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Abstract. Thepolyhedralmodelprovidespowerfulabstractionstooptimizeloop
nestswith regularaccesses.Af�ne transformationsin this modelcapturea com-
plex sequenceof execution-reorderinglooptransformationsthatcanimproveper-
formanceby parallelizationaswell aslocality enhancement.Althougha signi�-
cantbodyof researchhasaddressedaf�ne schedulingandpartitioning,theprob-
lemof automatically�nding goodaf�ne transformsfor communication-optimized
coarse-grainedparallelizationtogetherwith locality optimizationfor thegeneral
caseof arbitrarily-nestedloopsequencesremainsachallengingproblem.

We proposean automatictransformationframework to optimizearbitrarily-
nestedloop sequenceswith af�ne dependencesfor parallelismand locality si-
multaneously. Theapproach�nds goodtiling hyperplanesby embeddinga pow-
erful andversatilecostfunctioninto anIntegerLinearProgrammingformulation.
Thesetiling hyperplanesareusedfor communication-minimizedcoarse-grained
parallelizationaswell asfor locality optimization.Theapproachenablesthemin-
imization of inter-tile communicationvolumein the processorspace,andmini-
mizationof reusedistancesfor local executionat eachnode.Programsrequir-
ing one-dimensionalversusmulti-dimensionaltime schedules(with scheduling-
basedapproaches)areall handledwith thesamealgorithm.Synchronization-free
parallelism,permutableloopsor pipelinedparallelismat variouslevels canbe
detected.Preliminarystudiesof theframework show promisingresults.

1 Intr oduction and Moti vation

Currenttrendsin architectureareincreasinglytowardslargernumberof processingel-
ementson a chip.This hasled to multi-corearchitecturesbecomingmainstreamalong
with the emergenceof several specializedparallel architecturesor accelerators.The
dif�culty of programmingthesearchitecturesto effectively tap the potentialof multi-
ple on-chipprocessingunits is a well-known challenge.Amongseveralapproachesto
addressingthis issue,onethatis verypromisingbut simultaneouslyverychallengingis
automaticparallelization.

Many compute-intensive applicationsoften spendmost of their running time in
nestedloops.This is particularlycommonin scienti�c andengineeringapplications.



Thepolyhedralmodel[6,10,12] providesapowerful abstractionto reasonabouttrans-
formationson suchloop nestsby viewing a dynamicinstance(iteration)of eachstate-
mentasan integer point in a well-de�ned spacewhich is the statement's polyhedron.
With sucha representationfor eachstatementanda precisecharacterizationof inter or
intra-statementdependences,it is possibleto reasonaboutthecorrectnessandgoodness
of a sequenceof complex loop transformationsusingmachineryfrom LinearAlgebra
andIntegerLinearProgramming.Thepolyhedralmodelis applicableto loop nestsin
whichthedataaccessfunctionsandloopboundsareaf�ne combinations(linearcombi-
nationwith a constant)of theenclosingloopvariablesandparameters.While a precise
characterizationof datadependencesis feasiblefor programswith staticcontrolstruc-
tureandaf�ne references/loop-bounds,codewith non-af�ne arrayaccessfunctionsor
dynamiccontrolcanalsobehandled,usingconservative assumptions.

Earlyapproachesto automaticparallelizationappliedonly to perfectlynestedloops
and involved the applicationof a sequenceof transformationsto the program's at-
tributedabstractsyntaxtree.The polyhedralmodelhasenabledmuchmorecomplex
programsto be handled,andeasycompositionandapplicationof moresophisticated
transformations[6,12]. Thetaskof programoptimizationin thepolyhedralmodelmay
beviewedin termsof threephases:(1) staticdependenceanalysisof theinputprogram,
(2) transformationsin the polyhedralabstraction,and(3) generationof ef�cient loop
code.Despitetheprogressin thesetechniques,severalscalabilitychallengeslimited ap-
plicability to small loop nests.Signi�cant recentadvancesin dependenceanalysis[28]
andcodegeneration[2,23,27] have demonstratedthe applicability of the polyhedral
techniquesto realapplications.However, currentstate-of-the-artpolyhedralimplemen-
tationsstill applytransformationsmanuallyandsigni�cant timeis spentby anexpertto
determinethebestsetof transformations[6,12]. An importantopenissueis thechoice
of transformationsfrom the hugespaceof valid transforms.Our work addressesthis
problem,by formulatingaway to obtaingoodtransformationsfully automatically.

Tiling is a key transformationandhasbeenstudiedfrom two perspectives— data
locality optimizationandparallelization.Tiling for locality requiresgroupingpointsin
aniterationspaceinto smallerblocks(tiles)allowing reusein multipledirectionswhen
theblock �ts in a fastermemory(registers,L1, or L2 cache).Tiling for coarse-grained
parallelismfundamentallyinvolvespartitioningthe iterationspaceinto tiles that may
beconcurrentlyexecutedondifferentprocessorswith a reducedfrequency andvolume
of inter-processorcommunication:a tile is atomically executedon a processorwith
communicationrequiredonly beforeandafterexecution.Hence,oneof thekey aspects
of anautomatictransformationframework is to �nd goodwaysof performingtiling.

