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04 | Comments on “New Conditions for Global Stability
o3k of Neural Networks with Application to Linear
and Quadratic Programming Problems™
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0 Xue-Bin Liang and Li-De Wu
oF Abstract—This letter makes the following comments on the results
about global stability of neural networks presented in Forti and Tesi
01t in the above paper: 1) the assumption of all neuron activation functions
to vanish at the origin, which is utilized in the proof of the result (see
02t the above paper [p. 357, Section Ill, Th. 3]) implying the existence and
: uniqueness of the network equilibrium point, can be actuallyomitted 2)
03| in the infinite sector case, the result of global asymptotic stability (GAS)
(see the above paper [p. 359, Section IV, Th. 5]) remains true with respect
04 | to the class of increasing rfot necessarily strictly) activations, as in the
05 D finite sector case. Consequently, a result about absolute stability (ABST)

of neural networks, which can represent a generalization of the existing
related ones, is also obtained.

5
-0.5-0.4-0.3-0.2-01 0 010203 04 0.5
(b)

Fig. 3. Circular low-pass filter of size 6 15 designed by the NNO method, l. INTRODUCTION

taken as (21). Plot of frequency response. (b) Contour plot. ) ) ) .
In this letter, we will consider neural networks described by the

approach. The better NNO design approach other than THNN-basydtem of nonlinear differential equations
algorithm will be available soon if the potential of this kind of method

is fully exploited. Though the filter design examples are limited in defdt = =D+ Ty(x) +1 (N)
the 2-D FIR category, the NNO design approach is of course not in the above papémwheres = (z1,---,zn)" € ®" (" means
restricted within this kinds of filters. Other works done by us sucﬁ

ransposition),D = diag (d1,---,d,) is a constank x n diagonal

as 1-D FIR filters [9], 1-D and 2-D IIR filters design results will be

reported successively. matrix with d; >0,i = 1,--- n,T = (T;;)nxn IS @ constant

n x n matrix, I = (Li,---,I,)" € R" is a constant vector,
ACKNOWLEDGMENT g(x) = (g1(w1)y- -, gn(an ))’: R" — R" is a locally Lipschitz
%ptlnuous nonllnear mapping. The assumptigf) = 0 from the
ove papéris not made here.
he matrix T is referred to as the interconnection matrix. The
functionsg, represent the neuron input—output activations, wiiile
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describe constant inputs to the neural network. The diagonal entriePefinition 2: A map H: R" — R" is a homeomorphism cR"

of D model neuron self-inhibitions. onto itself if H is C°, H is one-to-one,H is onto and the inverse
As in the above papérjt is assumed thay belongs to the class map H~" is C°.
{G,.} defined by the property that € {G,..} if for i = 1,---.n, Definition 3: A map H: R" — R" is a diffeomorphism off"

the functionsg;: ® — R are monotonic increasingi¢t necessarily onto itself if H is C*, H is a homeomorphism ék™ onto itself and
strictly). If there exist constant&,,0 < G; < 4+o0,i = 1,---,n, H 'is C.
such that the incremental ratio fgr satisfies Definition 4: A real square matrix4 is said to be Lyapunov di-
gi(€1) — gi(&2) _ — agonally stable (LDS) [respectively, Lyapunov diagonally semistable
0< e <G, (LDSS)] if there exists a diagonal matrix> 0 such that the symmet-
P ric part of «A satisfies[ad]” = (a4 4+ A'a)/2 >0 (respectively,
for eachéi, & € R,& # & and fori = 1,---,n, we say that [oA4]% > 0).
g € {Gm} in the finite sector caself otherwise, the incremental  The result below has been actually proved in the above gaper.
ratio for g; is nonnegative but is allowed to take arbitrarily large Theorem A: We are referring to the above paper [p. 357, Section
positive values, we say thgte {G..} in the infinite sector case I, Th. 3]. Let ¢ € C° (respectively,y € C') and g(0) = 0.

