(a). Thediscus-
sionthatfollows alsoappliesto theimperfectlynestedversion,but for corvenienceve
rst considettheperfectlynestedsersion.We rst describesolutionsobtainedby exist-
ing state-of-the-arapproached:im andLam's af ne partitioning[18,19] andGriebl's
spaceandtime tiling with Forward Communication-Onl{FCO) placemen{13].

Lim etal. [19] de ne legal time partitionswhich have the samepropertyof tiling
hyperplanessdescribedibose. Theiralgorithmobtainsaf ne partitionsthatminimize
the order of communicatiorwhile maximizingthe degreeof parallelism.Equation(2)
giveslegality constraintse; 0,c,+ ¢;  0,andc; c¢; 0 correspondindo de-
pendenceéfl; 0), (1;1), and(1; 1). Therearein nitely mary valid solutionswith the

for (t=1; t<T;t++)
for (i=2; i<N 1;i++)
SI b[i] =0.33 (a[i 1]+ai]+a[i +1]);
for (i=2; i<N 1;i++)
S2 a[i] =b[i];

(b) 1-d Jacobiimperfectlynested

for (t=1; t<T; t++)
for (i=2; i<N 1;i++)
alt,i] =0.33 (a[t 1,] +
alt 1,i 1]+aft 1,i+1));

(a) 1-d Jacobi:perfectlynested

Fig. 2. 1-d Jacobi
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Fig. 3. Communicatiorvolumewith differentvalid hyperplanedor perfectlynestedl-d Jacobi

sameordercompleity of synchronizationbut with differentcommunicationvolumes
that may impactperformanceAlthough it may seemthat the volume may not affect
performancegconsideringthe fact that communicationstartuptime on moderninter-
connectss signi cant, for higherdimensionaproblemssuchasn-d Jacobitheratio of
communicatiorto computatiorincreasegproportionatto tile sizeraisedton  1). Ex-
istingwork ontiling [24,25,30] can nd nearcommunication-optimallesfor perfectly
nestedoopswith constantdependencesut cannothandlearbitrarily nestedoops.For
1-d Jacobiall solutionswithin the coneformedby vectors(1; 1) and(1; 1) arevalid
tiling hyperplanesFor the imperfectly nestedversionof 1-d Jacobi,the valid coneis
(2;1)and(2; 1) (discussetnater).ForimperfectlynestedlacobiLim'salgorithm[19]
nds two valid independensolutionswithout optimizingfor ary particularcriterion.In
particular the solutionsfoundby their algorithm(Algorithm A in [19]) are(2; 1) and
(3; 1) which areclearly not the besttiling hyperplane€o minimize communication
volume,thoughthey do minimize the order of synchronizatiorwhichis O(N); in this
caseary valid hyperplanehasO(N ) synchronizationFigure3 shavs thattherequired
communicatiorincreasessthe hyperplanegetsmoreandmoreoblique.For a hyper
planewith normal(k; 1), onewouldneed(k + 1)T valuesfrom the neighboringtile.
UsingGriebl'sapproachwe rst nd thatonly spacdiling is enabledvith Feautriers
schedulébeing (t;i) = t,i.e.,using(1;0) astheschedulinchyperplaneWith forward
communication-onlyFCO) placementan allocationis found suchthat dependences
have positve componentalong spacedimensiongherebyenablingtiling of the time
dimensionihis decreasethe frequeny of communicationln this case time tiling is
enabledwith FCO placementalong (1; 1). However, note that communicationin the
processospaceoccursalong(1; 1), i.e., two lines of the arrayarerequired.However,
using(1; 0) and(1; 1) astiling hyperplanesvith (1; 0) asspaceand(1; 1) asinnertime
andatile spaceschedulef (2; 1) leadsto only oneline of communicatioralong(1; 0).
Our algorithm nds sucha solution.Below we develop a costfunction for an af ne
transformthatcapturesommunicatiorvolumeandreusedistance.