Existingautomatictransformationframeworks[1,13,17–19]haveoneormoredraw-
backsor restrictionsthat do not allow them to effectively parallelize/optimizeloop
nests.All of themlack a realisticcostmodelthatis suitablefor coarse-grainedparallel
executionasis usedin practicewith manuallydevelopedparallelapplications.With the
exceptionof Griebl [13], previous work generallyfocuseson oneor the otherof the
complementaryaspectsof parallelizationandlocality optimization.The approachwe
developanswersthefollowing question:Whatis a goodway to tile imperfectlynested
loop sequencesto minimizethevolumeof communicationbetweentiles (in processor
space)aswell asimprove datareuseateachprocessor?



Therestof thispaperis organizedasfollows.Section2 providesanoverview of the
polyhedralmodel.In Section3 describesourautomatictransformationframework.Sec-
tion 4 shows step-by-stepapplicationof our approachthroughan example.Section5
providesa summaryof the implementationandinitial results.Section6 discussesre-
latedwork andconclusionsarepresentedin Section7. Full detailsof the framework,
transformationsandoptimizedcodefor variousexamples,andexperimentalresultsare
availablein extendedreports[3,4].

2 Overview of the Polyhedral Framework

The set X of all vectorsx 2 Zn suchthat h:x = k; for k 2 Z, forms an af�ne
hyperplane. Thesetof parallelhyperplaneinstancescorrespondingto differentvalues
of k is characterizedby thevectorh which is normalto thehyperplane.Eachinstance
of a hyperplaneis ann � 1 dimensionalaf�ne sub-spaceof then-dimensionalspace.
Two vectorsx 1 andx 2 lie in thesamehyperplaneif h:x 1 = h:x 2 .

Thesetof all vectorsx 2 Zn suchthatAx + b � 0, whereA is anintegermatrix,
de�nesa (convex) integerpolyhedron. A polytopeis a boundedpolyhedron.Eachrun-
time instanceof a statementS is identi�ed by its iterationvectori , of dimensionality
mSk , containingvaluesfor the indicesof the loopssurroundingit from outermostto
innermost.Hence,a statementS is associatedwith a polytopecharacterizedby a set
of boundinghyperplanesor faces.This is true whenthe loop boundsareaf�ne com-
binationsof outerloop indicesandprogramparameters(typically, symbolicconstants
representingtheproblemsize).Let p bethevectorof theprogramparameters.

A well-known known resultusefulfor polyhedralanalysesis thefollowing [26]:

Lemma 1 (Af�ne form of Farkas Lemma).LetD bea non-emptypolyhedronde�ned
by s af�ne inequalitiesor faces:ak :x + bk � 0, 1 � k � s. An af�ne form  (x ) is
non-negativeeverywhere in D iff it is a positiveaf�ne combinationof thefaces:

 (x ) � � 0 +
X

k

� k(ak x + bk); � k � 0 (1)

Thenon-negative constants� k arereferredto asFarkasmultipliers.

Polyhedral Dependences.Our dependencemodel is of exact af�ne dependencesand
sameastheoneusedin [6,18,22,28]. Dependencesaredeterminedpreciselythrough
arraydata�ow analysis[9], but theinputneednotbein single-assignmentform. All de-
pendencesincludinganti (write-after-read),output(write-after-write) andinput (read-
after-read)dependencesareconsidered.The DataDependenceGraph(DDG) is a di-
rectedmulti-graphwith eachvertex representingastatement,andanedge,e 2 E, from
nodeSi to Sj representinga polyhedraldependencefrom a dynamicinstanceof Si to
oneof Sj : it is characterizedby a polyhedron,Pe, calledthe dependencepolyhedron
thatcapturestheexactdependenceinformationcorrespondingto edge,e (seeFig. 1(b)
for an example).The dependencepolyhedronis in the sumof the dimensionalitiesof
thesourceandtarget statement's polyhedra(with dimensionsfor programparameters
aswell). Thoughtheequalitiesin Pe typically representtheaf�ne functionmappingthe
targetiterationvectort to theparticularsources thatis thelastaccessto thecon�icting



for ( i =0; i < N; i++)
for ( j =0; j < N; j++)

S1: A[i , j ] = A[i , j ]+u[ i ]� v[ j ];
for ( i =0; i < N; i++)

for ( j =0; j < N; j++)
S2: x[ i ] = x[ i ]+A[ j , i ]� y[ j ];

(a) original code

S1 S2
i j const i j const

c1 0 1 0 1 0 0
c2 1 0 0 0 1 0
c3 0 0 0 0 0 1

(c) transformation

Pe1
:

2

6
6
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1 0 0 0 0 0
0 � 1 0 0 1 � 1
0 0 1 0 0 0
0 0 0 � 1 1 � 1
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0 1 � 1 0 0 0
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(b) Dependencepolyhedronfor the
inter-statementdependenceonA

for (c1=0; c1< N; c1++)
for (c2=0; c2< N; c2++)

A[c2,c1] = A[c2,c1]+u[c2]� v[c1];
x[c1] = x[c1]+A[c2,c1]� y[c1];

(d) transformedcode

Fig.1. Polyhedraltransformationanddependences

memorylocation,alsoknown astheh-transformation[10], thelastaccessconditionis
not necessary;in general,theequalitiescanbeusedto eliminatevariablesfrom Pe. In
therestof thissection,weassumefor conveniencethats canbecompletelyeliminated
usinghe, beingsubstitutedby he(t ).
A one-dimensionalaf�ne transformfor statementSk is de�ned by:

