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Fixed Poind Division

Tnivoduction

C"“S“Jef o 2un-bit number A= th_lazh_z"""l_fﬂcp
Colled dividend ond egn n-~-Lit n um bev

B: bn__‘_ Ln-—z LI L.{ LO CaI”fd AI:U;SOY. The J{:V“Sfoh Of
A 53 B owill vesold 1w dwe humbers @ awn h- Lt
womber Q= y o ?m-'z % % ca ||ed guve Liewt and

ew n-bil nuombey R=tyyfhp—e---% to colled
_\femafiwéev' . The déividend ﬂ-) diviser B, ?uof-{ewf &
emd  vewmedwder B So,-l-q'sEJ the Fol(owiwg

fA=s-a+R| (1)
| R< 8 | )

}1{  the nuwbers oxe Sicg’vze&) then +he remaivdev R
heas the seme .f'iJm as 4he dividend A. The ;uoﬂen-l- &
is positive if tne dividend A and devisor B oave of the
Seme Sign ( both positive or Lott, we a.#-iue) whele the
votiewnl is ne ﬂ.'l'l'\fe. ir the dividend oqwd diviser &ve
°f diffecent $ifns Cone posctive aund one hedvq(-tvej.

wheve

'Div;'sfmn Ovexflow

Considex +he {’rok(em Of Ji«:id:’ndv. e 2n-bcl dividend A
ba' 6w wn-bcb divisor B iwm o vdev 4o obtain gn
h-beb 100-‘-{6!1"- Q ond an w-bd re me inder R.

A divigion overflow occors if the re.s‘u!l-sncr ?OO{N’&‘-{-
@ weeds move +hen W bk for s vepreSenfq fion.




-
. Considex o Zn-bit dividend A% %, %, %y ..C.@q,
7 and consider ils W lefl-most n-bik part Ay and iis
Y'"JL““‘MDS“I‘ n-~ bt Pa,r-l- Ao) w heve Apz8y,  Gnen’ " %n
and Aoz Qg <+ % ag,  Obviously +the vgloe of A s
A:: Alxz,h'-}-lqo. Considev now {he division of A- LJ G+
n-bit Jivisor B. Then dhe EOMO“-":"’J’ feso  sfglewees by

hold  lvue:

i - Statewent L l€ A.t>/9, then o division overflow

OC(u\rs':

Sdglewent 2: " |f AL LB, then no c{c'ffsfo-n o vevrflow

°c<ur$ «

Stokewends L gnd 2 dicksle 4hgh: " The necessayvy 4n o

SU€€:'cien{- condition fmr q division overf(ow
thwg b AL > B "

lo oceuv 15

Proof of Statewent d:

the division of ¢ 2n-bct dividend A=Gp 4.y "
o} divisor B=bn~y - - bibo w hext ‘
Thew the vgle of A s

. G
Consider
=A.Lno b:j an n-d

Ai :qu,..l qzh,.z_- oo Gy ﬂ,hd AO:qﬂ-l A "".I.c(a .

(A= 422"+ Aol (3)
while the dtv:sioug,vqﬁf“ J’l""'f
[A=8ra+ 2| 4
| Com‘:im‘ﬂg C;) and (4) wcge-l—
| A x2" + o= BrQ+R] (5)
Assvwe hew Hhsl Ay S B and gssuwe thet devision overflow doesy

occuv. The assouption af no ovevflow o;curivér \:eqns +het Q
cam be rvepresented iw v il o Qlugwmum <2 —2. Uwnder dhis




OLsS v r'l‘ioh +he wegwimum of the < ht ¢id o @C
610"!""0“ (55 39 (G.S K ?unc{‘iov, of B) J, ¢ *p '

(85@+R) . 7 BrQugx + Rmax = Bx(™s)+ B
= BFZVL"B +B~4 = szn—i )" (we foo bl indo ¢ ccound
+he gﬁc{' fhet RLB which means Rogpe = B--.L).'

To summarize @€ heve

5) = Br—Zm-ﬁ ()

\_}iqﬁmum of vipht Side of e;(
Lets mow FEind the minimom of dhe (eft side of
e_q.uq{ion C(5) under 1he &SSUmf{'iOﬂ i A B . Undevr

A ) = B. So w€ now heve
L miviimom n

| )

'H\i} &SSUWP‘“"“
n — k . = B 20 = Br2
(A_li‘z +Ao)'“;““‘hvm = A“Miqr‘z "—AO min >

A l’__/_—/——ﬂ
m of le@{ cide or eg(s’) = BxZ C'T).

