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E‘?‘f-c[ Point MulHiglication |

bn +his handeovt we present 5€<iue:b+ial &.lgav‘é{ﬁmf

gov’ mu(‘“f(gﬁﬂj +WO f{;:ce.cf ‘{Mih-f- V\UMLQ\-’S. B?'Hﬁ
cases vf Uhst'ghec] and 5(ghe4 ~ num bev mo (4iplice ~
tiow qvre presen fed.

® Unsigned —nombec multiplication

The 5<allu€h'{-fd¢, OLCH/S"uf\L qlgori\""im -@)\r uhgfjhed
| v)ouHi{:lfcq-!-ii?

Cownsider dwo w-bct vusiened nvmberg

KXoy g - X% ond” Y= Yuof Jnoa TG Yo

with 2,5 and Jn-1 being theiv wmost .rr‘;m'fﬂ'"“*“’t
bits (Ms8c) while %, and Jo their lewst signi-
ficemt bits (L5Bs). We ave intevested in computing
+he Troclud— P= X*Y. The number X is celled

+\1_€. mu”f[’licdmcl while Y is +4he ‘m.uH-l'f’{t'er. The
?roduc-l— P will be a 2n—bct unsi(jhe:cf hvos ber.
Considec the €a(|owiw f.‘g(dsz

An V_‘_’_:__"_’.’:L(.' field A ('H-le hnuH\'?{ier «f{eld)/'

an n-bid field B (4he £ield |egt of multipliev fie H)}
o {-bit field ¢ (the carvy—eot freld) -

o n-bit field ™M (the mngflccth/{?fe (d).
These E(e(is involved (n the multiplicgtion, gre showy

below
S B 1 A M
x | |
L e e~ ——

bk w bits i (:('{-5 ww bits
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T he Seﬁtuen-hﬂ_\ a:.c”/Shfﬂ Q(gori-“'lm fov un.s*f(jhec{
W\U(+':Flicct+£0“ IS how as ‘.&"0'&'5:
e lnitialization: |widialize the field A width
- the wmultiplier (or A-—Y)/' imitialize the
?ie(cl B with z2evrog (or Bea—0,0,.-,0) " inifialize
@ielcl_c with <zevo (o\r c-——O)}' inf\t{q{f‘z—e f(efal
| M wiih mula{-iplicthl (ov M —— X)
.o T‘ne-qc[c([shif-(- o..ljori-“\m .ror uhs't',fhed ™y H:'Ph'cq'h'f_vl:

Af-{er inifializa tioy j“’ heave 4o 'f'erform YL Cjc‘e;
of add/shift s follows:

— 1 the vipht mogt bit of field A is A(one) then do
+he ﬁo‘llowiw -l-u.;o_: ' ' .
@) ¢, B «— B+ ™ (cavvy oot goes info c)
(L) shigt ¢,B,A onc bit 4o the richt with
2evo gi |lih5 «{ left
c B A_
.o_.;r—--r —_ =g e

— Else f ?isH- moct bit of ficld A is O(E"") +hew
°“|3 shift ¢, B) A one beb Ho the 'l'fcc’ﬂ- with
2ex0 Ft’"ihg o v lefd

- APrer 4dhe completion of the n-+h qdd/sl,;g.t
C.Jcle +he fi\na.‘ 2w —bit Uth‘S’heJ ‘PrvduC"" is

¢°Vh¢1 LV‘\ B) A L of




Exomple 42 Using the add/shift algorithm fov @b
UhSi?hCJ hnuHi‘fIiCa.l'lim‘\ peviorm +he W'IUHI.F“CG"I‘OH wi th

dipliev =(G).Lo: (OIIO)é ) mUHiplfca.m!:(13)“:(1&0!)?_
and WOvdleh‘f’r"\ n=g, : '

mv

B8 A

C N
| witialization [oc\oocoolotio |
‘ L— 0 =5 shi 4

| | Croisalpenil
¢ . oo 11t
resotd q.f-\-er 127 shigd EQE_Q—CL Tt = add mu(HF(icng
+) 1iold | and ghifl