� sk =
h
f 1 : : : f mS k

i �
i
�

+ f 0; f i 2 Z

A multi-dimensionalaf�ne transformationfor a statementcannow be representedby
a matrix with eachrow being an af�ne hyperplane/transform.If sucha transforma-
tion matrix hasfull columnrank, it completelyspeci�eswhenandwherean iteration
executes(one-to-onemappingfrom sourceto target).The total numberof rows in the
matrixmaybemuchlargerassomespecialrows,splitters, mayrepresentunfusedloops
at a level. Fig. 1 shows applicationof a transformation.Suchtransformationscapture
the fusionstructureaswell ascompositionsof permutation,reversal,relative shifting,
andskewing transformations.This representationfor transformationshasbeenusedby
many researchers[6,11,12,15], anddirectly �ts with scatteringfunctionsthata code
generatorlike CLooG[2] supports.Our problemis thusto �nd the thetransformation
matricesthatarebestfor parallelismandlocality.

3 Finding goodtransformations

3.1 Legality of tiling imperfectly-nestedloops

Theorem1. Let � si bea one-dimensionalaf�ne transformfor statementSi. For f � s1
,

� s2
, : : : , � sk g to be a legal (statement-wise)tiling hyperplane, the following should

hold for each edge e fromSi to Sj :

� sj (t ) � � si (s) � 0; Pe (2)



Proof. Tiling of a statement's iterationspacede�ned by a setof tiling hyperplanesis
saidto belegal if eachtile canbeexecutedatomicallyanda valid total orderingof the
tiles canbeconstructed.This implies that thereexistsno two tiles suchthat they both
in�uence eachother. Let f � 1

s1
, � 1

s2
, : : : , � 1

sk
g, f � 2

s1
, � 2

s2
, : : : , � 2

sk
g betwo statement-

wise1-daf�ne transformsthatsatisfy(2).Consideratile formedby aggregatingagroup
of hyperplaneinstancesalong� 1

si
and� 2

si
. Due to (2), for any dynamicdependence,

the target iterationis mappedto thesamehyperplaneor a greaterhyperplanethanthe
source,i.e., thesetof all iterationsthatareoutsideof the tile andarein�uenced by it
alwayslie in theforwarddirectionalongoneof theindependenttiling dimensions(� 1

and� 2 in this case).Similarly, all iterationsoutsideof a tile in�uencing it areeitherin
that tile or in thebackwarddirectionalongoneor moreof thehyperplanes.Theabove
argumentholdstruefor bothintra-andinter-statementdependences.For inter-statement
dependences,this leadsto an interleavedexecutionof tiles of iterationspacesof each
statementwhencodeis generatedfrom thesemappings.Hence,f � 1

s1
, � 1

s2
, : : : , � 1

sk
g,

f � 2

s1
, � 2

s2
, : : : , � 2

sk
g representrectangularlytilable loopsin the transformedspace.If

sucha tile is executedon a processor, communicationwould be neededonly before
andafter its execution.From locality point of view, if sucha tile is executedwith the
associateddata�tting in a fastermemory, reuseis exploitedin multipledirections.2

The above conditionwaswell-known for the caseof a single-statementperfectly
nestedloopsfrom thework of Irigoin andTriolet [14] (ashT :R � 0). Wehavegeneral-
izedit above for multiple iterationspaceswith exactaf�ne dependenceswith possibly
differentdimensionalitiesandimperfectnestingsfor statements.

Tiling at anarbitrary depth.Notethatthelegality conditionaswrittenin (2) is imposed
on all dependences.However, if it is imposedonly on dependencesthathave not been
carriedup to a certaindepth,the independent� 's that satisfy the conditionrepresent
tiling hyperplanesat that depth,i.e., rectangularblocking (stripmine/interchange)at
thatlevel in thetransformedprogramis legal.

Considertheperfectlynestedversionof 1-d Jacobishown in Fig. 2(a).Thediscus-
sionthatfollowsalsoappliesto theimperfectlynestedversion,but for conveniencewe
�rst considertheperfectlynestedversion.We�rst describesolutionsobtainedby exist-
ing state-of-the-artapproaches:Lim andLam'saf�ne partitioning[18,19] andGriebl's
spaceandtime tiling with ForwardCommunication-Only(FCO)placement[13].

Lim et al. [19] de�ne legal time partitionswhich have the samepropertyof tiling
hyperplanesasdescribedabove.Theiralgorithmobtainsaf�ne partitionsthatminimize
theorder of communicationwhile maximizingthedegreeof parallelism.Equation(2)
giveslegality constraintsct � 0, ct + ci � 0, andct � ci � 0 correspondingto de-
pendences(1; 0), (1; 1), and(1; � 1). Therearein�nitely many valid solutionswith the

for ( t=1; t< T; t++)
for ( i =2; i < N� 1; i++)

a[ t , i ] = 0.33� (a[ t � 1,i] +
a[ t� 1,i� 1] + a[ t� 1,i+1]);

(a) 1-dJacobi:perfectlynested

for ( t=1; t< T; t++)
for ( i =2; i < N� 1; i++)

S1: b[ i ] = 0.33� (a[ i � 1]+ a[i ]+a[ i +1]);
for ( i =2; i < N� 1; i++)

