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Abstract

Surfacematchingis fundamentalto shapecomputingandvarious
downstreamapplications. This paperdevelopsa powerful pants
decompositionframework for computingmapsbetweensurfaces
with arbitrary topologies. We �rst conductpantsdecomposition
on both surfacesto segment them into consistentsetsof pants
patches(herea pantspatchis intuitively de�ned as a genus-zero
surfacewith threeboundaries).Thenwe composeglobalmapping
betweentwo surfacesby using harmonicmapsof corresponding
patches.This framework hasseveralkey advantagesover existing
state-of-the-arttechniques.First, thesurfacedecompositionis au-
tomaticandgeneral. It canautomaticallyconstructmappingsfor
surfaceswith the samebut complicatedtopology, and the result
is guaranteedto be one-to-onecontinuous.Second,the mapping
framework is very �e xible andpowerful. Not only topologyand
geometry, but alsothe semanticscanbe easilyintegratedinto this
framework with little userinvolvement.Speci�cally, it providesan
easyandintuitive human-computerinteractionmechanismso that
mappingbetweensurfaceswith differenttopologies,or with addi-
tional point/curve constraints,canbeproperlyobtainedwithin our
framework. Comparedwith traditionaluser-guided,piecewisesur-
facemappingtechniques,our new methodis more intuitive, less
labor-intensive,andrequiresnouser'sexpertisein computingcom-
plicatedsurfacemapbetweenarbitraryshapes.Weconductvarious
experimentsto demonstrateits modelingpotentialand effective-
ness.

CR Categories: I.3.5 [ComputingMethodologies]: Computer
Graphics—ComputationalGeometry and Object ModelingGeo-
metricalgorithms,languagesandsystems;

Keywords: SurfaceMatching,ShapeAnalysisandSynthesis

1 Intr oduction

Computingbijective surfacemappingsis one of the most funda-
mentalproblemsin modelingand simulation�elds and their en-
gineeringapplications. Its primary goal is to build up a one-to-
oneregistrationfrom oneshapeto another. This mappinghasbeen
widely usedasanenablingtool for numerousapplicationssuchas
shapeanalysis,retrieval, shapemorphing,texture/attribute/motion
reuse,recognition,etc.

Techniquesfor surfacematchingcomputationcanbeclassi�edinto
implicit methodsandexplicit methods.Implicit methodstypically
make useof the volumetric concept. Suchmethodsusually pay
lessattentionto the underlyingtopology. In addition,they do not
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requiresurfacemodels'generationfrom many real-world raw data
acquiredfrom scanners.However, theirdrawbacksarealsoobvious
– they arecomputationallymoreexpensive,becausevolume-based
techniquesmust consideronemoredimension. The lack of ef�-
ciency signi�cantly restrainstheir applicationscopesin practice.
In contrast,the majority of surfacemappingtechniquesis based
on the explicit approach(note that, our new methodpresentedin
this paperfalls into this category). Suchan approachonly uses
surface's information (e.g.,mesh's connectivity andvertices' po-
sitions) for the mappingcomputation. Comparedwith volume-
basedtechniques,it is more ef�cient and direct for most graph-
ics/modeling/visualizationapplications.

It maybenotedthat,althoughthis topic is importantandhasbeen
widely studied,currentstate-of-the-artsurfacemappingtechniques
arefar from adequateandperfect.A moredesirableandpowerful
surfacemappingmethodis neededandshouldhave the following
properties.

The �rst oneis generality. The mappingmethodologyshouldbe
general,i.e., it should be able to handlesurfaceswith arbitrary
topology, with or without boundaries.Thegeneralityalsoincludes
anotherimportantissue– beingcapableof accommodatingtopol-
ogy changes.We can seethe importanceof topology changein
surfacemappingfrom its applications.Whenwe usesurfacemap-
ping for shapecomparisonanddifferenceanalysis,datato bereg-
isteredcouldeasilyhave differenttopologydueto shapevariations
andaccompanying noises(e.g.,smallboundariesandtiny handles).
Moreover, whenwe usesurfacemappingto drive theanimationof
a morphingsequence,we usuallytransformoneobjectto another
basedon their intrinsic semantics,regardlessof whetherthey have
thesametopologyor not (seeFig. 10(a)).

Many existing surface mapping techniquesprimarily focus on
genus-zerosurfaces,mostrecentworksstartto aim at generalsur-
faces,and much fewer techniqueshave beendevised to �e xibly
work for arbitrary topologicalchanges. In this work, we aim at
ageneralframework thatcanhandlearbitrarymeshinputs.

Thesecondpropertyis automation. Mostcurrentsurfacemapping
techniquesheavily rely uponlargeamountof userintervention.Al-
thoughin many applications,therequirementsof objectsemantics
forbid us from entirely ignoring userintentions,the primary rea-
son for the lack of fully automaticmethodsin this research�eld
arestill due to technicaldif�culties. Real-world shapescould be
complex in bothtopologyandgeometry. To our bestknowledge,if
thegivensurfacesaretopologicallynon-trivial (neithersphere-like
nor disk-like),evenwith thesametopology, no existing techniques
areableto computethe mappingin a fully automaticway. A key
dif�culty stemsfrom that,althoughmostcurrentmappingmethods
dependon a preprocessingstageof meshsegmentation,few sur-
facesegmentationtechniqueshave beendevisedfor automatically
providing consistentsegmentationondifferentsurfaces.

Whenmappingis usedin applicationsdealingwith large amount
of data,suchas analysisand comparisonon shapesin database,
user involvementon every registration trial could not be practi-
cal. Therefore,wede�nitely needasurfacemappingtechniquethat
worksfor generalinputs,yet is asautomaticaspossible.