Y‘t.sul-{- of eddidion E'\lol!ioolll
vesolt afiler e shift ED:

i-’%o‘,cli wwH'fP{f_
+) t1ol cand and shif4

J—

_ resull of ﬂulclc‘,“on E_jroo 1 V100 1
resvid {ev 3"[ shifl hvom 5414100 )
N4 £ [elio 'j\-——'ro-—--?s(q;{.’-l

vesol+ afier ’1+h$lﬁf?l— {olo 100 II@
—NT T

\

Finel FY“JUC"
= (oioo 1110)2-‘:('78)_1'0
= |Z2=%6
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SigheJ—-huvnlper thiF{icq-l-ion

HEVC) severa | eff{cieva(— af{gorithms fov Mu“‘f?(Jt:h
staheJ numbery ave presented. The system used

.?owr vefregen{iw{ S}SMed nulmbe\rs (S goiw; -{-o ‘Jé’ Lhe
SJS(-e\m. -

N
2s comflemen

i). The -SQ?UQV)“'EOL( Boo th &[ﬂovéfvhm fov signed (2_75 cow‘pkm,)

MuH’iPli.cG,-invx (Q)(.Qmihf\ﬂf 1Lw0_'éf'($ :4‘ G f't'me)_

Cthfclev two h*‘f:{‘ Fighecf numbewfj (-H'\e 279 cow(alctqeu{-
.S'gs{-f‘m is vsed Eov T€(>T€$€n‘l‘l'im{f signed numéevs>. Le +
the dwo SijneJ nombevs be Xz Xn—(An-z - KXo and

ngh"lj"l-‘?- g_{‘;fo with «Ay_yg @nd (7"\-.1 Qeévzv +heiy
_(,igh_‘ beds . We ave iniecested in Comfu"'fhj the
tvoduck  P= X« Y . The vjomber X is 4he moulbiplicand
while Y i dhe multizlier . The product P will be a
2n—bit sicned number.

Consider +he foHOwin €£eld.¢-’

An \f_);(_g'-f Gield A “(4he mo Hiplice fie (J)j' an n-bdd

fieu B (4he field left of the multiplier .f-’u'elcl)/'

e i...Lc.-(— -f-:ielcl cl C'Hwe dummj -E{(lcl) which ngh‘f- of

t+he mull{-_ir[iev Qlell/' on \n-—(;é{- ft'e‘J M C-Hr;e mu’-,-c'rfl'cfnd
fie (Cl) T hese Q:elds 'mvolved cn the S::_S'hec! WAy ”-?p“cg {ion
ave shown be Lo w | : ,

8 A 4 v

n bits  n bids ' n bits
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| The _s‘ec‘(ueh-f-iat( Boo £h Oc(gorc'{'kvn fov St'g"ned moldiplicg -
.. tiown (erminiw 4o Bl'f_( od O 'F"me) iS5 now &g (%Hm;:

e lini bialization : |widiclize +he Lield A with the

moltipliec (or A= Y); initiolize the field B with
26(05 (0\’. Bd——-O)O/ ...)o)/‘ -ihf"‘l'a‘ll"}e fl(’(d d wi‘(_‘q
2evo COV c{ﬁ—“O)) Twidialize Ffe(d M wi th mu”l'f{t'cgm/

v+ The 'BO"'H\ QIKYOY"-'HAVH Ce':t-c;minivr {eo beks 01‘{' 4 {-(me)

.Afj'ef ini{-iqliza.}fow gou hove fo Perfovm vi CJC’*:.S‘
s fo“owg» Cell &o +o be 4+he r('.cs’H- mo.:“ bif of.-“»e
@\'C[A A. Then

_ ‘€ Q-O)CI = 0)0 oYy I‘E OLO) :-"1/1. +hewn sh,‘f.{_

B,A,d one bk 403%6 récf:% wi:"\ gipw extension

ot tve left \ s )

— l«g olo)(l = O) L ‘an\n CJO +]\€ f"”‘"’"i"‘;’ -{-u_;g .
(L) B e R+ M (Cahore_ crlger oud of a,cu;-(,'oh)
(i) shift B, A,d one bib o fhe ripht with Sigy
eyxlengion ot the le £+
— Else if ato)c} :1)0 de +he fo“owing frve - )
' > - B~M meeans B-{-('L’s Co.....(,'(, o( e }
G—)' B B M( ia\nore cavvy ou { eﬁ qJthon).
(6€) shiBh B, A, d one bit 4o the vight wikh sipn
e xlension ot +he left.