S2: a[ i ] = b[ i ];

(b) 1-dJacobi:imperfectlynested

Fig.2. 1-dJacobi
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Fig.3. Communicationvolumewith differentvalid hyperplanesfor perfectlynested1-dJacobi

sameordercomplexity of synchronization,but with differentcommunicationvolumes
that may impactperformance.Although it may seemthat the volumemay not affect
performance,consideringthe fact that communicationstartuptime on moderninter-
connectsis signi�cant, for higherdimensionalproblemssuchasn-d Jacobi,theratioof
communicationto computationincreases(proportionalto tile sizeraisedto n � 1). Ex-
istingwork ontiling [24,25,30] can�nd nearcommunication-optimaltilesfor perfectly
nestedloopswith constantdependences,but cannothandlearbitrarilynestedloops.For
1-d Jacobi,all solutionswithin theconeformedby vectors(1; 1) and(1; � 1) arevalid
tiling hyperplanes.For the imperfectlynestedversionof 1-d Jacobi,the valid coneis
(2; 1) and(2; � 1) (discussedlater).For imperfectlynestedJacobi,Lim' salgorithm[19]
�nds two valid independentsolutionswithoutoptimizingfor any particularcriterion.In
particular, thesolutionsfoundby theiralgorithm(Algorithm A in [19]) are(2; � 1) and
(3; � 1) which areclearly not the besttiling hyperplanesto minimize communication
volume,thoughthey do minimizetheorder of synchronizationwhich is O(N ); in this
caseany valid hyperplanehasO(N ) synchronization.Figure3 shows thattherequired
communicationincreasesasthehyperplanegetsmoreandmoreoblique.For a hyper-
planewith normal(k; 1), onewouldneed(k + 1)T valuesfrom theneighboringtile.

UsingGriebl'sapproach,we�rst �nd thatonlyspacetiling isenabledwith Feautrier's
schedulebeing� (t; i ) = t, i.e.,using(1; 0) astheschedulinghyperplane.With forward
communication-only(FCO) placement,an allocationis found suchthat dependences
have positive componentsalongspacedimensionstherebyenablingtiling of the time
dimension;this decreasesthe frequency of communication.In this case,time tiling is
enabledwith FCO placementalong(1; 1). However, note that communicationin the
processorspaceoccursalong(1; 1), i.e., two linesof thearrayarerequired.However,
using(1; 0) and(1; 1) astiling hyperplaneswith (1; 0) asspaceand(1; 1) asinnertime
andatile spacescheduleof (2; 1) leadsto only oneline of communicationalong(1; 0).
Our algorithm�nds sucha solution.Below we develop a cost function for an af�ne
transformthatcapturescommunicationvolumeandreusedistance.

3.2 CostFunction

Considerthefollowing af�ne form:

� e(t ) = � si (t ) � � sj (he(t )) ; t 2 Pe (3)

Theaf�ne form � e(t ) holdsmuchsigni�cance.This function is thenumberof hyper-
planesthedependencee traversesalongthehyperplanenormal.It givesusa measure



of the reusedistanceif the hyperplaneis usedastime, i.e., if the hyperplanesareex-
ecutedsequentially. Also, this function is a factorin thecommunicationvolumeif the
hyperplaneis usedto generatetiles for parallelizationandusedasa processorspace
dimension.An upperboundonthis functionmeansthatthenumberof hyperplanesthat
would becommunicatedasa resultof thedependenceat thetile boundarieswould not
exceedthis bound.We areparticularly interestedin whetherthis function canbe re-
ducedto a constantvalueor zeroby choosinga suitabledirection for � : if possible,
thatparticulardependenceleadsto constantor no communicationfor this hyperplane.
Notethateach� e is anaf�ne functionof the loop indices.Thechallengeis to usethis
functionto obtainasuitableobjective for optimizationin theaf�ne framework.

Challenges.Theconstraintsobtainedfrom (2) only guaranteelegality of tiling (per-
mutability).However, severalproblemsareencounteredwhenonetriesto applya per-
formancefactorto �nd agoodtile shapeoutof theseveralpossibilities.FarkasLemma
hasbeenusedby many approaches[10,11,13,19] to eliminateloop variablesfrom
constraintsby gettingequivalent linear inequalities.The af�ne form in the loop vari-
ablesis representedas a positive linear combinationof the facesof the dependence
polyhedron.When this is done,the coef�cients of the loop variableson the left and
right handsideareequatedto eliminatethe constraintsof variables.This is donefor
eachof the dependences,and the constraintsobtainedare aggregated.The resulting
constraintsare entirely in the coef�cients of the tile mappingsand Farkasmultipli-
ers.All Farkasmultipliers canbe eliminated,someby Gaussianeliminationand the
restby Fourier-Motzkin elimination[19,26]. However, an attemptto minimize com-
municationvolumeendsup in anobjective function involving both loop variablesand
hyperplanecoef�cients. For example,� (t ) � � (he(t )) couldbec1i + (c2 � c3)j , where
1 � i � N ^ 1 � j � N ^ i � j . Oneendsup with sucha form whena depen-
denceis not uniform or for aninter-statementdependence,makingit hardto construct
anobjective functioninvolving only theunknown hyperplanecoef�cients.