3.2 CostFunction
Considetthefollowing af ne form:
)= () g(he(t)); t2P. 3

Theafne form .(t) holdsmuchsigni cance. This functionis the numberof hyper
planesthe dependence traversesalongthe hyperplanenormal.lt givesusa measure



of thereusedistanceif the hyperplaneis usedastime, i.e., if the hyperplanesare ex-
ecutedsequentiallyAlso, this functionis a factorin the communicatiorvolumeif the
hyperplaneis usedto generateiles for parallelizationand usedas a processospace
dimension An upperboundonthisfunctionmeanghatthe numberof hyperplaneshat
would be communicatedsa resultof the dependencat thetile boundariesvould not
exceedthis bound.We are particularlyinterestedn whetherthis function canbe re-
ducedto a constantvalue or zeroby choosinga suitabledirectionfor : if possible,
that particulardependencéeadsto constanior no communicatiorfor this hyperplane.
Notethateach . is anafne functionof theloop indices.The challengds to usethis
functionto obtaina suitableobjective for optimizationin theaf ne framework.

Challenges.Theconstraint®btainedrom (2) only guaranteéegality of tiling (per
mutability). However, several problemsareencountereadvhenonetriesto applya per
formancefactorto nd agoodtile shapeout of the severalpossibilities FarkasLemma
hasbeenusedby mary approache$10,11,13,19] to eliminateloop variablesfrom
constraintsby gettingequialentlinear inequalities.The afne form in the loop vari-
ablesis representeds a positive linear combinationof the facesof the dependence
polyhedron.Whenthis is done,the coefcients of the loop variableson the left and
right handside are equatedo eliminatethe constraintsof variables.This is donefor
eachof the dependencesnd the constraintsobtainedare aggregjated. The resulting
constraintsare entirely in the coefcients of the tile mappingsand Farkasmultipli-
ers. All Farkasmultipliers can be eliminated,someby Gaussiareliminationandthe
restby FourierMotzkin elimination[19, 26]. However, an attemptto minimize com-
municationvolumeendsup in an objective functioninvolving bothloop variablesand
hyperplanecoefcients. Forexample, (t)  (h.(t)) couldbec;i+ (c; c¢3)j, where
1 i N~1 N ~i j.Oneendsup with suchaform whena depen-
denceis not uniform or for aninter-statementlependencemakingit hardto construct
anobjective functioninvolving only theunknavn hyperplanecoefcients.

3.3 CostFunction Bounding and Minimization

Theorem 2. If all iteration spacesare boundedthere existsan afne form v(p) =
u:p + w thatbounds .(t) for everydependencede e:

v(p) s () 5 (he(t)) 0, t2P.; 8e2E 4)
ie, v(p) (1) 0, t2P,; 8e2E

Evenif . involvesloop variablespnecan nd large enoughconstantsn u thatwould
be sufcient to bound .(s). Note thatthe loop variablesthemseles are boundedby
afne functionsof the parametersandhencethe maximumvaluetakenby .(s) will
be boundedby suchanafne form. Also, sincev(p) «(s) 0, v shouldincrease
with an increasein the structuralparametersi.e., the coordinatesof u are positive.
The reusedistanceor communicatiorvolumefor eachdependencé boundedn this
fashionby the sameaf ne form. Suchaboundingfunctionwasusedby Feautrief10]
to nd minimumlateny schedules.



Now we apply FarkasLemmato (4):

le

V(p) e(t) e0 T ekpf; ek 0 (5)
k=1

whereP} is afaceof P... The above is anidentity andthe coefcients of eachof the
loopindicesin i andparameterg p ontheleft andright handsidecanbegatheredand
equatedWe now getlinearinequalitiesentirely in coefcients of theaf ne mappings
for all statementscomponent®f row vectoru, andw. The abore inequalitiescanat
oncebesolvedby nding alexicographicminimal solutionwith u andw in theleading
position,andthe othervariablesfollowing in ary ordet Letu = (uy; Us;:::Ug).

minimize fuy;usg;:ii; Uk W;ii;CS;iiig (6)

Findingthelexicographicminimal solutionfor a systemof linearinequalitiesis within
thereachof the simplex algorithmandcanbe handledby the Parametricinteger Pro-
gramming(PIP) software[8]. Sincethe structuralparametersre quite large, we rst
wantto minimizetheircoefcients. We donotlosetheoptimalsolutionsinceanoptimal
solutionwould have the smallestpossiblevaluesfor u's.

Thesolutiongivesa hyperplaneor eachstatementNote thatthe applicationof the
FarkasLemmato (4) is not requiredwhena dependencés uniform, sincethe corre-
sponding . is independenof ary loop variablesin suchcaseswe justhavew ..