(ov M X).
i

Ablev the COMFIE"I'OVI of wn sveh cycles +the fivel
2n-— \)L" S{Shecl ?TOJUC.:‘ P is Fouhl e B) A oy

L..-EL .
51'5\;. bil—ogtfcinﬁ J

2n-bet product
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Exemple 2: Usihé the Booth algore%m tha i velies ow
exXemivin fwe bitg ol o -!'-t'n-:e) Fevform the .S"I:fhed
_mul-k?licc.{ian with mUHiFHev = (5)_!0:(00:0!)2)

muHI\alicth :("12)_10 = (10100)2 awn d wovJ‘Eh_rl"Ln

n=5

B A d
[nitialization [ocoo00 |ooiol o |

bt 1)0 = Sul"l-\’ﬁzc{- mu i~

+) erter Plicgnd gnd shift

[
oo \oolot]o{
|

vesult &f(ev Sub(-ra.c“oulo‘
resuld G«F{ev JS‘SLEfI— l__o_ono OGOlOIlI

: i elicgnd
(VY 1 =;,¢‘JJ v ) F T
4+) toieo - anmd then shifi.

resvif aflev sdd {dienw (11019 oo tolt |

]
resolt aflev 2™ shift U_"__‘_"_LLO—EP-E—TE,W = sobtr. moliipli-

$° lifd.
-l-) ciloo Cand gnd then shif

Q
\’csult ‘&.ﬂ—ev sobir. WQQBL

' W
- OOOO
resolt wflev 3% shift [coToe Eeesl

W\:-p OJ.i => add mv I«Hfhh'cng

.,.) jotoo end then skifd
er. : 1
reso Lt q(l;ex qd‘_lt.'l-_lon ‘ X O'IOOOO L |

t __ﬂ
000 | O
vesolt q@lev 4 shitt [Tiieefeicoc|ol

+—s 0,0 -——_>‘_(.u£'" shif4

{
. to0 | O
vegulk aflev st shitd Lo \‘02--———:]
P

Ft’hﬂsl ‘P\’oJu = (1111000 IOO)Z

=) T e
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2) :l:ke mocli-fieaf Boo th Mjoré(—‘xw‘.

Consider +he Booth af orc'\ihwr thaf hag J'us{ bee v 'Pre.reh(eJ
( the one +that velies on exeamining fwe bils ad o 4ime).
lf -?owr sveh o Booth algovithm we cnitiglize 4he

fieu d weth one (c!“'—' ) end (€¢w€ everJ(-h;nJ e(;e
then the agfgorc.'{—&m will be Cowf‘u{‘l.hf
H-frlu'cqnc{.

onchanged
mul{iplicand x mulh’pliev 4+ My
EM_Z: Usihg +the moJifieJ Boﬂl("n COmFu{e |
Y'nul-l-tr(t (Q'\‘\J x mulhr!fc!-}— MUI'HFI{C.Q"NJ wheve MU"“f’{l.Cghc}:
(-12),, = (1ot00), ) multiplier = (5), = ("f""")a and n=5

8 A 4

lmitielizgtion |o000o00 OOIOi‘\‘.l_) |
"“"L"__.,._{)L < just slu‘f.’l

resell «fle 1"';%.; ¢ [aoooo‘ooo lold
Flev f ! :l - add muu-l'f‘t'c'lmcf end

gt -

- 4) toil00 v 0L fhew shigl
resold aflev e dlition 10100 00010 l_|_]
resolt afler 274 shigd \no\ohooom o] e
o “Cai,0 = Sobtract moltiplican
+) one 2 erd then chift

. '.' o

resuld of bex sublre chion footie 0000 1 :l |
l ¢ vd shigt [oooll 55600 | &

reovit w2 | - L =p add multiplicand

0
4.) loloo = 6nd then shift

result afler addition {toiyijooce? E:]"
r<$ul-{— Qﬁh’x H%ghigl- ‘nonl[ooooiol

"t 0,0 = gust sbi £l

cesott aflev S shitd
Y

F:m}l cesult = (11104 “ooo)i: (*72).10

. = (-12)%x 5 +(-12)
Questionts Assuming +thet +the orfainql Booth q(Jon'{-hm wov s
can you Prove +hef the wodified version olse woybs?




3)Th bial Bookh al Por sipned ( )E -
The sequen 10, oodh alporithm Lov signed (2 cowpi,g;.,,
multiplicgtiov (exa,w\iwivﬁio thee bcks ‘rq} o +ime).