In the case of the neuron activations to be locally Lipschitgyppose that either: 1) € {G..} in the finite sector case and
continuous satisfying/(0) = 0, and increasing in the finite sector _7 , pG~' ¢ LDS, whereG = diag (G1,---.G») >0, or 2)
case andstrictly increasing in the infinite sector case, in the abovg ¢ (, 1 in the infinite sector case andT € LDSS. Then, the
papet the authors have given an elegant and strict analysis of t pH: R — R defined byH(.x) = —Du + Ty(z)(x € R") is
existence, uniqueness, and GAS of the neural network equilibrigyomeomorphism (respectively, diffeomorphism)RSf onto itself.
point. Compared with the previous related work referenced in Forti gome commonly used activations, such @ér;) = 1/[1 +
and Tesi's paper, which only concerns the case of the neurgq, _,)(»;, € R,i = 1,---,n), camot satisfy the condition
activations to be bounded and strictly increasing, the GAS resu}}@) — 0 in Theorem A. Fortunately, the condition0) = 0 in

in the above papérare applicable to some important engineeringheorem A can be actually omitted, by a simple map translation from
problems where the solving neural networks for which the neurQnyg , 4(0), as shown in the proof of the following result about
activations are unbounded (but not necessarily surjective) and/or hgyg existence and uniqueness of the equilibrium point of system (N).
infinite intervals with zero slope, as in the widely employed piecewise Thegrem 1: Under the same hypothesesceptg(0) = 0 as in
linear neural models. As such, the analysis results obtained by Feifiagrem A, system (N) has a unique equilibrium point for each
and Tesi are applicable to a large class of neural networks includipgE n.

the additive neural network model [1], the Hopfield network [2],  proof: From Theorem A, it is inferred that the mdp: R" —
and the cellular neural network (CNN) model [3]. Moreover, thesgn  yafined byH(x) = —Dx + Tf(x)(x € R"), is a home-
results were successfully applied in the above pafeanalyze GAS ombrphism of " onto itself, wheré the nonlinear maf(z) =
for linear and quadratic programming neural networks [4] in th&(m)—q(O): R" — R satisfiesf(0) = 0 andf € C° (respectively,
general case of practical importance where the constraint amplifi?{% CI) if g € C° (respectivelyg € C''). Hence, by Definition 2,
are dynamical, which extends the stability result in the case gfg equatiorfl () = —Tg(0)—I € R", i.e.,—Da+Tg(zx)+I = 0,

memoryless constraint amplifiers in [4]. Note that the assumption i 5 unique solution for eache R".

memoryless constraint amplifiers is unrealistic in any practical neural-l-heorem 1 can be considered as an extended version of the above

circuit _implementatio_n [4]. ) paper [p. 357, Section lll, Corollary 1] in which the assumption
In this letter, we will show that the above-mentioned two assumem) — 0 for the neuron activations was made

tions from Forti and Tesi ofy(0) = 0 and thestrictnessin the Because-T'g(0) — I, as a map off € R", is C", it is still true

monotonic increasing property of activations in the infinite sector cage (see the above pappthe unique equilibrium point of system

can be actuallpmitted perserving the soundness of the results aboH{I) has the additional property of being® map of the input vector
the existence, uniqueness and GAS of the network equilibrium pol tE R" if ¢ € C° or even aC' map ifg € C.

[see the above paper, p. 357, Section Ill, Corollary 1; p. 358, SeCtionFurther, the results about GAS of neural networks, in the finite

lV'. Th. 4; and dp'Gssg‘ Secltlon :V’hTh' 51 T:at 'S’,I,Lh? emstgnceand infinite sector cases, are obtained in Forti and Tesi’'s paper,
uniqueness an AS results of t e network equilibrium point spectively, based on the existence and uniqueness results of the
Forti and Tesi's paper really holds in the more general case of t Etwork equilibrium point

neuron activations to bany Lipschitz continuous and increasingot Theorem B: We are referring to the above paper [p. 358, Section

necessarily strictly) functions, which is important for applications q(l Th. 4]. Suppose thay € {G,.} in the finite sector case and

neural networks to a wider range of engineering problems than befoL"_i_ lDﬁ.fl € LDS Tﬁen for ,gachl € R, system (N) has a