3.3 CostFunction Bounding and Minimization

Theorem2. If all iteration spacesare bounded,there exists an af�ne form v(p) =
u:p + w thatbounds� e(t ) for everydependenceedge e:

v(p) �
�
� si (t ) � � sj (he(t ))

�
� 0; t 2 Pe; 8e 2 E (4)

i.e., v(p) � � e(t ) � 0; t 2 Pe; 8e 2 E

Evenif � e involvesloop variables,onecan�nd largeenoughconstantsin u thatwould
be suf�cient to bound� e(s). Note that the loop variablesthemselvesareboundedby
af�ne functionsof theparameters,andhencethemaximumvaluetakenby � e(s) will
beboundedby suchanaf�ne form. Also, sincev(p) � � e(s) � 0, v shouldincrease
with an increasein the structuralparameters,i.e., the coordinatesof u are positive.
The reusedistanceor communicationvolumefor eachdependenceis boundedin this
fashionby thesameaf�ne form. Sucha boundingfunctionwasusedby Feautrier[10]
to �nd minimumlatency schedules.



Now weapplyFarkasLemmato (4):

v(p) � � e(t ) � � e0 +
meX

k=1

� ekPk
e ; � ek � 0 (5)

wherePk
e is a faceof Pe. Theabove is an identity andthecoef�cients of eachof the

loopindicesin i andparametersin p ontheleft andright handsidecanbegatheredand
equated.We now get linear inequalitiesentirely in coef�cients of theaf�ne mappings
for all statements,componentsof row vectoru, andw. The above inequalitiescanat
oncebesolvedby �nding a lexicographicminimalsolutionwith u andw in theleading
position,andtheothervariablesfollowing in any order. Let u = (u1; u2; : : : uk).

minimize� f u1; u2; : : : ; uk; w; : : : ; c0
is; : : : g (6)

Findingthelexicographicminimal solutionfor a systemof linearinequalitiesis within
the reachof thesimplex algorithmandcanbehandledby theParametricIntegerPro-
gramming(PIP) software[8]. Sincethe structuralparametersarequite large,we �rst
wantto minimizetheircoef�cients. Wedonotlosetheoptimalsolutionsinceanoptimal
solutionwouldhave thesmallestpossiblevaluesfor u's.

Thesolutiongivesahyperplanefor eachstatement.Notethattheapplicationof the
FarkasLemmato (4) is not requiredwhena dependenceis uniform, sincethe corre-
sponding� e is independentof any loopvariables.In suchcases,we justhave w � � e.

3.4 Iterati vely Finding IndependentSolutions

Solving the ILP formulation in the previous sectiongivesus a singlesolution to the
coef�cients of the bestmappingsfor eachstatement.We needat leastasmany inde-
pendentsolutionsasthedimensionalityof thepolytopeassociatedwith eachstatement.
Hence,oncea solutionis found,we augmenttheILP formulationwith new constraints
andobtainthe next solution;the new constraintsensurelinear independencewith so-
lutions alreadyfound. Let the rows of HS representthe solutionsfound so far for a
statementS. Then,thesub-spaceorthogonalto H S [16,21] is givenby:

H ?
S = I � H T

S

�
HSH T

S

� � 1

HS (7)

NotethatH ?
S :HS

T = 0, i.e., therowsof HS areorthogonalto thoseof H ?
S . Let h�

S be
thenext row (linearportionof thehyperplane)to befoundfor statementS. Let H i?

S be
arow of H ?

S . Then,any oneof theinequalitiesgivenby 8i; H i?
S :h �

S > 0; H i?
S :h �

S < 0
givesthenecessaryconstraintto beaddedfor statementS to ensurethath�

S hasa non-
zerocomponentin thesub-spaceorthogonalto H S . This leadsto a non-convex space,
andideally, all caseshave to betried andthebestamongthosekept.Whenthenumber
of statementsis large,this leadsto acombinatorialexplosion.In suchcases,werestrict
ourselvesto thesub-spaceof theorthogonalspacewhereall theconstraintsarepositive,
i.e., thefollowing constraintsareaddedto theILP formulationfor linearindependence:

8i; H i?
S :h�

S � 0 ^
X

i

H i?
S h�

S � 1 (8)



By just consideringa particularconvex portion of the orthogonalsub-space,we dis-
cardsolutionsthatusuallyinvolve loopreversalsor combinationof reversalswith other
transformations;however, we believe this doesnot make a differencein practice.The
mappingsfound areindependenton a per-statementbasis.Whentherearestatements
with differentdimensionalities,the numberof suchindependentmappingsfound for
eachstatementis equalto the numberof outerloopsit has.Hence,no moreorthogo-
nality constraintsneedbeaddedfor statementsfor whichenoughindependentsolutions
have beenfound(therestof therows getautomatically�lled with zerosor linearly de-
pendentrows). Thenumberof rows in the transformationmatrix is thesamefor each
statement,andthedepthof thedeepestloop nestin thetargetcodeis thesameasthat
of thesourceloopnest.Overall,ahierarchy of fully permutableloopnestsetsis found,
anda lower level in thehierarchy will notbeobtainedunlessconstraintscorresponding
to dependencesthathavebeencarriedby theparentpermutablesethavebeenremoved.