Considex agqein H4wo n- EL{' St:S’neJ nuw bevy (2_’5 CDw‘:{e_
weut 5J.$‘\'€W\ s used fov V‘Efffseh"i\n{r Sf_“’hed numLev!)
the mulliplicewd X=Xpet Xn-2 - "X Xe &nd the
moltipliev \{:Jh-l:jh—z Y1 e (xn_l e d Yn-1 Gre
+he Sigw bils  of X awd Y) We ave indferested in
Couu?u-"iwg the _Frodu(,{- P: Xx‘{

Considev dhe .(’o"owiw f:’elcfl‘ : .
An n=bit field A (the wuliiplier field) ; an (n2)-bdt
Cield B (4he Cield left.of the moliiplicy field);

@ L-bil fiels & (he dvmmy Eield) which is ob the
ri‘g\n-{- of the moltiplier -@iell) %w '?_“_'_I?-ii field M
Cive wolbiglicand field). These frelds ave showv below

B A d M
L —
nid biks W biks ¢ n bids

The ‘Boo-“'\ Q(\So:(i-“\m _Eov Sf‘fhea mu“—ifl{'cq"-iovm (C;c@w(m'u‘r

three bids i o +;me) ic now g5 follows:

. \hi{iq(i%q-l—io\‘l : \nitiglize the f(e_(J A with {he
mo\&ieliev(ov A"""Y)) wmidig lizve the eld B w i th
eevos (osr Be—00 - ")0/‘ iwi +inlize .@{f(d d with

zevo (ov A“"’O))' wi {iglive ft’eld M with muHFr"'C!hc’
(sv M +—X).

oo The Booth qlscril-lvm (exq\mim'vx three bids of o (-:"Me)

Cq{l Q;)ﬂto }o C,g_ +he fwo r’i;h-’- mog-‘ Lc'{s o_f
the woltipliec field A.




Aflev wiliglization you have {o pevform 52"— cycles

L U .fo“ows:

Nou will be exemiviine +the +hree biis &, % ,d
at +he Sqwme +ime and do +he Eoll"“’f“g

() B—B+ kM (iéhow carvy ovit of addction R is o
vnction of oy, "to)'d acd s given
bJ the {oble Lelow .

(LC) Fol[owih; +he 'a.bo\:e g dd{ tion _gL,,'fl_ ‘B) A)cl +L°
biks 4o +he vight wilh sigw extension at the le¢t.

_AAGQ" the Cw‘ﬂe‘ri"v\ Of % Such CJc(eg the rroJuC‘!‘

P o fomncl in B,A.
The table Le(ou; 3&\!9; the vglve of k ({z{.s the nowbev
oc copies oc the muHiE‘lng"‘d to be odded to B)

Q-‘[Q-o'd‘ h__
o o 0|0
0o o \ L
© 4 o 4
0 { 41 2
L 0 0 =2
i odi |-A
1310 -4
144 lo

Quesfion: The Jus.‘(' now ?YCS’EM"GJ I‘!lS""(‘: Hiw velies on “2‘

CJf_leg which wegns thet n must be even. Whet-

happens t'f n i odd 7

Question i Cawm gou prove thsd if  the Just vow preseuted
°|t‘g°f‘:-+("w‘ ‘S’EI'S iwi{'feli&eJ witd d —Jd (e“e\’j{'{"""‘; el!e

°“Ck3vsed) it 4hev c_ou-cr'u tes v H't'(?ll' Cghcl b3 mUlHrh'tv + mul Fr-
tlicgmd 7
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exeminin thvee bSits of o fime P?Ygorm +he mv”"l'rh'c?—
tiow ‘:"‘{" mudiplicgnd =(-3).10 :(1“101)2 Y
Mul{-n?(tevz(‘Z‘i)Jo:(OIIIOI)Z and n=¢.

3 A d
I nidialize tion |occoo00]olilo] o]
L
+) ttiy0! ‘s 0|0 =% k=1 = add
] Ixwmyltiplicgud gud then
dxmutdiglicgnd do 2-bct vight shifd

resotd afler addition {nrtiol joniol 0 |

resoth aler 6 shigh  [upitiijotoilt of

iz ™ ’ _ i -

| +) 00000 || e l1O0 = \Q-'. e von d
" add =A% wmoltiplicsn
..-J)t.mu“'if'lfcth ' gnd thew deo o-bel t‘f‘f'ﬂ Slh'.f\l.

