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1. Relationship (2-1-44) gives :

pr(y) =

Solutions to Problem Set # 1
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X is a Gaussian r.v. with zero mean and unit variance, i.e., px(x) =

—x2/2
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2. (a) We have

W (v) = E[e"] = E "2 %] —

InIlejVXi] — ﬁE [eij} — [WX(V)]H

Now _
Vx(v) =1—p+pe’”
Thus

vy (v) = (1= p+pe’)”



(b)
_dyy(v)

EY] =-—j ™ lv—0 =np
dz 4%
E[Y?] =—-2;;)Mm=n%f+nml—m

(a)
//pxy(x,y)dxdy: 1

Then X |
-y
/1 Cdxdy—=1 — C=2.
y=0Jx=0

(b)

PRX >Y)= / /A ey (x,y)dxdy = / /A 2dxdy = 2area(A) = 2(1/3) = 2/3.

y

(c)
PX<a)=0 for <0

fo<a<l,
P@g@://meJWﬂ?
B

For o > 1, P(X < o) = 1. Therefore,

0 o<0
Fx(a)={ 20—0o? 0<a<l
1 o> 1.
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From Fx (o) we can evaluate py (o).

(@) = 2-200 0<a<1
PXX =90 otherwise
(d) By symmetry we have
0 B<O
FB)={ 2p—F 0<Bp<1I
1 B>1.

From Fy () we can evaluate py ().

[ 2-2B 0<B<1
rx(B) = { 0 otherwise

We see that pxy (x,y) # px(x)py(y). Therefore, X and Y are dependent.

(a)
PX<x,0<Y<1)
PO<Y<1)

Fy(x[0)=P(X <x[0<Y <1)=

Now
P(C) = //pxy(x,y)dxdy = 25area(A) = .25.
A

Forx<—1,P(X <x,0<Y <1)=0.
For —1 <x <0,
P(X <x,0<Y <1)=(1+x)?/8.

For0 <x <1,
PX<x,0<Y<1)=1-(1-x)%/8.
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Andforx > 1,P(X <x,0<Y <1)=P(0<Y <1)=.25. Thus

0 x<—1
) (1+x)?)2 ~1<x<0
BO =9 112022 0<x<1
1 x>1
Then we get
I+x —1<x<0
px(x|C) =< 1—x 0<x<1

0 otherwise.

(b)

E[X|C] = /xpx(x|C)dx: 0

5. The power spectral density of WGN process is given by

No

Sxx(f) = / OxX (z)e 2T dr =2

The power spectral density of output process is given by

Syr(f) = Ssx (I = “LIH(F)

Thus the noise power in the output process is

orr(0) = [sw(p)ar="2 [ IH(r)?

Thus

Oyy (0) = NyB

6. We know that Y; and Y, are jointly Gaussian. So we calculate the mean vector and the
covariance matrix. EY] =2EX|+EX,;+3 =3 and EY, = —1.

var(Y)) = 4var(X;) +var(X2) =5 and var(Y2) = var(X;) + var(Xp) =2

COV(Yl,Yz) = E[(Yl — 3)(Y2 + 1)] = E[(ZXI —l—Xz)(Xl —Xz)] =1
Then

Prn1.32) = S exp{— 520 =37 =201 =3)02 + 1)+ 502+ 1)

7. We will denote the discrete-time process by the subscript d and the continuous-time (analog)
process by the subscript a. Also, f will denote the analog frequency and f; the discrete-time
frequency.



(a) The autocorrelation of {X,} is given by
04(k) = E[X*(n)X (n+k)] = E[X*(nT)X (nT +kT)] = ¢,(kT).

Hence, the autocorrelation function of the sampled signal is equal to the sampled auto-
correlation function of {X(¢)}.

(b)

0(k) = QukT) = [~ Su(P)ePmIT a

- ¥ J O ST af
it (2i-1)/2T
1/2T = )
— / |: f+ ):| e]2TkaT df
1/2T; ,, -

Let f; = fT = +. Then

1211 & ; .
da(k) = /_ r [;Z Sa (@) el d fy (M
Now we know that
172 2T fak
0alk) = | Sale dgy @

Comparing (1) and (2) we get

;liws" (fd-l—z) 3)
suldi) = 75, (2)
S =0 Y F:1f > 1727

Otherwise the sum of the shifted copies of S,(f) will overlap and cause aliasing.

(c) From (3) we get that

if and only if

Note: This problem describes the sampling theorem for random processes.