3.5 Communication and Locality Optimization Uni�ed

The above algorithm �nds both synchronization-freeand pipelinedparallelism.The
bestpossiblesolutionto (6) is with (u = 0; w = 0) andthis happenswhenwe �nd a
hyperplanethathasnodependencecomponentsalongits normal,whichis afully paral-
lel looprequiringnosynchronizationif it is attheouterlevel (outerparallel); it couldbe
aninnerparallelloop if somedependenceswereremovedpreviouslyandsoasynchro-
nizationis requiredaftertheloopisexecutedin parallel.Thus,in eachof thestepswhere
we �nd a new independenthyperplane,we endup �rst �nding all synchronization-free
hyperplanes;thesearefollowedby asetof fully permutablehyperplanesthataretilable
and pipelinedparallel requiring constantboundarycommunication(u = 0; w > 0)
w.r.t. the tile sizes.In theworst case,a hyperplanewith u > 0; w � 0 resultsin long
communicationfrom non-constantdependences.It is importantto notethat the latter
arepushedto theinnermostlevel. By consideringcommunicationvolumeandits mini-
mization,all degreesof parallelismarefoundin theorderof their preference.

From the point of view of datalocality, the hyperplanesthat areusedto scanthe
tile spaceare the sameas the onesthat scanpoints in a tile. Hence,datalocality is
optimizedfrom two angles:(1) cachemissesat tile boundariesareminimizedfor local
execution(as cachemissesat local tile boundariesare equivalent to communication
alongprocessortile boundaries);(2) by reducingreusedistances,we increasethelocal
cachetile sizes.Theformeris dueto selectionof goodtile shapesandthelatterby the
right permutationof hyperplanes(implicit in theorderin whichwe �nd them).

3.6 Spaceand Time in Transformed Iteration Space

By minimizing � (t ) � � (s) aswe �nd hyperplanesfrom outermostto innermost,we
pushdependencecarryingto innerloopsandalsoensurethatloopsdonothavenegative
dependencecomponents(to theextentpossible)sothattarget loopscanbetiled. Once
thisis done,if theouterloopsareusedasspace(any numberdesired,sayk), andtherest
areusedastime(at leastonetime loop is requiredunlessall loopsaresynchronization-
free parallel),communicationin the processorspaceis optimizedas the outerspace



Input GeneralizeddependencegraphG = (V; E ) (includesdependencepolyhedraPe, e 2 E )
1: Smax : statementwith maximumdomaindimensionality
2: for eachdependencee 2 E do
3: Build legality constraints:applyFarkasLemmaon � (t ) � � (he(t )) � 0 undert 2 Pe,

andeliminateall Farkasmultipliers
4: Build communicationvolume/reusedistanceboundingconstraints:applyFarkasLemma

to v(p) � (� (t ) � � (he(t ))) � 0 underPe, andeliminateall Farkasmultipliers
5: Aggregateconstraintsfrom bothinto Ce(i )
6: end for
7: repeat
8: C = ;
9: for eachdependenceedgee 2 E do

10: C  C [ Ce(i )
11: end for
12: Computelexicographicminimalsolutionwith u0s coef�cients in theleadingpositionfol-

lowed by w to iteratively �nd independentsolutionsto C (orthogonalityconstraintsare
addedaseachsolutionis found)

13: if nosolutionswerefoundthen
14: Cut dependencesbetweentwo strongly-connectedcomponentsin theGDG andinsert

theappropriatesplitter in thetransformationmatricesof thestatements
15: end if
16: ComputeEc : dependencescarriedby solutionsof Step12/14
17: E  E � Ec ; updatetheGDG(V; E )
18: until H ?

Smax = 0 andE = ;
Output A transformationmatrix for eachstatement(with thesamenumberof rows)

Fig.4. Overall algorithm

loopsarethek bestones.Whenever theloopscanbetiled, they resultin coarse-grained
parallelismaswell asbetterreusewithin a tile.

3.7 Fusion

Thealgorithmdescribedin theprevioussectioncanalsoenablefusionacrossmultiple
iterationspacesthatareweaklyconnected,asin sequencesof producer-consumerloops.
Solvingfor hyperplanesfor multiple statementsleadsto a schedulefor eachstatement
suchthat all statementsin questionare �nely interleaved: this is indeedfusion. This
generalizationof fusionis sameastheoneproposedin [6,12], andnaturallyintegrates
into ouralgorithm.A detaileddescriptioncanbefoundin anextendedreport[3].

Summary. The overall algorithmis summarizedin Fig. 4. It canbe viewed astrans-
forming to a treeof permutableloop nestsets/bands— eachnodeof thetreeis a good
permutableloopnestset.Step12�nds suchabandof permutableloops.If all loopsare
tilable, thereis just onenodecontainingall theloopsthatarepermutable.On theother
extreme,if no loopsaretilable,eachnodeof thetreehasjust oneloop andno tiling is



for ( i =0; i < N: i++)
for ( j =2; j < N; j++)

a[ i , j ] = a[ j , i ]+a[ i , j � 1];

P0 P3

P3 P4P2

P3

P1

P0 P1

P1 P2

P2

P2

P4

P5

spacetime

j

i

a[i 0; j 0] ! a[i; j � 1]

h1 : i 0 = i; j 0 = j � 1;

P1 : 2 � j � N ; 1 � i � N

a[i 0; j 0] ! a[j; i ]

h2 : i 0 = j; j 0 = i ;

P2 : 2 � j � N ; 1 � i � N ; i � j � 1

a[j 0; i 0] ! a[i; j ]

h3 : j 0 = i; i 0 = j

P3 : 2 � j � N ; 1 � i � N ; i � j � 1

Fig.5. An examplewith non-uniformdependences

possible.At leasttwo hyperplanesshouldbefoundatany level (withoutdependencere-
moval/cutting)to enabletiling. Dependencesfrom previously foundsolutionsarethus
not removedunlessthey have to be (step17) to allow thenext permutablebandto be
found,andso on. Hence,partially tilable or untilableinput is handled.Loopsin each
nodeof the target treecanbe stripmined/interchangedwhenthereareat leasttwo of
them;however, it is illegal to moveastripminedloopacrossdifferentlevelsin thetree.