0

i
resold qﬂ{ev eddition ‘00000\0!0\0“‘

1 ——
4 nd ; ocoocoool\oolol] | J
resold qflex 2 ghifd E \‘

Lyt

Lvolt = k=2 =
V11010
+) \ add meul‘}ifl"cshd 4nd

N
2 wwultiplicgud thew do 2-bit vight
' shift

' 1
veguld O&LQY addition \H“olo\lloolol l_]

\o lool (o}

cesolk afley 3™ shegt LMD
L A

{

Fine | ?rod.oc-{- = (HHHO 101001)1
= (~81),= (~3)x 29.




| @b

4) The sequential Booth algovibim for i ;
. 7] oY i Oy | "‘IEC‘ 2¢ CcOwn f wCut
'_Mul'\'\?[ico,'("loh (exqmin:né_?our be ks qx‘-fa. -f-t‘g:e_j. pless )

Aaqéh considey +fwo wm-bit .S"(Jheol hvmbers (2’_; cowp lewout
System is used for repvesenting sipned h\,mbe,,s):

The m"l“?{‘.c?“‘l X = Koty Xneg © « X% %o and +the

mu [dipliev Yﬁé]“-ijn-z""j.lj*’ (%n-y and gn-y ave +he
SiSh bilts of X and Y). We ave ape.cn mievested n cowpu-
ting the prodoct Pz X Y. |
Conside\’ the fouo'-UinJ’ Fl'eldf"

An Y}_'_'__L;_ti_ Pleld A (—llne hoquPh'ev Fief%)) an (h..-{-—'Z)-—Li‘
field 8 (H-.e ield lefh of +the multiplier f—’ield)/'

o 1-bik field d (dhe JUM? Pield) which is ab +he
vicgk-l- o@ fhe w,uHa'Ph'ev Liel / on n—bit -?:eld M- (the
mo lHiplicgnd Qielcl). These fields ore Showw be (ow

8 A = -

[ el 1
\L_—-—-"\/-\_/

L’\/\./IL/WTL“ ' bods

ni2 bids n bty e

“The Booth alpovithm +hot relies omw exqmininf four Leds

ot o +ime js wow of fellows - |

-\ni,lce,li-mliov;:\h;hqlize the Lield A with the mo [ Hiplier
Cov A‘—‘()}' initiolize dhe Lield B with 2eves (or
‘54-—0)0)-..}0)/' imitiglize -ﬁ'elJ d with 2evo (ov e{q:-—a)/-
inifiglize Gield M with multiplicgnd (ov M- X_).

++ The Beett aloorithm (e.;cq\m-’vu;wf foor bits at & fiwme)

Cq il q,_')q_i)aco to be the ‘H’n'ee rf:l.{- most+ bits of the
multiglier Eield A. _




@b
;:ﬁ’:EY Initalized o you heve {0 pexfovm ?‘;—. cycles of
- Yofllows : : '
You will he_ exa,mim;n; the {.’ouv bLets Qz)ﬂq)a(a) cf_
and do 4he fo"owiv\g: _
(L) B+ B+ kxM igneve cqrvy eof of %Jc’i\‘"o'ﬂ)‘ R is 4
gt.t\nC‘l'l'ov\ o? szoti)aw)d- and (£
§ tven ba the 4oble Lelow.

(Le) Following the above addition shifl B,4,d three
biks o 4he right with sion extension et the le€t.
Aftec fhe cou.fyle-!w'ow 0$ n sveh C‘Jclef the product
Pis foomd w B, A. >
The t4oble below gives the velue of ‘k(_h s +he number
of copies of the mul'h'Fl(cgncf jo be added {o ‘B)_'

Qzﬂtiﬁtod h
o0 o ©] 0
0O o ¢ 4 s
0 0 410 L
00 44 2
03y 0o L
04 o0l 3
oi 10 |3
o4 44 H
10 oo |—§
Lo o4y -3
Lo L0 |-3
10 44 J-2
i 00 [-2
tioi [-14
141410 |-4
1134 o

- Gy this (g5t e lpovrithm w must be o mquﬂf of 3

- Als-) 'l? this |asé q!fow.'H‘u-f 5645‘ initiglized wits
d «—J (evevg{’(u‘ws else UhChQHj’GJ) it 4hen comruieﬁ'
mo(biplicgmd x moltiplier 4 mq (tiplicgnd.