F\’om‘ e;uml(orws C¢) amd (T) we pef
min. of (et side of eg(§)> weg < af w (,:_‘(;,Lg;,[e of e‘;(-s‘)

This lasé ch4 siwp‘ff U gn § 4had if we .QSSche
an h-bi‘(' 100(“8?1{' Q ) fhe uegwirss of +he rzf’ltf side 0_6

! e‘ (-S-) CQv?‘ CVeh hee.ck "I‘l'f WiV i Uy of 1”0(’ l&(‘- S"r'J( lf
| ¢ (5 ). That wegns *thet +he (;ua{-ten-# Q sghovld be
lov»acr $hen  n - be €s IOhj

ovevflom,

which iwplies @ divisSion

?\"oo€ og S(-sfewen-'- 2
heve we have fo prove thgt if A KB fhen division
ow.'v((ow Jocssﬁ' oCCVY, (ohIEJEY qj"“:"’ e;v‘aﬂo\q CgJ

and Q458 v W@ -Hng" ho ovcv€[0m ocqury . No OVC*'?(DW




@-c
ocauriwd’ wmegus thed Q@ v be vepreseuted  with v L

n . )
o  Qugpiung = 2 =4 Under ths assouphion, +he nmgviuwvw

of the VSWH- side of efua,fcon (5) & gpacw | .
CBKQ +2)"’!QK- = B}‘ qur_ + Ru_‘g‘,‘ = B)‘-CZ”—&) +B~d =Bx2Z ~d

ov |
. re
Morimuue of vight Side of eg-(s) = Br2 _ﬂ s)

Loo't'_ing now ot +he Ieg{. side ef e$u4'f'fon (5)
A = B-L (sinee we assvwed thet

Wi § Yol muwg

we have
A <B)  while
n-bek lotg). AS < TCS‘UIH-) +he WG Vol s o e oF’ the

legl side of egugkion (§) i (A=2"+ A")qu =

ro n
41qux2n'+ Aomy)‘:: (B—_L))gz_ + 3 -4 =

s g a2t 2 2t F XL

A - 2" (since Ao is

o Mf"t’mdm

F%ﬁimum of {ef+ Iside of e;ICS‘)S BF-'ZPL‘"-‘- (4).

Loo’@-ing q,'( eiuq{-fons (8) ownd C‘l) we ¢au  conclvde
'H‘ei{' IE A_‘_(B ) 4hen @ V‘)-LE-L guo""e"{' i JU{?(C(CP\_‘IL

in ovder to wabe the wgrimum of fhe V-:IH side <f
eﬁ.cs) e1uq| 4o the maxmum posscble  valve of fthe
legt side of eg. (5). Thos there s wo «eed for «
loupev 3004.{:\4'{- which means +hgl division ougvﬂow

doesit occuvc.




£ xauple 4° Cownsider +he 8~bct dividend @ <
A= Oll1 1010  awnd the 4-bot JC\H:SOV B=o0ito . Do
300 expe et a division overf(ow fo occvuv if gov weve
+0 d('.\ll'cle A LJ B ? '

- Awnswer :  Heve the le\E!,-—ms'L l_i- bed ?qr‘ o +4he
dividend ¢S Ay = ot = 7. The divisev (¢ B=ono
=6- Since Ai > B a dcvision ovevffow will occov
.(You caw eolsilj fee fhgé A= 3%513%3 = H’lxz"‘{— Ao =
\ a

B = olo =6 ¢nd +he Jt:vl'Sfoﬁ o_f '
refurn @ iuo{-t'ewl- ® =20 and
Q=20 r‘c;ufve,( weove

= Ixl6+lo= 122 ]
A= l22 Ltf B=6 wi
¢ Yemaindex B=2 . The yuo{'ft'h{ |
Thew L beks F’V 545 Yc'pft'sem‘gf'l"h)-

Exawple 2 Congider +he g-bif dividend A=0UO 1010 gnhd

the 4-bet diviser B = olto. Do Jo.u expect o division

overflow o occuv if gov weve 4o divide A L’(‘] B Y
of the dividend

Heve the lo@h-wost H4-bit paxt

Angwev
' Bprolte=¢€. Since

olto= G and the divigey &
wi bl o-cc._,_.(_ (\’w cgn egsflj-

B=6 and the division of

is Ay =
Aj=% e divtsion ove\-f(ow
see gt A=6x\6 10 = 196
214 bj 6 will SL\re 100(4(\.-.{-
The (;uo(-. ] = |7 veguives weve Hheu

Q= 17 and vemeindevr B=4.
4 bibs fov cbs Y‘C?Yffeu'f'),
Az olol 1110 and

X Cohs'l“z\’ -}he ?-'Lc.“ devidend

£ xaugle
Do o exfec‘- g deviSion overfiow

4he 4-bct diviser B=0lO.
4o occuvr '1€ J’w weve 4o divide A LJ B.?