4 Example

Figure5 showsanexamplefrom theliterature[7] with af�ne non-uniformdependences,
togetherwith thecorrespondingdependencepolyhedra(thesourceiterationvectorhas
beeneliminated).For the�rst dependence,thetiling legality constraintis

cii + cj j � cii � cj(j � 1) � 0 ) cj � 0

Sincethis is aconstantdependence,thevolumeboundingconstraintgivesw � cj � 0.
For theseconddependence,thetiling legality constraintis

(cii + cj j ) � (cij + cj i ) � 0

Applying FarkasLemma(with P2), wehave:

(ci � cj)i + (cj � ci)j � � 0 + � 1(N � i ) + � 2(N � j )

+ � 3(i � j � 1) + � 4(i � 1) + � 5(j � 1) (9)

� 0; � 1; � 2; � 3; � 4; � 5 � 0

EquatingLHS andRHScoef�cients for i , j , N andtheconstantsin (9),andeliminating
FarkasmultipliersthroughFourier-Motzkin elimination,weobtainci � cj � 0.
Thevolumeboundingconstraintis

u1N + w � (cij + cj i � cii � cj j ) � 0

A similar applicationof FarkasLemma,andeliminationof themultipliersyieldsu1 �
0, u1 � ci + cj � 0, and3u1 + w � ci + cj � 0. Dueto thesymmetrywith respectto i



andj , thethird dependencedoesnot leadto any new constraints.Aggregatinglegality
andvolumeboundingconstraintsfor all dependences,wegettheformulation:

minimize� (u1; w; ci; cj)

subjectto: cj � 0 w � cj � 0

ci � cj � 0 u1 � 0

u1 � ci + cj � 0 3u1 + w � ci + cj � 0

Thelexicographicminimal solutionfor thevector(u1; w; ci; cj) is (0; 1; 1; 1) (thezero
vectoris a trivial solutionandis avoided).Hence,wegetci = cj = 1. Notethatci = 1
andcj = 0 is notobtainedeventhoughit is avalid tiling hyperplaneasit involvesmore
communication:it requiresu1 to bepositive.

Thenext solutionis forcedto haveapositivecomponentin thesubspaceorthogonal
to (1; 1) givenby (7) as(1,-1).This leadsto theadditionof theconstraintci � cj � 1 or
ci � cj � � 1 to theexisting formulation.Addingci � cj � 1 to (10),thelexicographic
minimal solution is (1, 0, 1, 0), i.e., u1 = 1; w = 0; ci = 1; cj = 0 (u1 = 0 is no
longervalid). Hence,(1; 1) and(1; 0) arethetiling hyperplanesobtained.(1,1) is used
asspacewith oneline of communicationbetweenprocessors,andthehyperplane(1,0)
is usedastime in a tile. Theoutertile scheduleis (2,1)( = (1,1)+ (1,0)).

This transformationis in contrastto otherapproachesbasedonscheduleswhichob-
tainascheduleandthentherestof thetransformationmatrix.Feautrier'sgreedyheuris-
tic givestheschedule� (i; j ) = 2i + j � 3 whichcarriesall dependences.However, using
thisaseitherspaceor timedoesnotleadto communicationor locality optimization.The
(2,1)hyperplanehasnon-constantcommunicationalongit. In fact,theonly hyperplane
thathasconstantcommunicationalongit is (1,1).This is thebesthyperplaneto beused
asa spaceloop if the nestis to be parallelized,andis the �rst solutionthat our algo-
rithm �nds. The(1,0)hyperplaneis usedastime leadingto a solutionwith onedegree
of pipelinedparallelismwith oneline per tile of near-neighborcommunication(along
(1,1))asshown in Fig. 4. Hence,agoodschedulethattriesto carryall dependences(or
asmany aspossible)is notnecessarilyagoodloop for thetransformediterationspace.

5 Implementation and Preliminary Results

We have implementedour transformationframework usingPipLib 1.3.3[8]. Our tool
takesasinput dependenceinformation(dependencepolyhedraandh-transformations)
from LooPo's [20] dependencetesterandgeneratesstatement-wiseaf�ne transforma-
tions. Though in theory the approach,relying on integer programming,has worst-
caseexponentialtime complexity, we observe that it runsextremely fast in practice.
Thetransformationsgeneratedareprovidedto CLooG[2] asscatteringfunctions.The
goal is to obtain tiled sharedmemoryparallel code,for example,OpenMPcodefor
multi-corearchitectures.Table1 summarizesthe performanceof transformedcodes.
Thestate-of-the-artfrom theresearchcommunityis representedby [13,17–19],while
ICC 10.1with `-fast -parallel' wasusedasthe native compiler. The resultswereob-
tainedon an Intel Core2 Quad(Q66002.4 GHz). Due to spaceconstraints,detailed
experimentalevaluationcanbefoundelsewhere[4].



