CHAPTER 2

2.1 (a) Let
wy =x+jy
p(-k)=a+jb

We may then write
J=wep*(-k)
=(x+jy)a-jb)
= (ax + by) +j(ay - bx)
Let
f=u+jv
with
u=ax + by
v=ay- bx
Hence,

o o
ox dy

dy ox

From these results we immediately see that

u _ o
dx dy
dv _ du
ox dy

In other words, the product term wy p*(-k) satisfies the Cauchy-Rieman equations, and
so this term is analytic.
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(b) Let

J=we*p(-h)
=(x-jy)(a +jb)
=(ax + by) +(bx - ay)

Let

f=u+jv

with

u=ax +by

v=bx-ay

Hence,

du _ ou _
ox dy

dv
ox dy

From these results we immediately see that

du  odv
" 3y
v __
ox dy

In other words, the product term wk'p(-k) does not satisfy the Cauchy-Rieman
equations, and so this term is not analytic.

2.2 (a) From the Wiener-Hopf equation, we have

w =R p 1)
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We are given

Hence, the inverse matrix Rlis

‘ -1
R_l _ 1 0.5
0.5 1

_ 111 -05
0.75|-05 1

Using Eq. (1), we therefore get

w = L1 -osfos

° 07505 1 {l025
_1f 1 —os|]2
305 11

_ 115

K

_ |05

0

(b) The minimum mean-square error is

W) —

2 H
Jmin_o.d—p W,
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o5~ [0.s, 0.29] [0(')5}

2
(c) The eigenvalues of matrix R are roots of the characteristic equation

(1-2)*=(0.5)% = 0

That is, the two roots are
A= 05 and A, =15
The associated eigenvectors are defined by

Rq=Aq

For A, = 0.5, we have

[1 Qﬂqu - 05|71
0.5 1 (g5 912
Expanding

q11 ¥0.5912=054y,

05411 +912=054),

Therefore,

911 =-912

Normalizing the eigenvector q; to unit length, we therefore have

_ 111
o E[—l]
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Similarly, for the eigenvalue A, = 1.5, we may show that

=_1_[1
AL

Accordingly, we may express the Wiener filter in terms of its eigenvalues and eigen-
vectors as follows:

[ 2
1 H
w, = | X594 )p
i=1 !

-3 1)
@) sh PR

x qlql X;qzqz P

2.3 (a) From the Wiener-Hopf equation we have
w,=R p )
We are given

1 05025
R=1(05 1 05
025 0.5 1

and

= [0.5 025 0.125]"

Hence, the use of these values in Eq. (1) yields
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-1

1 05025 | 05
=105 1 05| |o025
02505 1| [0.125

[133 —067 o0 |[ 05
= 1-0.67 1.67 -0.67|| 0.25
0 —067 1.33)]0.125

T
[0.5 0 0]
(b) The minimum mean-square €rror is

Joo— o
min = Cd~P W,

, 0.5
oz [0.5 025 0.125]| 0
0

]

6%-0.25

(¢) The eigenvalues of matrix R are

A= 04069, 0.75, 1.8431

The corresponding eigenvectors constitute the orthogonal matrix:

-0.4544 —0.7071 0.5418
Q = 10.7662 0 0.6426
—-0.4544 0.7071 0.5418

Accordingly, we may express the Wiener filter in terms of its eigenvalues and
eigenvectors as follows:
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~0.4544
= 57025 | 0.7662 | [~0.4544 0.7662 ~0.4554]
~0.4544

~0.7071
*57z| 0 |[-07071 0 0.7071]
0.7071

0.5418 0.5
+ 18431 0.6426 [0.5418 0.6426 0.5418] X10.25
. 0.5418| 0.125

0.2065 -0.3482 0.2065
= 104069 |0-3482 0.5871 —0.3482
0.2065 -0.3482 0.2065

05 0-0.5
o

075/ 0 0 0O

050 05

0.2935 0.3482 0.2935| || 0.5

+ o—_—
78437 |0-3482 0.4129 0.3482| 1| 0.25
0.2935 0.3482 0.2935] | {0.125

24 By definition, the correlation matrix

R = E[u(n)u’ (n)]

where
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o ]
_1 . _
- (s(n)sH(n)+—12-RvJ e"’_’(T b

Cq

Lej(l;(T—M+ 1)

2.6  The optimum filtering solution is defined by the Wiener-Hopf equation

Rw,=p 1)
for which the minimum mean-square error equals

2 H
Imin = Og—P W, @)

Combine Egs. (1) and (2) into a single relation:

k-

Define

0_2 H
A=1% P (3)
p R .

Since
6% = Eld(myd" ()],

p = E[u(n)d (n)] ,and
R = E[u(n)u’ (n)],

we may rewrite Eq. (3) as

Eld(n)d (n)]  Eld(m)]u" (n)
Elu(n)d (n)] Elu(myu(n)]

A =
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— d(n) *
) E{ [u(n)] "o “H(”)]}

The minimum mean-square error equals

2 H
J in - Gg=P W, 4)

m

Eliminate 0"21 between Egs. (1) and (4):

JW) = Jpin* pro—pr—pr + W Rw %)
Eliminate p' between (2) and (5):

Jw) = Jin t wwao - wwa - wHRwo +wiRw 6)
where we have used the property R = R. We may rewrite Eq. (6) simply as

Jwy = J . +(w-w ) R(w-w,)

1
which clearly show that J(w,) = J .
2.7  The minimum mean-square error equals
2 H_ -1 .
Jmin = 04~P Rp : (1)

Using the spectral theorem, we may express the correlation matrix R as

R = QAQ”

il H
= 2 M, 9
k=1
Hence, the inverse of R equals

M

-1 1 H

R = ZT‘Ik‘lk 2)
=1k

32




0.8719
a, = [-0.9129
0.2444

The last entry in the 4-by-1 vector p is therefore

r a = —00436-0.0912+0.1222

= -0.0126

210 J_. = -p'w,

2 Ho-1_
c,-p R p

Whenm =1,

J =1—0.5x-—1—x0.5

min 1.1
=0.9773

Whenm =2,

1
J 0.5
0.4

=1-105 —0.41|M1 03
0.5 1.1

m
=1-0.6781
=0.3219

When m =3,
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-1
; 1.1 0.5 0.1 0.5

Jmin = 1-[0.5 -0.4 —02] |05 1.1 05| |-04
0.1051.1] |-02

=1-0.6859
=0.3141

When m =4,

Jopin =1 - 0.6859
=0.3141

Thus any further increase in the filter order beyond m = 3 does not produce any meaning-
ful reduction in the minimum mean-square €rTor.

211 (a) u(n) = xkn)+v2(n) 1)
d(n) = —d(n-1)x0.8458 +v,(n) )
x(n) = d(n) +0.9458x(n-1) 3)

d(n) = x(n)-0.9458x(n-1)
Using Egs. (2) and (3):

x(n)—0.9458x(n-1) = 0.8458[— x(n-1) + 0.9458x(n-2)] +v1(n)

Rearranging terms:

x(n) = (0.9458-8.8458)x(n-1) + 0.8x(n-2) + v,(n)
x(n) = 0.1x(n-1)+ 0.8x(n-2) + v (n)

(d) u(n) = x(n) +v,(n)
where x(n) are v,(n) are uncorrelated

Therefore, R = R, +Rv2
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