Thethird propertyis controllability . Althoughautomationmakes
themappingprocessmuchlesslabor-intensive, in realapplications



wherethe semanticsplays a critical role, suchas morphing(re-
quiring featurepointsmatching),automaticmethodsbasedonpure
topologyandgeometryinevitably fail. We musthave a new mech-
anismthatcanprovide aneasyway to let theusermanagethebe-
havior accordingto semantics-speci�crequirements.Indeed,cur-
rentsurfacemappingtechniquesoftentimesprovide limited control
to theuser;but for surfaceswith complicatedtopology, they either
requirea large numberof markers[Kraevoy andSheffer 2004] or
needuser's greatefforts to designthebasemeshasa goodstarting
point [DeCarloandGallier 1996], [Gregory et al. 1998]. In prin-
ciple, a goodmappingframework shouldprovide an intuitive and
easy-to-usehumancomputerinteraction.

Fourth,it is alsoimportantto emphasizerigor ousness. Theglobal
continuity is typically requiredfor theunderlyingmapping.How-
ever, betweengivensurfaces,theremayexist many continuousyet
topologicallydifferentmappings,i.e., mappingscouldhave differ-
ent homotopy types(seeFig. 14). Two surfacemappingsbelong
to the samehomotopy type if and only if they can continuously
deformto eachotherwithout degeneracy. Among so many legiti-
matechoices,thereareno viablewaysto selectthebestonesfrom
all candidates,sincedifferenthomotopy mayrepresentdifferentse-
mantics.In sucha case,beingableto let usereasilyandintuitively
determinearbitrarytopologicaltypeof amappingnotonly demon-
stratestherigorousnessof themappingalgorithm,but alsohasprac-
tical importance.

In thispaper, wedesignanew surfacemappingframework in order
to unify theabove four properties.We conductour experimentson
severalchallengingexamplesto demonstratethepower andpoten-
tial of ourmethod.Ourcontributions areasfollows.

1. Our framework ef�ciently handlessurfaceswith arbitrarytopol-
ogy, with or without boundaries.It alsohandlessurfacemapping
with topologychanges.

2. Our framework hasgreatautomation. Our pantsdecomposi-
tion canautomaticallycomputeconsistentsegmentationonasetof
surfaceswith samebut complicatedtopology. This framework can
proceedwithoutany userintervention,andthereforeprovidecanon-
ical decompositionfor automaticmatchingamonga largenumber
of acquiredor syntheticdatasets.

3. Whenuserinteractionisnecessaryfor any semanticsreasons,our
framework coherentlyalignsconstraintpointsor curvesto enforce
constraints,andprovidesusersasimpleandintuitivemechanismto
controlthemappingbehavior.

4. In practice,our framework generatesandenumeratesany differ-
enthomotopy typesof mappings.It shows not only the �e xibility
but alsotherigorousnessandcompletenessof our mappingframe-
work from themathematicalpointof view.

5. Our algorithm is simpleandef�cient in practice. As we will
elaboratelater, the technicalcoreof the decompositionalgorithm
primarily relieson the Dijkstra algorithm,andonly the triangular
metricof givensurfacesis employed.

The remainderof this paperis organizedas follows. We brie�y
review the prior work in Section2, thenintroducetheoreticback-
groundaswell asnecessarytermsandde�nitions in Section3. The
fundamentalideaof ourframework is illustratedin Section4,which
is a two-steppipeline,asdiscussedin Section5 andSection6, re-
spectively. We demonstrateexperimentalresultswith variousap-
plicationsin Section7 andconcludethepaperin Section8.

2 Related Work

Surface mapping is a fundamentalproblem in computergraph-
ics/modeling�elds. A thoroughsurvey is beyondthescopeof this
work. In thefollowings,weonly brief themostrelatedwork.

Earlier work on computinginter-surfacemappingsis mostly mo-
tivated by the needof shapeblending. A natural and intuitive
approachis to establishthe shapecorrespondencethroughsome
canonicaldomains.

For genus-zeromeshes,the sphere(for closedsurfaces)and the
plane (for open surfaces)are two widely-usedintermediatedo-
mains.[Kentet al. 1992]computedmapsbetweenstar-shapedsur-
facesby �rst mappingthemonto spheres,andthenmerging them
by clipping one sphereto the other. Later, [Kanai et al. 1998]
usedharmonicmapto build correspondencefrom surfacesto the
unit disk domain,so thatnot only thestar-shapedsurfaces,but all
genus-zerosurfacescanbemappedeasily. However, it only allows
oneconstraintpoint speci�ed by users.[Alexa 1999]proposedto
matchmultiple featurepointsbetweengenus-0 surfaces.Thiswork
wrappedtwo surfacesontoa unit sphereby minimizing a distance
function,andfeaturepointson the surfacearealignedandthe re-
sultantembeddingis usedfor the surfacemapping. Its drawback
is that no bijectivity is guaranteedand hard constraintsmay not
be fully enforced. More recently, [Asirvathamet al. 2005] used
constrainedsphericalparameterizationto mapgenus-zerosurfaces
ontothesphere,theprogressivemeshwasusedto getasimplebase
meshandto enforceconstraintsat certainpositionson thesphere.
Thismethodallowsmultiplehardconstraintpointsbetweengenus-
0 surfaces.

For surfaceswith complicatedtopology, commoncanonicaldo-
mains such as disks and spheresbecomeunavailable. Directly
solving intra-surfacemappingusually fails. Most techniquesuse
anotherstrategy: �rst segmentsurfaceswith complicatedtopol-
ogy into consistentsetsof sub-regions; then composeor re�ne
the global result from the sub-region maps. [DeCarloandGallier
1996] introduceda �e xible surfacemappingframework basedon
user-speci�ed basemeshes.When the basemeshesarecarefully
designed,mappingbetweensurfaceswith different topology can
be computed.However, deeperdomainknowledgein topological
surgeryis requiredto manuallydesignconsistentbasemeshes;and
whenthe surfaceareof high genus,the designcanbe quite com-
plicated. Only examplesup to genus-2 areprovided in this work.
[Gregory et al. 1998] and[Zöckler et al. 2000]alsousedthe base
meshapproach.Whentheconsistent“basemesh”havebeenmanu-
ally designed,harmonicorbarycentricmapsareusedtomatchthese
sub-regionsaccordingly. More surfacemappingwork for morph-
ing applicationscanbe found in thesurvey [LazarusandVerroust
1998].