Q\ngweri Heve +he (ep{- west ’-{-L;.I' ?Qv(‘ "f +he dievidend s
A = oton =85 aud the ddiviseyr & B=olle =6. Since A < B

devision overe(Ow will wef  occur:




©c

.Senl’uen-l-{d 5ki€4—_fu£{-fqa4/qéc{ ql;ow’l-'\w,- fo v

b'imwa division

ln +his sec fion we will Presen'{‘ o Se;uen\‘f%( q((fon'\’-km
fov Jtcidiwg a 2n-bet Egi{-fve dévidend A;qz"_i...q‘qa
b:] om n-bit positive  diviser B = bn-i civbibo . The
dividend A and diviser B ave congideved He be T"‘.“"e
numbers which means fhof theiv Sien bcbs ave zevo (ov
Rzp-y =9 and ],h__l'zo), Division q[Jovi%w-; ihvolvl'vvé’
ﬂ€3q’ci~se numbevs evist buof ore movre cowplice fed s© H"e‘}'
ave wol 305.“8’ fo be ‘P\’ESCh{-ecl heve . .

Consider the ‘?"“0“’_{"5 fields :  An n________-LE'f- field B).

a 2n-bit  field R,Q (R is n-bit field j Qs w-bit field);

o 1-bt fie (d ¢ . These fields involved én the divisSion ave

-; hown  below

g
L 1 R Q
Y\-'bt'.“'s N v

Jeek R “- 5:45

divigion qlaowI«l-Hm iS now &S fo“ou&%

The seoﬁuen{iq(
{nidiglize

M |ni+(¢-|iza.koh_= Initiglize ?iclJ B with ‘J""“'s"*)'
field R, @ with dividend (wost sipnif. w-bib part of
dividend goes in 2 while least sipnif. n-bcb part f
d¢vidend 5085 indo Q). [mitialize dhe 1-bct field e
with qwz{-t.;“g 0 ov J (CL doesnt a.cf‘uq(ﬁ wg{'{'er’).

R The SHF{' “SUL+mc+/qJJ division ﬂfﬂ.“""‘

Afl‘EY ‘l\f)r.'.l-q! (:Eq {{oh 300 l’]ﬂ.ue ‘('0 fe\"form n CJ (‘es
O# 5"“‘ f‘l“- SUgl'l’Qc"‘/qJJ 65 ‘F‘[(gwg : .




- @c
| R +he FifS-‘ (Jc_le do the eo“owt:?_r.' Skiﬁ{— R)Q one

bik 4o dhe lefd . This creqles a vacant posction ot the
r\;‘(hl-—-*noS‘- bit of field @ . Fo low imp the shif{ opevation

sSublvact +he divisey B ?ﬁrﬂm the fieH R . Place dthe
resoft of dhe sublraction i the Fn‘eH R and place +he
crealed copvy ouf both v the J-bit field ¢ as well as
in the cieht - ~most (vacegmn {-) posction  of the field Q
Cof (ogiCJ .fu[:{'rqc"'twg B J'a\’ow; R means ch(LHJ’ the

2’s mmrleweﬂ of B 4o R).

— For +the rema,.:n:é.g n-—4 CjclﬂS

l,ﬂ the CQWH ov{- c me {he Prew'ou.( CJc[c i 2evo
then shift R, @ one bit o the left and following

the shift opevu,{-.on add the diviser B o the Eield
R . Tlace the vesull of the addition v R and the

C\req{cdh .ca.wa ovt iw € 45 well a5 in the r:’.ffq-l--.-mos""
bt oﬁ Q .

Else

\@ the cexvy ovl C ?\'0'" the previevs CJC-‘C is one,
shi €t R, ove bet $o fhe Ief’{- and fo"owl-h(r the shift
°Qe"°t*‘°h sublvact +he divisor B from R fle.ce
vesulid in R ewmd CG,W3 evi (n € &g wel( 8§ in +he
Y“SM— west bed 0(,’ Q.

do +he fOMOW"ﬂg:

*» e AF{'EV the n- —4h Sl’l.F4‘ SUL{‘\‘QC"'/QJJ C‘yclti

Aflev the completion of the n-th shi it —Sobbr/add cycle
check the carvy ok ¢ @ creqled by this n-+th c3cle
le thic cavvy ovt C s one thew +he division is over
and the Eield R confacns the covvect remainder while
the Cield Q comtaing the covrect gua:"{ea{-.




@c

\ﬁ how?ue\f} the Cavey ovt ¢ creqfed LJ {he n-{£4
sLif[—-SULF\’-/O,JJ CJ-cfe is  Revo , then the covvec 1oo‘f‘fen'f'
Q is foond in the field Q bof +he nowbev in the fie ld
R is nol the correct remginder. ln ovder fo Je{- the
coxveckt vemqinde, ou l-m,ve fo add the divisor B 4o
the field R and ?[qce $he vesolt back én R (cg neve cevvy
out 4his ‘{ime), Now the field R will confgin {he covrvect
vemeindev. T his fiugl cjcle is cqlled resfore ¢y cle .

