
EE 7620 Solutions to Problem Set # 1

1. Relationship (2-1-44) gives :

pY (y) =
1

3a[(y−b)/a]2/3 pX

[(
y−b

a

)1/3
]

X is a Gaussian r.v. with zero mean and unit variance, i.e., pX(x) = 1√
2π

e−x2/2. Hence

pY (y) =
1

3a
√

2π[(y−b)/a]2/3
e−

1
2

(
y−b

a

)2/3

2. (a) We have

ψY (v) = E
[
e jvY ]

= E
[
e jv∑n

i=1 Xi
]

= E

[
n

∏
i=1

e jvXi

]
=

n

∏
i=1

E
[
e jvX]

= [ψX(v)]n

Now
ψX(v) = 1− p+ pe jv

Thus

ψY (v) =
(
1− p+ pe jv)n
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(b)

E[Y ] =− j
dψY (v)

dv
|v=0 = np

E[Y 2] =−d2ψY (v)
dv2 |v=0 = n2 p2 +np(1− p)

3. (a)
∫ ∫

pXY (x,y)dxdy = 1

Then ∫ 1

y=0

∫ 1−y

x=0
Cdxdy = 1 =⇒ C = 2.

(b)

P(2X ≥ Y ) =
∫ ∫

A
pXY (x,y)dxdy =

∫ ∫

A
2dxdy = 2area(A) = 2(1/3) = 2/3.

x

y

1

1

y=2x

A

(c)

P(X ≤ α) = 0 for α < 0

If 0≤ α < 1,
P(X ≤ α) =

∫ ∫

B
2dxdy = 2α−α2.

For α≥ 1, P(X ≤ α) = 1. Therefore,

FX(α) =





0 α < 0
2α−α2 0≤ α < 1
1 α≥ 1.
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From FX(α) we can evaluate pX(α).

pX(α) =
{

2−2α 0≤ α < 1
0 otherwise

(d) By symmetry we have

FY (β) =





0 β < 0
2β−β2 0≤ β < 1
1 β≥ 1.

From FY (β) we can evaluate pY (β).

pX(β) =
{

2−2β 0≤ β < 1
0 otherwise

We see that pXY (x,y) 6= pX(x)pY (y). Therefore, X and Y are dependent.

4. (a)

FX(x|C) = P(X ≤ x|0≤ Y < 1) =
P(X ≤ x,0≤ Y < 1)

P(0≤ Y < 1)

x

y

2-2

2

0-1 1

A A

Now
P(C) =

∫ ∫

A
pXY (x,y)dxdy = .25area(A) = .25.

For x <−1, P(X ≤ x,0≤ Y < 1) = 0.
For −1≤ x < 0,

P(X ≤ x,0≤ Y < 1) = (1+ x)2/8.

For 0≤ x < 1,
P(X ≤ x,0≤ Y < 1) = 1− (1− x)2/8.
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And for x≥ 1, P(X ≤ x,0≤ Y < 1) = P(0≤ Y < 1) = .25. Thus

FX(x|C) =





0 x <−1
(1+ x)2/2 −1≤ x < 0
1− (1− x)2/2 0≤ x < 1
1 x≥ 1

Then we get

pX(x|C) =





1+ x −1≤ x < 0
1− x 0≤ x < 1
0 otherwise.

(b)

E[X |C] =
∫

xpX(x|C)dx = 0

5. The power spectral density of WGN process is given by

SXX( f ) =
∫

φX X(τ)e− j2π f τ dτ =
N0

2

The power spectral density of output process is given by

SYY ( f ) = SXX( f )|H( f )|2 =
N0

2
|H( f )|2

Thus the noise power in the output process is

φYY (0) =
∫

SYY ( f ) d f =
N0

2

∫
|H( f )|2

Thus

φYY (0) = N0B

6. We know that Y1 and Y2 are jointly Gaussian. So we calculate the mean vector and the
covariance matrix. EY1 = 2EX1 +EX2 +3 = 3 and EY2 =−1.

var(Y1) = 4var(X1)+var(X2) = 5 and var(Y2) = var(X1)+var(X2) = 2

cov(Y1,Y2) = E[(Y1−3)(Y2 +1)] = E[(2X1 +X2)(X1−X2)] = 1

Then

pY1Y2(y1,y2) =
1

2π
√

9
exp{− 1

18
[2(y1−3)2−2(y1−3)(y2 +1)+5(y2 +1)2]}

7. We will denote the discrete-time process by the subscript d and the continuous-time (analog)
process by the subscript a. Also, f will denote the analog frequency and fd the discrete-time
frequency.

4



(a) The autocorrelation of {Xn} is given by

φd(k) = E[X∗(n)X(n+ k)] = E[X∗(nT )X(nT + kT )] = φa(kT ).

Hence, the autocorrelation function of the sampled signal is equal to the sampled auto-
correlation function of {X(t)}.

(b)

φd(k) = φa(kT ) =
∫ ∞

−∞
Sa( f )e j2π f kT d f

=
∞

∑
i=−∞

∫ (2i+1)/2T

(2i−1)/2T
Sa( f )e j2π f kT d f

=
∫ 1/2T

−1/2T

∞

∑
i=−∞

[
Sa( f +

i
T

)
]

e j2π f kT d f

Let fd = f T = f
fs

. Then

φd(k) =
∫ 1/2

−1/2

[
1
T

∞

∑
i=−∞

Sa

(
fd + i

T

)]
e j2π fdk d fd (1)

Now we know that

φd(k) =
∫ 1/2

−1/2
Sd( fd)e j2π fdk d fd (2)

Comparing (1) and (2) we get

Sd( fd) =
1
T

∞

∑
i=−∞

Sa

(
fd + i

T

)
(3)

(c) From (3) we get that

Sd( fd) =
1
T

Sa

(
fd

T

)

if and only if
Sa( f ) = 0 ∀ f : | f |> 1/2T

Otherwise the sum of the shifted copies of Sa( f ) will overlap and cause aliasing.
Note: This problem describes the sampling theorem for random processes.
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