CHAPTER 1

@ Let‘

r (k) = E[u(n)u*(n-k)] (D)

r (k) = Ely(m)y*(n-Fk)] @
We are given that

y(n) = u(n+a)—u(n-a) 3)
Hence, substitqting Eq. (3) into (2), and then using Eq. (1), we get

ry(k) = E[(u(n+a)- il(n —a))u*(n+a-k)-u*(n-a- 1'3))

2ru(k) -r,(2a+k)-r (-2a+k)

1.2  We know that the correlation matrix R is Hermitian; that is

That is, the inverse matrix R! is Hermitian.

1.3 ) For the case of a two-by-two matrix, we may

P

R, =R +R,




2
Yy TptO

For R, to be nonsingular, we require

2 2
det(R,) = (r; +0 ) (ryy+07) —ryry; >0

With r|, = ry; for real data, this condition reduces to
+62)(r,, +0° 0
(rjy+67)(ryy v 07) =759 >

. . . . . 2 . . is 2 .
Since this is quadratic in 6~ , we may impose the following condition on ¢~ for nonsingu-

larity of R,

2 1 4A
c >§(rll+r22)( 1 - 4 5 )
(ryptry) -1

2
where A, =riTn—Tn

1.4  We are given

x|

This matrix is positive definite because

a
aTRa = [al,az] Lih*
11 a,

2 2
=a;+ 2a1a2 +a,




= (a; + ;a2)2 > 0 for all nonzero values of a; and a,

(Positive definiteness is stronger than nonnegative definiteness.)

But the matrix R is singular because

det(R) = ()2 =(1)2 = 0

Hence, it is possible for a matrix to be positive definite and yet it can be singular.

(a)
Rypr = [rfrgg 1;1;] | | M
Let
Ry = [;' - @

where a, b and C are to be determined. Multiplying (1) by (2):

I _[roir [aip
M+1 "i" -E-k-A-l B -a- -(.:_

where I4 is the1 identity matrix. Therefore,

r(0)a+rb = 1 3)

rat+Ryb =0 4)
H |

rb + Ry C = 1, )

T

)b +1C = 0 (6)

From Eq. (4):




b = —R;\}ra

Hence, from (3) and (7):

1
a = ——
r(0)— 'R} r
Correspondingly,
R
b= - __&’]1,,__—1

r(0)-riRyr

From (5):

C = Rj; - R, rb”

-1 H_-1
- H. 1
r(0)—r Ry r

As a check, the results of Egs. (9) and (10) should satisfy Eq. (6).

i

ro)b? +rcC -

r(0)—r" R r
= 0T
We have thus shogwn that
Mo ol ] ; Hp-1
-1 _ {0 0 1 T Ry
Ry =Taia | Forgstri g0

H_ -1 H. -1 H. -1
rO)r R 1 r Ryrr'R
_—__L+rHRMl+__.M—.M

r(0)—r"'Rr

M

@®

®

(10)




where the scalar d is defined by Eq. (8):

RM:TB*
®) Ry, =|---iF- (11)
M LBT: r(0>]
Let
-1 D :e
Ry = |5t 12
M+1 LH: ij ( )

where D, e and ﬂhre to be determined. Multiplying (11) by (12):

I, - [.‘_‘% E_r_g_*_} [D ]

Ml rBT:rQO) el f

Therefore

R, D+ e =1 (13)
B*

Rye+r f=0 (14)

r’e+r(0)f = 1 (15)

r’Tp +r0)e™ = o (16)

From (14):

e=- Ry’ f (17)

Hence, from (15)and (17):

f= A (18)

r(0)—r TRy r

Correspondingly,




-1|B*

R, r
M
=" Bl -1 B* (19)
r(0)-r | R, r
From (13):
D =R, -R,r" ¢
-1 B* BT -1
Ryr r R
R M M
=R, + ST (20)
r(0)—r "R, r

As a check, the rgsults of Egs. (19) and (20) must satisfy Eq. (16). Thus

BT . -1 B* BT_ -1 BT _ -1
BT H BT —1 r RMI‘ r RM r(O)r RM
r D+r(0)e” Fr R, + -
BT -1 B* BT_ -1 B*
r0)~r R, r r0)—-r "R, r
L 0T
We have thus shown that
1. -1 B* BT -1:
o |Ryie| . |Ryr rURy s gl B
YRR W A L IR . W
T BT -1 ‘

where the scalar f{is defined by Eq. (18).

@ (a) We express the difference equation describing the first-order AR process u(n) as
u(n) = v(n)frwu(n-1)

where w; = -a). Solving this equation by repeated substitution, we get

u(n)v = v(n)twv(n-1)+wu(n-2)




(b) When the w
have zero me

v(n
Here we havg
u(0) =0
or equivalent

u(l) = v(1

+wv(n- 1)+w%v(n—2)+ +w’1'-1v(1)

)

used the initial condition

y

Taking the expected value of both sides of Eq. (1) and using

E[v(n)j =N for all n,
we get the gepmetric series

2 n-1
Elu(n)] = p+twp+wpt...+w n

A

This result sh
AR process
condition:

a,l<1 or
|| |

then

E[(m)] -

ows that if L # 0, then E[u(n)] is a function of time n. Accordingly, the
u(n) is not stationary. If, however, the AR parameter satisfies the

W1|<1

L as n — oo
Wy

Under this condition, we say that the AR process is asymptotically stationary to order

one.