Recentwork hasbeentrying to seekmoreautomaticmethodsfor
consistentbasemeshgeneration.[Leeetal.1999]usedtheirMAPS
algorithmto hierarchicallymap�ne meshesonto a commonbase
mesh. [Praunet al. 2001] introduceda graph tracing algorithm
to transferthe coarsebasemeshfrom onesurfaceto anotherwith
thesametopology. [Kraevoy andSheffer 2004]usedanotherway
to tracebasemeshesconsistentlyon differentsurfaces.However,
generatingbasemeshesfor high genussurfacesstill needsmany
featurepointsfrom users.For example,to proceedthebasemesh
tracingalgorithm,at leastfour markersarerequiredon eachtopo-
logical handle.[Schreineret al. 2004] �rst tracedoriginal surfaces
into a correspondingsetof triangularpatches,with featurepoints
aspathendpoints,andcreatedoriginal surfaces'progressive mesh
representations;thencreateda trivial mapontothebasemesh,and
iteratively re�ned themapbackto theoriginal surfaces.



Basemeshconstruction(consistentsegmentation)could consume
a largeamountof humanlabor. Therefore,a recentresearchdirec-
tion is theautomaticgenerationof surfacemaps.This automation
becomesvery challengingfor surfaceswith complicatedtopology,
wherefar lesswork hasbeenexplored. Furthermore,whengiven
surfaceswith differenttopologiesarepresent,it is evenmoredif�-
cult. Manualbasemeshdesign[DeCarloandGallier1996]requires
greatereffort andstrongerexpertisefrom theuser. This motivates
us to seekanautomaticmethodfor consistentshapesegmentation
for surfaceswith complicatedtopology.

A topologicalissueshouldbeconsideredfor mappingbetweensur-
faceswith nontrivial topology. It is theso-calledhomotopy typeof
mappings.In [Carneretal.2005]and[Li etal.2008],canonicalho-
mologybases[Gu andYau2003]andsystemsof loops[Erickson
andWhittlesey 2005]wereusedto studythis issueandbuild map-
pingsof differenthomotopy types.[Dey et al. 2007]de�ned terms
handleloopsandtunnel loops, which provide an intuitive way to
studythe topologicalhandleson surfaces.The computationalgo-
rithm is alsopresentedin [Dey et al. 2007]. In our work, if a given
surfacehasnon-trivial topology, our algorithmtakesthesurfaceas
well asits handlesandtunnelloopsasinputs.

Surface Pants decompositionhas been widely studied [Hatcher
etal.2000].Work hasbeendoneto investigatetheoptimalsegmen-
tation of a given surfaceinto pants[Verdi�ereandLazarus2007].
For surfacemappingpurpose,insteadof decomposingjustonesur-
face,we needto computeconsistentdecompositionon severalsur-
faces,or �nd canonicaldecompositionfor the sametypesof sur-
faces.Lesswork hasbeenaccomplishedalongthisdirection.

3 Theoretical Foundation

3.1 De�nition of Pants Decomposition

Webrie�y introducetherelatedbackgroundin topologyandgeom-
etryandmakenecessaryde�nitions in thissection.

A surfaceM is a topologicalHausdorff spacein which eachpoint
hasaneighborhoodhomeomorphicto eithertheplaneor theclosed
half-plane.Pointswith closedhalf-planeneighborhoodarede�ned
asboundaryof M .

A path is a continuousmapp : [0; 1] ! M . A loop (cycle) is
a closedpath,meaningthat theendpointsp(0) andp(1) coincide.
The concatenationof two pathsp andq, with p(1) = q(0) is the
pathp ± q de�ned by

(p ± q)( t) =
½

p(2t); t · 1=2;
q(2t ¡ 1); t ¸ 1=2:

Whenwe saytwo pathsarehomotopic, it meansonepathcancon-
tinuouslyevolve to theotheronethrougha family of pathson the
surface. Rigorouslyspeaking,a homotopy betweenpathsp andq
is a continuousmap h : [0; 1] £ [0; 1] ! M s.t. h(0; ¢) = p,
h(1; ¢) = q, h(¢; 0) = a, h(¢; 1) = b, wherea andb aretwo paths
joining p(0) with q(0) andp(1) with q(1), respectively. Wedenote
thehomotopy equivalenceclassof pathp as[p].

All homotopy classesundertheproduct[p] ± [q] = [p ± q] form a
groupcalledthe fundamentalgroup, denotedas¼1(M ). Suppose
f : M ! M 0 is acontinuousmap,p is a looponM , thenf ±p is a
loop on M 0. f mapsthehomotopy class[p] to thehomotopy class
[f ± p], andf inducesa homomorphismf ¤ : ¼1(M ) ! ¼1(M 0).
Supposef 1 ; f 2 : M ! M 0 are two continuousmapsbetween
M andM 0, we sayf 1 andf 2 arehomotopic,if andonly if they
inducethe samehomomorphismbetweenthe fundamentalgroups
f 1

¤ = f 2
¤ .

A pair of pantsis a genus-0 surfacewith 3 boundaries.A pants
decompositionof M is anorderedsetof simple,pairwisedisjoint
cyclesthat split M into pairsof pants. Every compactorientable
surface,except the sphere,disk, cylinder, andtorus,admitspants
decomposition.If M is of genusG andhasB boundaries,a pants
decompositionis madeof 3G + B ¡ 3 cycles[Hatcheretal. 2000].
In this work, we presentanautomaticdecompositionalgorithmto
cut surfaceapart iteratively along certainnon-trivial loops. The
3G + B ¡ 3 cyclessegmentthe given surfaceM apartto 2G ¡
2 + B pairsof pants(M 0 ; : : : ; M 2G ¡ 2+ B ¡ 1). Eachpair of pants
M i (for simplicity, we alsocall suchsurfacepatcha pantspatch in
the remainingpart of this paper)hasthreeboundaries,which are
denotedasthe waist ¡ 0

i , andtwo legs ¡ 1
i ; ¡ 2

i . Two pantsM i and
M j areadjacentif they shareboundaries.