We Can wow Lrieﬂj Summaqvize +he presented .ceFue.-.{-cg{

c,ivisiOh u‘[‘gori {fl\m .

Svmmﬂu\rj : I: Y zh_b;{. ?og;.{.;ue dividend A weeds +o be
divided -LJ ah  n-bot pscbive divisor B, the ﬁ*""m’n‘( weed
to lake place: |

o Inifiglize {reld R)Q witt, dividend edc .-

oo Perform n cycles of shifl —sublvact or shift-add.

A ski(EI--SuBkG.c.-f- will tate place if +he previovs cycle
vesulted in cqvy cvt of 1 while ¢ shift-add will tqte

f["‘lce if 4the previous ejc.‘g resvited (i cqrr oud o.f O.
The very Fiest cpcle is7a shipt — subtract. “Each crested
chYJ au{- fil(s the r:'jokf’ weos \rch“-f Posf{-.'asq of 4he ;ua{g’eni('
€ield Q. The shifl opevgtions aqve leflt chi€ls

ce At the end, vesors {ion of the vemainder- field R s
ne(essqvt‘s oy.fJ i'f +he Ca,er out of the ({q¢f 3LiF!""$’u“r~/¢;Jl
cyecle is” 0. " Restorgtion weqn; adding the diviser B 4o
'H"f ?;’e I‘l R- ' ’

The above ql.swrc'ﬂua redvens.  the vemgindev of the divisien
in the field R and the guetiend in the freld Q.

The ?o“owihg exauples clqn’FJ the se;venh"if division:




Er-ample {: Pevform +he division of the &-bcé 'clc'w'denc{®c
A=0ta00001! I’J the 4-bct diviser Bz Olof.
Ahswer:
Heve (of cauvgc) n=y. Alsoj +he 2s cou-cple“veu" Of B is
-8 =25 coupl. B = Lol |

c | R Q
x| [eloofooir] Initialization
i +
[Tooo]o1] shigh R,Q lef S drieion
9 to il subdvact B
ool cycle
1
oo 11 lottt ]
[o1io III‘_j shigt R, Q@ et T
+) 101} 5"‘{'\"- B (Sihce pvevious VLo
. c r—— CJ&{(IQ‘,C c=4
ﬁj | cool | cycle
poollliit
loo 11t shift R,Q leff
i S d
e e BN JRen) ) 37 deisien
@9 Hlla - | cac-(e

fuo uw_l

[otine shigt 8, Q legd
Since previevs ' ‘I‘#. divigion
+-) o101 add B ¢y <le 3“8 c=0

T ————

c
Q@ eqe

footo wol

No vestore cyele is necessavy since the cavy wt of the 4t

é:i:t;.:: c'jc.le is 1. Thus R contains the covrect vewginder
and @ the covvect ?,uo-l-i’en{ Q=10]. Devble chect.

C.gc.lc




A= ooltooil 'ba the 4-bit divisex B=o0llO

Example 51 Pevform +he division of the g-bct dividend

'c:

M: “CYC h'-:‘-( 3 B:O“o' th ""B;Z?S COWPI"'F B= 0|0

| c R _ @ |
%1 Toorlooit] lwidiglizations

I_guoiou | shifd R,Q leff st

. +) 1010 50&{"'&('&' B | i c‘(.vlSuo‘h.

0000 Cjc(e

oooo 10111

rrant ~] shift R,Q left | wd  ricr

. +) 010 Suble ‘B(Sihce previevs Z dcvision
et cyele gqqe c =4
Cj c.l€

(@ 1ol
Gore o

(crotjne ] skift R,Q lef+ "
i eviovs cvigio
< K o ° add B(“-;C:le?g:e‘e C:O) 5 wiseon
joil ij-(e
| joi1 1100
[Gini Jioo_] shifd R,Q legt . |
since previov Cvicio
+) ..o_.‘.:.f— add B(C"jdc gﬂme C--"-'-'O) L' devigiom
ol | cy cle
{{ot |tooo
+) owo restove by addin
\ - diwvd
001\ BC‘:}‘fteJ'}'mf‘e %‘,o Restore cycke
Quofiewnd
Rewginder vokien

leve we needed & gcu.,\ vesfove C3de'

fhe cowect vewgindev
Touble check fo see Awgi- d{w’i{hg A= oolioell

‘ Q=8 and R=3.

R:oo[[ =3- —rl'le ?Uo‘l‘l'cn‘-
=<l er B=0on0 3'£ve;

Aflev resl—oviv:r U.J‘e‘ro‘t'
i$ &.:.-[ooo.‘-'g.