3.4 lIterati vely Finding IndependentSolutions

Solving the ILP formulationin the previous sectiongives us a single solutionto the
coefcients of the bestmappingsfor eachstatementWe needat leastasmary inde-
pendensolutionsasthe dimensionalityof the polytopeassociateavith eachstatement.
Henceonceasolutionis found,we augmenthe ILP formulationwith new constraints
andobtainthe next solution;the new constraintensuredinearindependencith so-
lutions alreadyfound. Let the rows of H g representhe solutionsfound so far for a
statemens. Then,the sub-spacerthogonato H 5 [16,21] is givenby:

H2 =1 HZY HgH? 'Hg 7)

NotethatH 7 :Hs” = 0, i.e.,therowsof H g areorthogonato thoseof H . Lethg be
thenext row (linearportionof thehyperplane}o befoundfor statemens. LetH Z; be
arow of H Z . Then,ary oneof theinequalitiesgivenby 8i; H Z; thg > O;H l:; hg <0
givesthenecessargonstrainto be addedfor statemens to ensurehath g hasanon-
zerocomponenin the sub-spacerthogonalto H 5. This leadsto a non-cowex space,
andideally, all caseshave to betried andthe bestamongthosekept. Whenthe number
of statementss large, this leadsto a combinatoriakxplosion.Iln suchcasesye restrict
oursehesto thesub-spacef theorthogonakpacevhereall theconstraintarepositive,
i.e.,thefollowing constraintareaddedo theILP formulationfor linearindependence:
el X .
8i;H'¢chg 0 ~ H'shg 1 (8)



By just consideringa particularcorvex portion of the orthogonalsub-spacewe dis-
cardsolutionsthatusuallyinvolve loop reversalsor combinatiorof reversalswith other
transformationshowever, we believe this doesnot make a differencein practice.The
mappingsfound areindependenbn a perstatemenbasis.Whenthereare statements
with differentdimensionalitiesthe numberof suchindependentmappingsfound for
eachstatements equalto the numberof outerloopsit has.Hence,no moreorthogo-
nality constraintieedoeaddedor statementfor whichenoughindependensolutions
have beenfound (the restof therows getautomaticallylled with zerosor linearly de-
pendentows). The numberof rows in the transformatiormatrix is the samefor each
statementandthe depthof the deepestoop nestin thetargetcodeis the sameasthat
of thesourceloop nest.Overall, a hierarcly of fully permutabldoop nestsetsis found,
andalowerlevel in thehierarcly will notbeobtainedunlessconstraintsorresponding
to dependencea$athave beencarriedby the parentpermutablesethave beenremoved.

3.5 Communication and Locality Optimization Uni ed

The abore algorithm nds both synchronization-fre@nd pipelined parallelism.The
bestpossiblesolutionto (6) is with (u = O;w = 0) andthis happensvhenwe nd a
hyperplanghathasno dependenceomponentslongits normal,whichis afully paral-
lel looprequiringno synchronizatiofif it is attheouterlevel (outerparallel); it couldbe
aninnerparallelloop if somedependencesereremoved previously andsoasynchro-
nizationis requiredaftertheloopis executedn parallel.Thus,in eachof thestepswhere
we nd anew independenhyperplanewe endup rst nding all synchronization-free
hyperplanesthesearefollowedby asetof fully permutabléyperplaneshataretilable
and pipelinedparallel requiring constantboundarycommunicationlu = O;w > 0)
w.r.t. thetile sizes.In theworstcasea hyperplanewith u > O;w 0 resultsin long
communicatiorfrom non-constantlependencest is importantto notethatthe latter
arepushedo theinnermostevel. By consideringcommunicatiorvolumeandits mini-
mization,all degreesof parallelismarefoundin the orderof their preference.

From the point of view of datalocality, the hyperplaneghat are usedto scanthe
tile spaceare the sameas the onesthat scanpointsin a tile. Hence,datalocality is
optimizedfrom two angles:(1) cachemissesattile boundariesareminimizedfor local
execution (as cachemissesat local tile boundariesare equivalentto communication
alongprocessotile boundaries)(2) by reducingreusedistanceswe increasehelocal
cachetile sizes.Theformeris dueto selectionof goodtile shapesandthe latterby the
right permutatiorof hyperplanegimplicit in the orderin whichwe nd them).