3.2 Handle and Tunnel Loops

Supposeaclosedembeddedsur-
faceM ½ R3 separatesR3 into
a boundedspaceI and an un-
boundedspaceO. Handleand
tunnel loops of M can be de-
�ned as follows (seealso [Dey
et al. 2007]). A loop bi is a
handleif it spansa disk in the
boundedspaceI ; if onecutsM
along bi and �lls the boundary
with that disk, oneeliminatesa
handle.A loop ai is a tunnelif
it spansa disk in the unboundedspaceO; and its removal elimi-
natesa tunnel.Thehandleandtunnelloopscharacterizeimportant
topologicalinformationof the surface,andwe usethemto deter-
minethehomotopy typesof ourmappings.An intuitive illustration
is shown in theabove �gure. Redcurvesrepresentthehandleloops
while the greenonesaretunnel loops. More detailsabouthandle
andtunnelloopsaswell astheir automaticcomputationalgorithm
canbe found in [Dey et al. 2007]. All handleloopsform a basis
of ¼1(I ), andall tunnelloopsform a basisof ¼1(O). Theunionof
theirhomologyclassesform abasisof ¼1(M). Ouralgorithmtakes
surfaces,their handleandtunnelloopsasinput.

4 Overview of Key Ideas

Thecoreof ourmappingframework is consistentpantsdecomposi-
tion. Givenanarbitrarygenus-G surfacewith B boundaries,pants
decompositionprovidesacanonicalsegmentation,partitioningthis
surfaceinto 2G + B ¡ 2 pantspatches(seethefollowingsfor more
detail).Givenasetof arbitrarysurfacesof sametopology, ourpants
decompositionschemecanautomaticallysegmentall of theminto
consistentsetsof patcheswith “pants” topology.

Decomposinga Surface. The �rst stepof our surfacemappingis
pantsdecomposition.It segmentsthe given surfaceinto a set of
pants.Thisdecompositioncanprocesscanonicallyin anautomatic
way, i.e.,oncetheindexedhandleandtunnelloops(ai ; bi ; 0 · i <
G) areprovidedin apreprocessingstage,thenthedecompositionis
uniqueandwewill obtainanorderedsetof pants.

To give an intuitive overview, we start from a closedgenus-G
(G ¸ 2) surfaceM . In Fig. 1, a genus-4 torusexampleis used
to illustrate key stepsof our pipeline. First, we remove G han-
dle patchesapartfrom M (a), andget a setof genus-onesurfaces
M i ; (0 · i < G) with oneboundaryand(if G ¸ 3), a topological
sphereM 0 with G boundaries.Wecall M 0 thebasepatch andthese
boundarieswaists. Second,we decomposethebasepatchM 0 and
all thehandlepatchesM i into pants((b) and(c)). For genus-2 sur-
faces,no basepatchexists,2 handlepatchesM 0 andM 1 compose



(a) (b) (c)

Figure1: PantsDecompositionPipeline.(a) Find andremove “waists”of
handles.(b) and(c) Decomposethebasepatchandhandlepatches.
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Figure2: PantsDecompositiononSurfaceswith SimpleTopology.
(a) A genus-2 surfacehas2 handlepatches,no basepatch. (b) A closedgenus-1
surface(Â = 0) needsonepunch.(c) A topologicaldisk (Â = 1) needstwo punches.
(d) A topologicalsphere(Â = 2) needsthreepunches.

thesegmentation.(Fig. 2(a))

Whensurfaceshavehighgenus(G ¸ 2) with boundaries,we leave
boundarieson thebasepatchM 0, treatthemasusual“waists”,and
applybasepatchdecompositionsimilarly.

We canalsodecomposesurfaceM with easiertopology(G < 2)
with someextra “holes”. Thebasicideais, theEulernumberof a
pair of pantsis ¡ 1, so if M 's EulernumberÂ = 2 ¡ 2G ¡ B is
negative (for example,G ¸ 2 will guaranteeÂ < 0), M canbe
decomposeddirectly. Otherwise,we punchholeson M until M
getsaminusEulernumber. OnepunchdecreasestheEulernumber
by 1, andsincetheEulernumberof a surfacecannot exceed+2 ,
weatmostneed3 punches.

More speci�cally, if M is genus-1 andhasa boundary, ÂM = ¡ 1,
it is directly processedasa handlepatchM i . If the surfaceM is
genus-1 andclosed(Fig. 2(b)), ÂM = 0, onemarker is required
from theuser. We puncha holeon themarker, geta boundaryand
make ÂM = ¡ 1 so that it can also be decomposedlike M i . If
M is a genus-0 meshwith a boundary(Fig. 2(c)), like a disk, then
ÂM = 1. Wealreadyhaveone“waist”,andneedtwo morepunches
as“legs”. If thesurfaceis a closedgenus-0 mesh(Fig. 2(a)),three
markersarerequiredto form apairof pants.

Whenagenus-zeroor genus-onesurfacehasmorethanonebound-
ary, similarly wecomputeits Eulernumberandcheckwhetherextra
punchesarenecessary. As we will discussin the laterpart of this
paper, thesemarkerscanbe usedas featurepoints in the surface
mappingbecausetheirexactcorrespondenceis guaranteed.

Pants Mapping. Whensurfacesaredecomposedinto a setof sub-
regions,eachwith “pants” topology, themappingcomputationbe-
comeseasier. To make surethemaphasglobalcontinuityandbi-
jectivity, boundarymappingson neighboringsub-regionshave to
beconsistent.Many mappingtechniqueswith �x edboundarycon-
ditions,suchasharmonicmap[Eck et al. 1995],meanvaluecoor-
dinatemap[Floater2003]andsoon canall bethechoicefor pants
mapping.Freeboundarymappingtechniquesarenot preferredfor
sub-regionsmappingherebecauseif we cannotcontrol thebound-
arymappingbehavior, it will fail tosatisfycontinuityandbijectivity
alongthesub-regions' boundaries.