te noise process v(n) has zero mean, the AR process u(n) will likewise
. Then




var[v(n)] = B,
2
var[u(n)] = E[u"(n)]. @)
Substituting Ej. (1) into (2), and recognizing that for the white noise process
2 -
Elvimv(®)] =4 O "7 (3)
0, n=#k

we get the gegmetric series

2 2 4 2n-2
var[u(n)] = o, (1 +w +w +- + ln )
o 1-w}"
1
= I-wj
2 =1
o,n, w)
When |a;] < 1jor |wy| < 1, then
2 2
cv v
var[u(n)] = 5 = 5 for large n

(c) The autocorre

ation function of the AR process u(n) equals E[u(n)u(n-k)]. Substituting

Eq. (1) into this formula, and using Eq. (3), we get

Elu(n)u(n—

2.k k+2 k+2n-2
k)] = o, (w)+w] “+..tw )
2n
2 ¥ 1-w :
= I-w;
2 =1
o,n, wy




Forla;|<1o

r(k) = E[u
2

_ W

1 —w

Casel: 0<

In this case, ¢

|wi| < 1, we may therefore express this autocorrelation function as

r)u(n—k)]

1

5 for large n
1

ai <1

1 = -ay is negative, and r(k) varies with k as follows:
k)

I R R A
‘_4 “‘l,', V _2 ‘\‘],II IO \‘]"l +2 N J +4 k
Case 2: -1<fg; <0

In this case,

)1 = -ay is positive and r(k) varies with k as follows:

u(n) = u(n-

Hence

w; =1

wy, = —0.5
and the AR ps
a =-~1

a, =05

(a) The second-ofder AR process u(n) is described by the difference equation:

+1) —0.5u(n—-2) + v(n)

irameters equal

Accordingly, we write the Yule-Walker equations as




k[r(O) r(1) [ 1 ] _ [r(l)}
r(1) r(0) [-0.5 r(2)
(b) Writing the Yiule-Walker equations in expanded form:
r(0)-0.5r(1) = r(1) |
r(1)-0.57(Q) = r(2)
Solving the fifst relation for r(1):
r(1) = 2r(0) (1)
Solving the; sqcond relation for r(2):
r(2) = 2r(0) B
(c) Since the noise v(n) has zero mean, so will the AR process u(n). Hence,
var{u(n)] =|EL(u"n)]

=/ r(0).

We know that

2
2
o, = Zakr k)
k=0

r(0) + g r(1) +a,r(2) 3)

Substituting (}) and (2) into (3), and solving for (0), we get
2
v
=12
7 1
:11 602

| o)

r(0) =

1+

@ By definition,

Py = average pgwer of the AR process u(n)

WiN

10




1.10

El|u(m)?]

0)

where r(0) is the

{a1’ (12, AR aM}

- {r(l) r@) . r(M)}
r(0y r(0) " 7(0)

Equivalently, exclzpt for the scaling factor r(0),

{al, 2 YREEN aM}
Combining Egs.

{PO’ al’ a21 ey a

= {r(1),r(2), -, r(M)}
1) and (2):

b= {r(0), r(1),r(2), -, r(M)}

(a) The transfer ﬁpction of the MA model of Fig. 2.3 is

Z‘J* _1 * _2 *

-K

(b) The transfer fiinction of the ARMA model of Fig. 2.4 is

| * _1 * _2 *

H(z) =

-K

1

* _1 * _9 *
i—alz +a22 +...+aMz

(c) The ARMA njodel reduces to an AR model when

J =bg =0

It reduces to ah MA model when

a1=a2=“

We are given

x(n) = v(n)+0

=ay, =0

750(n—1) +0.250(n - 2)

Taking the z-trangforms of both sides:

11

jutocorrelation function of u(n) for zero lag. We note that

(D

2

€)




(cy M=10

Finally, retair
the form of aj

X)) 1
V(z) D(z)

where D(z) is

1.11

x(n) = wHu

where u(n) is

Ellx(m)*]

(b) If u(n) is extrpcted from a zero mean white noise of variance ¢

021

R

where I is the

Eflx(m}*] 5

1.12 ) (a) The process
' Gaussian.
(b) From invers¢

combination

also Gaussiarn.

1.13 ) (a) From the Gau

E[(uzu2)l—_|

ing terms in Eq. (2) up to 2’19, we obtain the following approximation in
1 AR model of order ten:

given by the polynomial on the right-hand side of Eq. (2).

(a) The filter output is

(n)

the tap-input vector. The average power of the filter output is therefore
EfwTu(mu (n)w]

woE[u(n)u’ (n)]w

H
w Rw

2, we have

identity matrix. Hence,

OW W

u(n) is a linear combination of Gaussian samples. Hence, u(n) is

filtering, we recognize that v(n) may also be expressed as a linear
pf samples represented by u(rn). Hence, if u(n) is Gaussian, then v(n) is

ssian moment factoring theorem:

*

*
= E[ul...u1u2..

.u2]

13




(b) Putting u, =1

Ellu*] =

= k! E[quz]u-E[u;uz]

* k
= k! (E[uyu,]) (D

1 = u, Bq. (1) reduces to

k
(E(4)))

1.14 Itis not permissilLle to interchange the order of expectation and limiting operations in Eq.

(1.113). The rea

on is that the expectation is a linear operation, whereas the limiting

operation with regpect to the number of samples N is nonlinear.

1.15  The filter output I

y(n) = Y h(iu

Similarly, we ma]

n—i)

 write

m) = 3 h(k)y(m - )
k

Hence,

r,(n,m) = Ely

Il
=
—
hA

R2
R2

1.16 The mean-square

- 202Ao)

P

o T

)y (m)]

(=3 (R (m =)
k
i)k (R)Elu(n =iy (m— k)]

ik (k)r (n—i, m— k)

value of the filter output in response to white noise input is

14