3.6 Spaceand Time in Transformed lteration Space

By minimizing (t) (s) aswe nd hyperplanedrom outermosto innermostwe
pushdependencearryingto innerloopsandalsoensurghatloopsdo nothave negative
dependenceomponentgto the extentpossible)sothattargetloopscanbetiled. Once
thisis done,if theouterloopsareusedasspacdary numberdesiredsayk), andtherest
areusedastime (atleastonetime loopis requiredunlessall loopsaresynchronization-
free parallel), communicationin the processospaceis optimizedas the outer space



Input GeneralizedlependencgraphG = (V;E) (includesdependencpolyhedraP,e 2 E)
1: Smax : statementwith maximumdomaindimensionality

2: for eachdependence 2 E do

3:  Build legality constraintsapply FarkasLemmaon (t) (he(t)) Oundert 2 Pe,
andeliminateall Farkasmultipliers

Build communicatiornvolume/reusealistanceboundingconstraintsapply FarkasLemma
tov(p) ( (t) (he(t)))  OunderP¢, andeliminateall Farkasmultipliers

5. Aggregateconstraint§rom bothinto Ce(i)
6: endfor
7

8

R

: repeat
c=,
9: for eachdependencedgee 2 E do
10: C C [ Celi)
11:  endfor

12:  Computédexicographicminimal solutionwith u% coefcients in theleadingpositionfol-
lowed by w to iteratively nd independensolutionsto C (orthogonalityconstraintsare
addedaseachsolutionis found)

13:  if nosolutionswerefoundthen

14: Cut dependencelsetweentwo strongly-connectedomponents$n the GDG andinsert

the appropriatesplitter in thetransformatiormatricesof the statements

15:  endif

16: ComputeE.: dependencesarriedby solutionsof Stepl12/14

17 E E E¢;updatetheGDG(V;E)

18: until HZ = OandE = ;

Output A transformatiormatrix for eachstatemeng{with the samenumberof rows)

Fig. 4. Overall algorithm

loopsarethek bestones Wheneertheloopscanbetiled, they resultin coarse-grained
parallelismaswell asbetterreusewithin atile.

3.7 Fusion

Thealgorithmdescribedn the previous sectioncanalsoenablefusionacrosamultiple
iterationspaceshatareweaklyconnectedasin sequencesf producefconsumetoops.
Solvingfor hyperplanesor multiple statement$eadsto a scheduldor eachstatement
suchthat all statementsn questionare nely interleaved: this is indeedfusion. This
generalizatiorof fusionis sameastheoneproposedn [6, 12], andnaturallyintegrates
into our algorithm.A detaileddescriptioncanbefoundin anextendedreport[3].

Summary The overall algorithmis summarizedn Fig. 4. It canbe viewed astrans-
forming to atreeof permutabldoop nestsets/bands— eachnodeof thetreeis agood
permutabldoop nestset.Stepl2 nds suchabandof permutabldoops.If all loopsare
tilable, thereis just onenodecontainingall theloopsthatarepermutableOn the other
extreme,if noloopsaretilable, eachnodeof the treehasjust oneloop andnottiling is



for (i=0; i< N: i++) ali%j! afi;j 1]

for (j=2; j<N;j++) hy:i%=0j%=j 1
ali,j] =aj,i]+ali,j 1]; Pr:2 j N;1 i N

_ ali%j%! afj i]

i Spce hy :i%= j; (%= i;
P:2 N; 1 0 N;ioj 1

afj%i%! afi;j]

_ hs :j%=i;i%= |
' Pai2 j ON:1 i NP | 1

Fig. 5. An examplewith non-uniformdependences

possible At leasttwo hyperplaneshouldbefoundatary level (withoutdependencee-
moval/cutting)to enabletiling. Dependenceom previously found solutionsarethus
not removed unlessthey have to be (step17) to allow the next permutablebandto be
found,andso on. Hence,partially tilable or untilableinput is handled.Loopsin each
nodeof the tamget tree canbe stripmined/interchangedhenthereare at leasttwo of
them;however, it is illegal to move a stripminedioop acrosdifferentlevelsin thetree.

4 Example

Figure5 shavsanexamplefrom theliterature[7] with af ne non-uniformdependences,
togethemwith the correspondinglependencpolyhedra(the sourceiterationvectorhas
beeneliminated).For the rst dependencehetiling legality constrainis

ci + ij c;i Cj (J 1) 0 ) Cj 0

Sincethisis a constandependenceahe volumeboundingconstrainigivesw ¢; 0.
For the seconddependencehetiling legality constraintis

(Ci+cj) (cj+gi) O
Applying FarkasLemma(with P5), we have:

(ci c)it(c; c)j ot 1N i)+ (N j)
+ (] D+ 40 D+ (1) )
0 15 2 3 45 0
EquatingLHS andRHScoefcients for i, j, N andtheconstantsn (9), andeliminating