In this work, we usethe harmonicmap, becauseit is physically
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Figure3: MappingTwo PantsPatches.Eachpair of pantsis decomposed
into two topologicalhexagonpatches.Harmonicmapsfrom thesepatchesto regular
hexagonsareusedto composethepantsmapping.

naturalandcanbe computedef�ciently . Like other �x ed bound-
ary mappingtechniques,the shapeof the target regionsshouldbe
convex to guaranteethe map's existenceandvalidity. Sucha di-
rectconvex domainfor shapeswith pants-topologydoesnot exist;
therefore,we simply decomposethe pantsinto two patcheswith
disk-like topology to make the mappingcomputationstable. As
illustrated in Fig. 3, eachpair of pantsis decomposedinto two
topologicalhexagons,and eachof them is harmonicallymapped
to aregularhexagon.Thepantsmappingis thencomposedthrough
thesehexagonaldomains.

5 Consistent Pants Decomposition

This sectionintroducesour algorithm and implementationof the
consistentpantsdecompositiononsurfaces.Thepipelinesareintro-
ducedin Section5.1,Section5.2,andSection5.3,respectively. To
allow topologychangesin mapping,surgerypointsareintroduced
in our decompositionframework (Section5.4). Userscancontrol
the mappingby settingfeaturepoints or curves, we describethe
relatedissuesin Section5.5 andSection5.6. Our decomposition
processis very robust,asaddressedin Section5.8.

5.1 Removing Handles

The �rst stepof the pipeline is to remove handlepatchesfrom a
givensurfaceM . We iteratively tracea specialshortestcycle and
sliceM alongit to separatea handlepatch(which becomesa pair
of pantsM i later) from M . We denotesuchshortestcycle aswi ,
indicatingit is the“waist” of M i .

Supposethehandleloop andtunnelloop of thecurrenthandleare
denotedasai andbi , thenthecycle wi is homotopicto ci = a1

i ±
b1

i ±a¡ 1
i ±b¡ 1

i . Thecomputationof wi is not trivial, we illustrateit
usingthefollowing example.

StepOne: Computeci .
Fig.4 showsasurfacepatchnearthehandleandillustratestheidea.
In thisstep,wecomputethecurveci = a1

i ± b1
i ± a¡ 1

i ± b¡ 1
i which

is homotopicto wi . As (b) and(c) show, we sliceai andbi apart
alongtheir intersectionpoint,andgettheresultantgreenboundary
in (d): ci = P 1;1

i ! P 1;¡ 1
i ! P ¡ 1;¡ 1

i ! P ¡ 1;1
i ! P 1;1

i .



ai

bi

wi � ci

��

��

P � 1
i

P1
i

bi

(a) (b)
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"�" #

b� 1
i

P � 1;� 1
i

P1;1
i

b1
i

P � 1;1
i

P1;� 1
i ci = a1

i � b1
i � a� 1

i � b� 1
i

(c) (d)

Figure4: Computingci of thehandlei . (a) w i is thewaist,but we need
to computeci �rst. (b) Slice a i apart,get P 1

i and P ¡ 1
i . (c) Slice bi apart,P 1

i

and P ¡ 1
i split to P 1; 1

i , P 1; ¡ 1
i , P ¡ 1 ; 1

i and P ¡ 1 ; ¡ 1
i separately. (d) The newly

generatedboundaryis ci .
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Figure5: Computingthe“Waist”. (a) SliceM apartalongits handle/tunnel
loops, get boundariesci . (b) Connectall other boundariesj ; ( j 6= i ) to a large
boundaryc0

i , andgetatopologicalcylinder. (c) Sliceapart° (green)connectingc i and
c0

i ; geta topological“trapezoid”; computew i (blue)astheshortestpathconnecting
boundarypointpairs.(d) Continuetheprocessonotherhandles.

StepTwo: Shrink ci to the “W aist” wi .
As shown in Fig. 5, in stepone,we slicedapartM ((a)) andgetall
its ci ((b)). Now, we iteratively shrinkeachci to its shortesthomo-
topiccyclewi . It is computedthroughthefollowing algorithm1:

Algorithm 1 Shrinkci to wi .
1. Connect all existing boundariesexcept ci together using

shortestpaths(dashedgreencurvesin Fig. 5(b)).
2. Slice thesepathsapart, we get one new large boundaryc0

i
(Fig. 5(c)). M becomesa topological cylinder.

3. Computethe shortestpath ° (greencurvein Fig. 5(c)) con-
nectingthecylinder's twoboundaries.

4. (Theshortestcyclewi at leastintersectsoncewith ° ) Slice°

apart,everypointp 2 ° splitsto a pair (P; ~P). Find thepoint
pair (P; ~P) havingtheminimal lengthof shortestconnecting
path.Thisshortestpathis wi (bluecurvein Fig. 5(c)).

Whenwe get w0 from c0 , we remove the sub-region boundedby
c0 andw0 from M , anddenoteit asM 0 . We go on processingthe
above algorithmon otherci ; i = 1 : : : G ¡ 1 on thenew M , only
substitutingc0 by w0 asshown in (d).

This processendsafter G steps,and we get G handlepatches
M 0 : : : M G ¡ 1 . Their waistswi aretheshortestcycle on M n [ i ¡ 1

j =0
M j , makingthesegmentationgeometricallyoptimalunderthis or-
der. We alsogeta leftover patchM , which is a topologicalsphere
with G holes,denotedasthebasepatchM 0. Wefurtherdecompose
M 0 andall theM i into pantsin thefollowing sections.

5.2 Decomposing the Base Patch

w1

w3

w2

w4

w0

w0
0

w3

w0
0

w2

w0
1

w4

(a) (b)

Figure 6: Decomposingthe BasePatch. (a) Slice apartw 0
0 , get a new

pair of pants.Boundarynumberdecreases1. (b) Setw 0
0 asa new boundary, go on to

computew 0
1 .

ThebasepatchM 0 is a topologicalspherewith G + B holes(G is
thegenus,B is thenumberof original boundarieson surfaceM ).
As wementionedpreviously, whentherearelessthan3 boundaries
(for example,G < 3; B = 0), thereis no basepatch. In those
cases,this stepis skipped.Fig. 6 illustratesanexampleof ourbase
patchdecomposition,thealgorithmis asfollows.