Furthermore, from the existence, uniqueness and GAS results of the oS " Lo n Sy
twork libri int in th | ABST it inique equilibrium point which is GAS.

network equiiibrium point in the general case, an resut o Theorem C: We are referring to the above paper [p. 359, Section

neural networks, which can represent a generalization of the eX|st||rq/g Th. 5] Su.ppose thay € {G} in the infinite sectér ca‘se and

related ones [5], [6], follows consequently. thatg:,i = 1,---,n, are strictly increasing. =T € LDSS, then

for eachI € R", system (N) has a unique equilibrium point which

Il. PROOF OF THEASSERTION THAT THEABOVE-MENTIONED TWO is GAS.

ASSUMPTIONS ON THENEURON ACTIVATIONS CAN BE OMITTED While the GAS result of neural networks, in the finite sector case,
The following definitions from Forti and Tesi's paper are introis obtained forg € {G,.} in Theorem B, it holds, in the infinite
duced in this letter. sector case, only with respect to the smaller clasdradtly increasing

Definition 1: = € R™ is an equilibrium point of system (N) if activations as in Theorem C. Interestingly, making use ofsidume
it is a constant solution of system (N), i.e., it satisfies the algebrdigapunov function as in the above papewhich is utilized in the
equation—Dz® 4+ T'g(2°) + I = 0. The equilibriumz© is said to proof of the GAS result in the finite sector case, it can be shown that,
be globally asymptotically stable (GAS) if it is locally stable in then the infinite sector case, the GAS result also holds¢far {G... }
sense of Lyapunov and globally attractive. as in the finite sector case.
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We need a lemma as follows.

Lemma 1 [p. 59, 7, Th. VII]:Let V(=) be a scalar function with
continuous first partial derivatives. If the regiéti(7 > 0), defined
by V(z) <, is bounded and contains the origin, and

dV(xz)/dt <0 forall x # 0in

1101

It is easy to see that
22+ ' DTITG(2) < (DG (2)T'D*TG(2)
<(8/4)G'(2)G(z) forze R" (5)

wheret = Amax (T'D72T) > 0, and Amax(-) denotes the maximum
real eigenvalue of a real symmetric matrix.

then the origin is asymptotically stable, and above all, every solutionLet & be any positive number such that> 16 /(4xmin) > 0.

in ; tends to the origin ag — +oc.
Theorem 2: Suppose thay is locally Lipschitz continuousy €

{G.»} and =T € LDSS. Then, for eachl € R", system (N) has a

unique equilibrium point which is GAS.

Proof: Since -7 € LDSS, from Theorem 1, system (N) has

a unique equilibrium point:°. As in the above papérby means
of the coordinate translation = = — z°, (N) can be put into the
equivalent form

dz/dt = —-Dz+TG(z) )
where G(z) = (Gi(z1),--,Gun(z))" and G;(z) = gi(zi +
2i) — ¢i(xf),i = 1,---,n. We haveG(0) = 0,G is locally
Lipschitz continuous, and= € {G,.}. Now, we prove that the
unique equilibrium pointz = 0 of system (f) is GAS under
the assumption-7" € LDSS, which means that there exists =
diag (a1, - -+, ) >0 such thatja(=T)]° > 0.