FarkasmultipliersthroughFourierMotzkin elimination,we obtainc; ¢; 0.
Thevolumeboundingconstraintis

uN+w (cj + Cji Gl ij) 0

A similar applicationof FarkasLemma,andeliminationof the multipliersyieldsu,
O,u; c+c; Oand3u;+w c;+c; 0. Duetothesymmetrywith respectoi



andj , thethird dependencdoesnot leadto ary new constraintsAggregating legality
andvolumeboundingconstraintdor all dependencesye gettheformulation:

minimize (uy; w; c;; c;)

subjectto: ¢, O w ¢ O
Ci Cj 0 uq 0
up ¢+c¢ 0 3uu+w ¢+c O

Thelexicographicminimal solutionfor thevector(u;; w; ¢;; ¢;) is (0; 1; 1; 1) (thezero
vectoris atrivial solutionandis avoided).Hence we getc; = ¢; = 1. Notethatc; = 1
andc; = Ois notobtainedeventhoughit is avalid tiling hyperplaneasit involvesmore
communicationit requiresu; to bepositive.

Thenext solutionis forcedto have a positive componenin the subspacerthogonal
to (1; 1) givenby (7) as(1,-1). Thisleadsto theadditionof theconstraintc; c; 1or
Ci Cj 1to theexisting formulation.Addingc; c¢; 1to(10),thelexicographic
minimal solutionis (1, 0, 1, 0), i.e.,u; = Lw = 0;¢; = 1;¢; = O0(u; = Oisno
longervalid). Hence,(1; 1) and(1; 0) arethetiling hyperplaneobtained(1,1)is used
asspacewith oneline of communicatiorbetweerprocessorsandthe hyperplang1,0)
is usedastimein atile. Theoutertile schedulas (2,1) (= (1,1) + (1,0)).

Thistransformations in contrasto otherapproachebasedn schedulesvhichob-
tainascheduleandthentherestof thetransformatiormatrix. Feautriers greedyheuris-
tic givestheschedule (i; j) = 2i+j 3whichcarriesall dependencesiowever, using
thisaseitherspaceor time doesnotleadto communicatioror locality optimization.The
(2,1) hyperplanéhasnon-constantommunicatioralongit. In fact,theonly hyperplane
thathasconstantommunicatioralongit is (1,1). Thisis thebesthyperplaneo beused
asa spaceoop if the nestis to be parallelized,andis the rst solutionthat our algo-
rithm nds. The(1,0) hyperplands usedastime leadingto a solutionwith onedegree
of pipelinedparallelismwith oneline pertile of nearneighborcommunication(along
(1,1))asshovn in Fig. 4. Henceagoodscheduleéhattriesto carryall dependence®r
asmary aspossible)s notnecessarilya goodloop for thetransformedterationspace.

5 Implementation and Preliminary Results

We have implementedbur transformatiorframenork using PipLib 1.3.3[8]. Our tool
takesasinput dependencenformation (dependenceolyhedraand h-transformations)
from LooPo’s [20] dependencéesterandgeneratestatement-wisaf ne transforma-
tions. Thoughin theory the approach relying on integer programming,has worst-
caseexponentialtime compleity, we obsenre that it runsextremelyfastin practice.
Thetransformationgieneratedre providedto CLooG[2] asscatteringunctions.The
goal is to obtaintiled sharedmemoryparallel code,for example,OpenMPcodefor
multi-core architecturesTable 1 summarizeghe performanceof transformedcodes.
The state-of-the-arfrom the researclcommunityis representedby [13,17-19],while
ICC 10.1with “-fast-parallel’ was usedasthe native compiler The resultswere ob-
tainedon an Intel Core2 Quad(Q66002.4 GHz). Due to spaceconstraintsdetailed
experimentakvaluationcanbefoundelsevhere[4].



Table 1. Initial results:speeduppver state-of-the-antesearch

Benchmark Singlecorespeedup Multi-core speedurg4 cores)
over native|over state-of-the-arbver native|over state-of-the-art
compiler research compiler research
1-d Jacobi(imperfectnest] 5.23x 2.1x 20x 1.7x
2-dFDTD 3.7x 3.1x 7.4x 2.5x
3-d Gauss-Seidel 1.6x 1.1x 4.5x 1.5x
LU decomposition 5.6x 5.7x 14x 3.8x
Matrix Vec Transpose 9.3x 5.5x 13x 7X

6 RelatedWork

Iterationspacetiling [14,24,29] is a standardapproachfor aggreating a setof loop
iterationsinto tiles, with eachtile being executedatomically In addition,researchers
have consideredhe problemof selectingtile shapeandsizeto minimize communica-
tion, improve locality or minimize nish time [24,30]. Theseworks arerestrictedto a
singleperfectlynestedoop nestwith uniform dependences.