Algorithm 2 BasePatch Decomposition.
0. Putall boundarieswi of M 0 into a queueQ.
1. If Q has· 3 boundaries,end;elsegotoStep2.
2. Computea shortestloopw0 homotopictowi ±wj . (Redcurves

in Fig. 6(a)and(b))
3. w0, wi and wj bounda pair of pants, remove it from M 0.

Removewi andwj fromQ. Putw0 to Q. GotoStep1.

During eachiteration, we decreasethe numberof boundarieson
M 0 by 1 becausetwo boundarieswi andwj areremoved,onenew
boundaryw0 is created.Therefore,this algorithmwill processfor
G+ B ¡ 3 iterations,andwegetG+ B ¡ 2 pantspatches(G+ B ¡ 3
from iterations,andbasepatchbecomesthelastone).

In step2, we needto tracea shortestloop w0 homotopicto wi ±
wj . Thecomputationfollows theideaof thepreviousalgorithmof
shrinkingwaists(Fig. 5(b)and(c)).

Algorithm 3 Computeshortestloopw0 homotopicto wi ± wj .
1. Connectwi andwj togetherbya shortestpathwij .
2. Connectall other loops in Q together with shortestpaths

without intersectingwij . Theseloops together form a new
big boundaryw0

ij

3. wij andw0
ij bounda cylinder(sameasin Fig. 5(c)). Compute

theshortestcyclew0 usingthesameideaof step3 andstep4.
in Algorithm1.



5.3 Decomposing Handles

wi

ai

ai

~ai

wi

~PP

(a) (b)

Figure7: Decomposinga HandlePatch. (a) Slicea i apart.(b) Sliceapart
of thegreencurvethatconnectstwo outerboundaries.Then�nd theshortestpath(red)
connectingcorrespondingpointpairson thegreencurve.

After we �nd eachwaistwi in thepipeline's stepone,we remove
thehandlepatchesM i from M , eachof which is agenus-1 surface
with oneboundary. We cansimply �nd a shortestcycle homotopic
to thehandleloopai andsliceit apartto makeM i apantspatch.

The idea is illustratedin Fig. 7. We �rst slice apartai to get a
cylinder with aninnerboundarywi ; thenwe �nd theshortestpath
° (greencurve in (b)) connectingtwo outerboundaries.Thenwe
slice apart° , and �nd the shortest“shortestpaths”connectingP
and ~P, P 2 ° ; ~P 2 ~° . Now we make M i a pantspatchby slicing
apartthisshortestcycle (redcycle in (b)).

5.4 Topological Surgery and Evolution

(a) (b)

Figure 8: ConsistentDecompositionfor Surface with Different
Topologies. (a) Userspeci�es a pair of markers to correspondto a handle. (b)
Eachpair of markers generatea new pantspatch,which is matchedwith a handle
patchfrom thesecondsurface.

The pipeline introducedin the above sectionsprovidesa canoni-
cal (thereforeconsistent)decompositionfor surfaceswith thesame
topology. When the given surfacesarewith different topologies,
our framework canalso�e xibly handleit. Theuseronly needsto
providesomemarkerpoints(denotedassurgerypoints).

As shown in Fig.8(a),whenwewantto evolvearegionto ahandle.
For example,we wantto matchthebottomareaof theleft torusto
thebottomhandleon 2-torus. We easilypick a pair of points,and
punchtwo holesthere. Their one-ringneighborsbecomebound-
ariesc1 andc2 . Thensimilar to thepreviousprocessintroducedin
Algorithm 3, we �nd a cycle c3 homotopicto c1 ± c2 , thesethree
curvesboundapantspatch(asshown in (b)),whichis matchedwith

the correspondinghandlepatchon the secondsurface. Many real
examplesusingsurgerypointsto handletopologychangein surface
mappingwill bepresentedin theexperimentalsectionlater.

5.5 Matching Feature Points

Whenthesemanticsneedto beconsideredduringsurfacemapping,
usersusuallysetup correspondingfeaturepointsor curveson both
surfacesandrequirethemto be matchedexactly. To enforcethe
featurepointscorrespondenceashardconstraints,on eachfeature
point,wealsopunchahole,andmake its 1-ring neighborabound-
ary. During the decomposition,we treat theseboundariesgener-
atedfrom featurepointsasusualboundaries.As we will discussin
Section6, sinceall theboundariesin thepantssetareconsistently
matched,hard constraints areguaranteed.We caneasilycut fea-
turecurvesinto boundaries,andguaranteetheir hardconstraintsin
thesameway.

5.6 User-Guided Segmentation

Our pantsdecompositionfollows a topologicalconsistency andall
thesegmentationpathsaredeterminedby geometry(shortestpaths)
of thesurface.Takingsemanticsinto accountis sometimesimpor-
tantin segmentation.Wethereforealsoallow usersto easilysketch
somecurvesegmentsto guidedecomposition.

Decompositionshouldbe topologically correct to assurevalidity
and consistency of segmentation. Therefore,our systemtakes
user's sketchesassoft constraints, andtry to follow theguidance
while at the sametime guaranteethe newly tracedcyclesareho-
motopicto originalones.Thiscaneaseuser'soperations,eliminate
thenecessityof user's expertise,andgreatlyimprove our system's
robustness.

Userscansketchsomeguiding curveson the meshfor a speci�c
handleor boundary. Whenwe computethewaistof this handleor
boundary, we usea specialmetric m to attractthe shortestcycle
towardstheguidingcurves.To designthemetric,we �rst compute
eachvertex's distancefrom theguidingcurves.A scalingfunction
is de�ned accordingto sucha distance.The smallerthis distance
is, the smallerthe scaleis. Intuitively speaking,regionscloseto
guidingcurvesshrinkwhile themetricof thedistantareapreserves
or even expands. Undersucha metric, the shortestpathswill be
attractedtowardsguidingcurvesegments.

5.7 Decomposition Sequence

Thecorrespondenceof handlepatchesbetweentwo surfacesis de-
terminedby indexing of handle/tunnelloops.Oursystemgenerates
adefault index sequencefor handleandtunnelloopsononesurface
for its canonicaldecomposition.Theusercanreordertheindexing
to changethehandlecorrespondencewhennecessary.