Table1. Initial results:speedupoverstate-of-the-artresearch

Benchmark Singlecorespeedup Multi-corespeedup(4 cores)
overnative overstate-of-the-artovernative overstate-of-the-art
compiler research compiler research

1-dJacobi(imperfectnest) 5.23x 2.1x 20x 1.7x
2-dFDTD 3.7x 3.1x 7.4x 2.5x

3-dGauss-Seidel 1.6x 1.1x 4.5x 1.5x
LU decomposition 5.6x 5.7x 14x 3.8x

Matrix VecTranspose 9.3x 5.5x 13x 7x

6 RelatedWork

Iterationspacetiling [14,24,29] is a standardapproachfor aggregating a setof loop
iterationsinto tiles, with eachtile beingexecutedatomically. In addition,researchers
have consideredtheproblemof selectingtile shapeandsizeto minimizecommunica-
tion, improve locality or minimize�nish time [24,30]. Theseworksarerestrictedto a
singleperfectlynestedloopnestwith uniformdependences.

Loop parallelizationhasbeenstudiedextensively. Thereaderis referredto thesur-
vey of Bouletetal. [5] for adetailedsummaryof olderparallelizationalgorithmswhich
acceptedrestrictedinputand/orarebasedonweakerdependenceabstractionsthanexact
polyhedraldependences.Schedulingwith af�ne functionsusingfacesof thepolytope
by applicationof the Farkasalgorithmwas�rst proposedby Feautrier[10]. Feautrier
explored variouspossibleapproachesto obtain good af�ne schedulesthat minimize
latency. The schedulescarry all dependencesand so all the inner loops can be par-
allel. However, transformingto permutableloopsthat areamenableto tiling wasnot
addressed.Thoughschedulesyield innerparallelloops,the time loopscannotbe tiled
unlesscommunicationin thespaceloopsis in theforwarddirection(dependenceshave
positive componentsalongall dimensions).Severalworks[6,13,22] make useof such
schedules.Overall,Feautrier's classicworks[10,11] aregearedtowards�nding maxi-
mum�ne-grainedparallelismasopposedto tilability for coarse-grainedparallelization
with minimizedcommunicationandbetterlocality.

Lim and Lam [18,19] proposedan af�ne partitioning framework that identi�es
outerparallel loops(communication-freespacepartitions)andpipelinedparallelper-
mutableloopsto maximizethe degreeof parallelismandminimize the orderof syn-
chronization.They employ the samemachineryfor blocking [17]. Several (in�nitely
many) solutionsequivalentin termsof thecriterionthey optimizefor resultfrom their
algorithm,andthesesigni�cantly differ in communicationcostandlocality; no metric
is provided to differentiatebetweenthesesolutions.As seenin Sec.3, without a cost
function,thesolutionsobtainedevenfor thesimplestinputarenot satisfactory.

Ahmed et al. [1] proposeda framework for locality optimizationof imperfectly
nestedloopsfor sequentialexecution.Theapproachembedseachstatementinto aprod-
uct space,which is thentransformedfor locality. Their heuristicsetsreusedistancesin
the targetspacefor somedependencesto zero(or a constant)to obtaincoef�cients of
the embedding/transformationmatrix. However, thereis no concreteprocedureto de-
terminechoiceof thedependencesandthenumber.



Griebl[13] presentsanintegratedframework for optimizinglocality andparallelism
with spaceand time tiling. Griebl's approachenablestime tiling by usinga forward
communication-onlyplacementwith anexistingschedule.As describedin Sec.3,using
schedulesastimeloopsmaynot leadto communicationor locality-optimizedsolutions.

Cohenetal. [6] andGirbaletal. [12] developedaframework to composesequences
of transformationssemi-automatically. Transformationsareappliedautomatically, but
speci�ed manuallyby anexpert.Pouchetet al. [22] searchesthespaceof transforma-
tions (one-dimensionalschedules)to �nd goodonesthroughiterative optimizationby
employing performancecounters.On theotherhand,our approachis fully automatic.
However, someempiricaland iterative optimizationis requiredto choosetransforms
that work bestin practice.This is true whenseveral fusion choicesexist, or optimal
tile sizesandunroll factorshave to bedetermined.A combinationof ouralgorithmand
empiricalsearchin asmallerspaceis aninterestingapproachto pursue.

7 Conclusions

Wepresentasingleframework thataddressesautomaticparallelizationanddatalocality
optimizationin the polyhedralmodel.The proposedalgorithm�nds communication-
minimized tiling hyperplanesfor parallelizationof a sequenceof arbitrarily nested
loops.The samehyperplanesalso minimize reusedistancesand improve datalocal-
ity. The approachalsoenablesfusion in the presenceof producing-consumingloops.
To thebestof our knowledge,this work is the�rst to proposea practicalcostmodelto
drive automatictransformationin thepolyhedralmodel.The framework hasbeenim-
plementedin a fully-automatictool for transformingC/Fortrancodeusingthe LooPo
infrastructureandCLooG.Preliminaryexperimentsshow verypromisingresults.
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