Loop parallelizationhasbeenstudiedextensiely. Thereadeiis referredto the sur
vey of Bouletetal. [5] for adetailedsummaryof olderparallelizatioralgorithmswhich
acceptedestrictednputand/orarebasednwealerdependencabstractionshanexact
polyhedraldependenceschedulingwith af ne functionsusingfacesof the polytope
by applicationof the Farkasalgorithmwas rst proposedby Feautrief10]. Feautrier
explored various possibleapproacheso obtain good af ne scheduleghat minimize
lateng. The schedulescarry all dependenceand so all the inner loops can be par
allel. However, transformingto permutabldoopsthat are amenableo tiling wasnot
addressedTrhoughscheduleyield inner parallelloops,the time loopscannotbe tiled
unlesscommunicatiorin the spacdoopsis in theforward direction(dependencdsave
positive componentslongall dimensions)Severalworks[6, 13,22] make useof such
schedulesOverall, Feautriers classicworks[10,11] aregearedowards nding maxi-
mum ne-grainedparallelismasopposedo tilability for coarse-grainegarallelization
with minimizedcommunicatiorandbetterlocality.

Lim and Lam [18,19] proposedan afne partitioning framavork that identi es
outerparallelloops (communication-freespacepartitions)and pipelinedparallel per
mutableloopsto maximizethe degreeof parallelismand minimize the orderof syn-
chronization.They employ the samemachineryfor blocking [17]. Several (in nitely
mary) solutionsequivalentin termsof the criterionthey optimizefor resultfrom their
algorithm,andthesesigni cantly differ in communicatiorcostandlocality; no metric
is provided to differentiatebetweenthesesolutions.As seenin Sec.3, without a cost
function,the solutionsobtainedevenfor the simplestinput arenot satishctory

Ahmed et al. [1] proposeda framework for locality optimizationof imperfectly
nestedoopsfor sequentiaéxecution.Theapproactembed®achstatemeninto aprod-
uctspacewhichis thentransformedor locality. Their heuristicsetsreusedistancesn
the taiget spacefor somedependencet® zero(or a constant}o obtaincoefcients of
the embedding/transformatiomatrix. However, thereis no concreteprocedurego de-
terminechoiceof thedependencesndthenumber



Griebl[13] presentsinintegratedframenork for optimizinglocality andparallelism
with spaceandtime tiling. Griebl's approachenablegime tiling by using a forward
communication-onlplacementvith anexisting scheduleAs describedn Sec.3, using
schedulesistime loopsmaynotleadto communicatioror locality-optimizedsolutions.

Cohenetal. [6] andGirbal etal. [12] developedaframenork to composesequences
of transformationsemi-automaticallyTransformationsare appliedautomatically but
speci ed manuallyby an expert. Pouchetet al. [22] searcheshe spaceof transforma-
tions (one-dimensionaschedulesjo nd goodonesthroughiterative optimizationby
employing performancecounters On the otherhand,our approacthis fully automatic.
However, someempirical and iterative optimizationis requiredto choosetransforms
that work bestin practice.This is true when several fusion choicesexist, or optimal
tile sizesandunroll factorshave to be determinedA combinationof our algorithmand
empiricalsearchn asmallerspaces aninterestingapproacho pursue.

7 Conclusions

We presentasingleframevork thataddresseautomatigoarallelizatioranddatalocality

optimizationin the polyhedralmodel. The proposedalgorithm nds communication-
minimized tiling hyperplanesfor parallelizationof a sequenceof arbitrarily nested
loops. The samehyperplanesalso minimize reusedistancesand improve datalocal-

ity. The approachalsoenablesfusionin the presencef producing-consumingpops.
To the bestof ourknowledge,thiswork is the rst to proposea practicalcostmodelto

drive automatictransformatiorin the polyhedralmodel. The framevork hasbeenim-

plementedn a fully-automatictool for transformingC/Fortran codeusingthe LooPo
infrastructureandCL0o0G. Preliminaryexperimentsshawv very promisingresults.
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