By default, when M and all its handle/tunnelloops (homology
groupbases)aregivenasinput. We simply projecttheobjectonto
a plane(e.g. X ¡ Y plane);for eachbasis(a pair of handleand
tunnel loops), we computetheir “center” on this plane; then we
enumeratethe index for eachbasisaccordingto its center's slope
onthisplane.As wewill show later, anarbitraryindexing orderde-
terminesa homotopy typeof decomposition(andmapping).Users
caneasilychangethisorderthroughtheinterfaceof oursystem.

The secondissueis the sequencewe decomposethe basepatch.
Thedefault sequenceis to decomposewaistsfrom small indicesto
large ones. Userscanalsoprovide their decompositionsequence
script, if desired. Undera speci�c basepatchdecompositionse-
quence,all thepantsadjacency relationshipcanbededucedeasily.



(a) (b) (c)

Figure9: Adaptive Edge-Split. (a) Two waists(thick red curves)areclose
to eachother. No pathcancrossthroughtheupperleft region. (b) Edge-spliton base
patchbeforetracing.(c) Shortestcyclespassthroughsuccessfully.

For a surfacewith G topologicalhandles(including virtual han-
dles introducedby surgery points)andB boundaries,we canget
2G ¡ 2 + B pairsof pants,andtotally 6G ¡ 6 + 2B adjacency
relations.

5.8 Robust Shor test Path Tracing

Wealwaysgeneratepantsby tracingshortestcycles.To assurethat
the pantsdo not becomedegenerate,we shouldprevent shortest
cycles from intersectingboundaries.Therefore,herewe slightly
updatetheDijkstra algorithmso that it preventstheshortestpaths
from reachingboundaries(or from reachingspeci�edcurves).

In theDijkstra algorithm,whena vertex v is visited,we enqueueit
andrelax its neighbors([Cormenet al. 2001], page595). Now if
v is on boundaries(or on somespeci�c curveswe wantto circum-
vent),wedonotenqueuev norupdateits neighbors.Usingthisup-
datedalgorithm,shortestcycles' intersectionwith boundarieswill
beprevented.

Theoriginal Dijkstra algorithmguaranteesto tracea shortestpath
for an arbitraryvertex on a connectedmesh. Our modi�ed algo-
rithm only fails whentwo boundariesaretoo closeto eachother.
An exampleis illustratedin Fig.9. (a)showsathree-holetoruswith
a boundary, andits waistsw0 andw1 (thick red curves)areclose
to eachother, thereforethe upperleft region is error-prone: there
aresomeedgesspanningthesetwo boundaries.Soalthoughtopo-
logically a pathshouldbe ableto go throughthis region between
two boundarieswithout any intersections,a real go-throughpath
will inevitably intersectboundariesunderthecurrentmeshconnec-
tivity. We call this kind of spanningedgesdangerousedges. We
perform the edgesplit on all dangerous edges beforecomputing
shortestcycles/paths,asshown in (b). This thenrobustly guaran-
teesthesuccessof ourpathtracing(c).

There is anothertechnicalissuehere. Usually we are not only
satis�ed with the correcttopology, but alsowant the cyclesto be
apartfrom boundariessothat thepantswill not betoo skinny. We
may also needto handlesimilar situationaroundsurgery/feature
pointsandboundarieson the basepatch,so that degeneratepants
will not becreated.Therefore,we alsoapplya modi�ed metric(as
discussedabove in Section5.6) to pushshortestpathsaway from
boundariesor somespeci�c curves.

6 Matching Pants Patches

After we performconsistentpantsdecompositionon two surfaces
M andM 0 respectively, we gettwo consistentpantssetsM i ; (i =
0 : : : n) andM 0

i ; (i = 0 : : : n). In this section,we mapeachcorre-
spondingpairsof pantspatches:f i (M i ) ! M 0

i .

To assureglobalcontinuity, mappingsacrossthepants'boundaries

shouldbe consistent.Rigorouslyspeaking,if a curve segment°
is on two adjacentpantsM i andM j : ° ½ @M i ; ° ½ @M j , then
we shouldhave f i (° ) = f j (° ). Therefore,as we discussedin
Section4, we slice a pair of pantsinto two patchesandcompute
their boundary-�xedharmonicmaps.

As shown in Fig. 3, slicing a pantspatchM i into two hexagons
needs3 curves connectingM i 's boundaries.We simply usethe
shortestpathsto connecteachboundariespair. Then thesethree
pathsslice M i into two patches.The 6 intersectionpointsamong
thesecurves and pants' boundariesare mappedto 6 cornersof
theregularhexagon.To assurethemappingcontinuousacrossthe
boundary, whencornersof M i have beendetermined,its adjacent
pants'cornerson their sharedboundaryshouldbeconsistentlyde-
termined.Thefollowing algorithmcomputesall cornersonasetof
pantsconsistently.

Algorithm 4 Computingcornersfor asetofpantsM i ; i = 0 : : : n.

1. For handlepatchesM 0 : : : M G ¡ 1 :
(1.1)Connectshortestcyclesbetweenlegs,wegetcornersP3 ,
P4 (theindex followsFig. 3).
(1.2)SetP2 asthepoint on ¡ 1

i farthestfromP3 . Thefarthest
pointon ¡ 2

i fromP4 is P5 .
(1.3) Tracetheshortestpath fromP5 to ¡ 0

i ; its endpoint on
¡ 0

i is P0 . Thefarthestpointon ¡ 0
i fromP0 is P1 .

2. Propagate existing corners to adjacentpants: check every
M i 's adjacentpantsM j ; if corners on M j 's shared bound-
arieshavenotbeendetermined,�x them.

3. For each newly propagatedM j , if M j 's corners on ¡ 0
j have

notbeendecided.UseStep(1:3) aboveto �x them.

4. Stopif all cornershavebeen�xed, otherwiseGOStep2.

We �rst go throughall handlepatchesbecausetheir cornersare
freely determined.Thenwe propagatetheir cornersto theadjacent
pants.Eachstepof basepatchdecompositioncombinestwo waists
to generateanew pantspatch,sotheabovepropagationwill notget
stuck,andit endswithin several iterationswith all cornersconsis-
tently �x ed.