Without loss of generalityk = 11(6 + 4)/(4Xmin) > ft/Xmin >0 is
chosen. Then, from inequalities (1), (4), and (5)

dV(z)/dt < —=G'(2)G(z) forz € Q. (6)

Now, letz € ©;, and =z # 0. If G(z) = 0, then, from inequality
(1), dV(2)/dt < —z"2 <0. If otherwise, i.e.,G(z) # 0, then from
inequality (6) we also havéV'(z)/dt < 0. Thus, from Lemma 1,
the originz = 0 is locally asymptotically stable and every solution
initiating at any interior point of(;, especiallyz = 2° € R"
arbitrarily given beforehand, tends to the origin fas= +oco. This
also implies the global attractivity of the origin = 0. Therefore,
the equilibriumz = 0 of system(N) is GAS. The proof of Theorem
2 is thus completed.

From Theorems 1 and 2, we know that the existence, uniqueness
and GAS results of the network equilibrium point, see the above
paper [p. 357, Section lll, Corollary 1], Theorems B and C remain to

Foranygiven:" € R", consider the candidate Lyapunov functiorse shown in the general case of the neuron activations being locally

of the generalized Lur'e-Postnikov type as in the above gaper
Viz)=2:D7'24 k> w /7 Gi(p)dp
)= S [ G

where k is a positive number being dependent h € ®" and
determined later. Computing the time derivative Bf(>) along
solutions of system{N), we have

dV(z)/dt =[D™ "z + kaG(2)]'[-Dz + TG(=)]
—2'2 4 ' DTITG(2) — kG (2)aDz — kG' (2)
(=T G(2)
<=2 4 DTITG(2) — kG (2)aDx

for = € R". @)
Let I be any positive number such that-V(2°) > 0. Without
loss of generality,!

Lipschitz continuous and increasing.

From the results in Theorems 1 and 2, it can be seen that, if
—T € LDSS, then system (N) has a unique equilibrium point which
is GAS for eachy € {G...} being locally Lipschitz continuous and
for eachl € R™. According to the definition of ABST of system (N)
[5], [6], it is known that system (N) is absolutely stable (ABST) with
respect to the class of activations being locally Lipschitz continuous
and increasing. In [5] and [6], the ABST results are obtained under
the assumption that € S, defined by the property of;(x;) being
a boundedC" function with positive derivative for:; € ® and
¢« =1,---,n. The sufficient condition for absolute stability of neural

AN IMPLIED ABSOLUTE STABILITY RESULT

V(z°) + 1>0 is selected. Let the set networks presented in [6] is the same as one in Theorem 2, i.e.,

U = {z € R"|V(z) <1}, it is obvious that(), is an open subset —71 € LDSS, which includes the sufficient part of the necessary and

in R, which contains the origin = 0 andz = 2° as its interior

points. In fact, from the properties @, all the points in the form
Az%, A € [0,1], are interior in€Y;. Let§ = /2ldmax >0,Bs = {z €

R™|||z]] € 6}(6>0),dmax = maxi<i<n d; >0, where||-|| denotes
the Euclidean norm of a vector defined Hy|| = /X", zZ, then
Q; C Bs. Hence,2; is also bounded.

sufficient condition ofT" to be negative semidefinite for ABST of
neural networks with symmetric interconnection matrices [5]. Thus,
the ABST result of neural networks obtained in the letter can be
regarded as a generalization of the ABST ones in [5] and [6], in the
sense that the clagse S of activations [5], [6] can be extended to the
larger one in whicly is locally Lipschitz continuous and increasing.

Because is locally Lipschitz continuous, we know that the first

partial derivatives ofi’(x) are continuous, and that there exist two

positive numbersg; >0 andx; such thaté; < 6 and

|G (z:)| < Ki|zi| for|zi| <6 andi=1,---,n. 2
Let M| = maxi<i<n SUp|..|<s |Gi(zi)|+1>0, then
1Gi(=0)] < <%) 4] for & <|u] <8 and
01
i=1,---,n. 3
Let 4 = max (r1,M1/6:) >0, from inequalities (2) and (3), we
obtain

|Gi(21‘)| S 1 for
From this, it follows that
G'(2)aDz > (Xmin /)G (2)G(2) for z €

Where Ymin = mini<;<, (@;d;) > 0.

z| <ébandi=1,---,n.

(4)
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