Now eachpantspatchM i canbeslicedinto two patchesM 0
i and

M 1
i , as Fig. 3 shows. We computetheir harmonicmapsto the

regular hexagonH , h j (M j
i ) ! H ; (j = 0; 1) with the follow-

ing boundaryconditions: seteachpatch's 6 corners'UV coordi-
natesto the regular hexagon's corners;for otherboundarypoints
betweeneachpair of corners,interpolatetheir UV coordinatesus-
ing thearc-lengthratio. Eachharmonicmapis computedaftersolv-
ing a sparselinearsystem[Eck et al. 1995]. On thepantsM 0

i , the
sameharmonicmapsh0

j (M 0j
i ) ! H ; (j = 0; 1) arecomputed.

Thenwe can immediatelyget the �nal composedpatchmapping
f (M j

i ) = h0¡ 1
j ± hj by barycentricpoint locations. Mappingon

boundariesacrossneighboringpatchesandpantsis consistent.Be-
causeeachboundarypoint's imageis determinedby the corners
andcorrespondingarc lengthratios,andbothneighboringregions
arriveat thesameresult.

7 Experimental Results

We demonstrateour mappingframework usingseveral examples.
Thegeneratedsurfacemorphingsequencescanbefoundin ourac-
companying video.

Automatic Mapping Genus-9 Mechanical Parts. Consistent
pantsdecompositionis automaticallyperformedon threegenus-9
mechanicalparts.As shown in Fig. 13,althoughall modelsin this
examplehave very complicatedtopologyandgeometry, oncetheir



(a)Src/Trg Models (b) SurgeryPoints (c) FeaturePoints

(d)50%Morph (no features) (e) (f) 33%Morph (g) 67%Morph

Figure10: MappingHands:“Five” to “Okay”. (a) Sourceandtargetsurfaces.(b). Two surgerypointsaretheleastrequirementsdueto thetopologicaldifference.(c)
Usersde�ne morefeaturepointsfor semanticspurpose.(d) Without featurepointsin (c), 3 �ngers arenotmatched,themorphingis ugly. (e)There�ned decompositionresults(with
featurepoints).(f) and(g) show thenewly generatedmorphing.

(a) (b)

(c) 25% (d) 50% (e)75% (f) 100%

(g) 25% (h) 50% (i) 75% (j) 100%

Figure 14: Design Surface Mapping with Arbitrary Homotopy
Types. (a) The sourcesurfaceandits canonicaldecomposition.(b) Userchooses
differenthomotopy typesby changingthe index of handle/tunnelloops. (c)-(f) First
homotopy type: the“green”handlegoesup. (g)-(j) Secondhomotopy type: the“blue”
handlegoesup.

homotopy groupbasesare indexed, all the following decomposi-
tion is performedin acanonicalwaywithoutany userinvolvement.
This demonstratesthe greatautomationof our framework, and it
shows our consistentdecompositionis a powerful tool for register-
ing complicatedobjects.Two morphingsequencesgeneratedusing
ourmappingareshown.

Deforming Hands: “Fi ve” to “Okay”. In thisexample,wemapa
humanhand(Fig.10(a)(left)) to anotherhand(right). Thisexample
shows thathow semanticsarewell handledin our framework with
intuitiveuserintervention.

Thesourcehandis anopengenus-0 surface,while thetargethand
is genus-1 with aboundary(redcurvesareits handle/tunnelloops).
To achievethetopologicalevolution,atleastapairof surgerypoints
is requiredon the �rst hand.Naturally, we cansetthemon tips of
the indexing �nger and the thumb (Red points in (b)). If we do
notprovideany otherfeaturepoints,eachhandis decomposedinto
onepair of pants.Thedirectmappingbetweenthemcanbeeasily
computed.However, suchamappingmaynot follow shapeseman-
tics, which canbe visualizedusinga linearly-interpolatedmorph-
ing sequencegeneratedfrom this mapping,asshown in (d): three
�ngers shrinkwhile threenew �ngers comeout from someplaces
elsewhere.This meansthose�ngers arenot matchedto eachother
properly. Our framework allows usersto seta few corresponding
markersin orderto matchthese�ngers, asshown in (c). Thisresults
in a �ner decompositionasshown in (e). Thenew mappingis com-
putedusingthisdecompositionresult,andguaranteesthematching
betweenregionsof corresponding�ngers; therefore,it generatesa
morenaturalmorphingsequenceasillustratedin (f) and(g).

Genus-4 GreekModel to Genus-3 David Model. In Fig. 11, we
mapa genus-4 Greekmodelto a genus-3 David model. Theorig-
inal surfacesand their homotopy groupbasiscorrespondenceare
shown in (a) (eachcurve's color indicatesits index). A pair of
surgery pointsis seton the target model(b), correspondingto the
smallhandlein the lower right partof theGreeksculpture.In (c),



(a)Src/Trg Surfaces (b) SurgeryPoints (c) FeaturePoints

(d) (e) (f) GuidingCurves

(g) (h) 25% (i) 50% (j)75%

Figure11: MappingtheGreekSculptureto David. (a)Two surfacesandtheirhomotopy groupbases.(b) Two surgerypoints(matchedwith thelowerright greenhandle
on theGreek).(c) Basepatchesof bothmodels,andtwo featurepointsto assurecorrespondenceon headregions. (d) Thedecompositionresultwithout furtheruserinvolvements.
(e) Geometricallyoptimal decompositionmay have poor semanticseffect (yellow regions). (f) Userssketchsomeguiding curves. (g) The new decompositionresultwith guided
segmentation.(h)-(j) A morevisuallynaturalmorphingsequence.

Figure12: Mappingtwo Dragons.Feature/surgerypointsareplacedonbothdragons(redandgreenmarkerson theheadandlegs).Themorphingsequenceis generated.



(a) (b)

Figure13: MappingGenus-9 MechanicalParts.Theinitial homotopy groupbasesoneachmodelsarecolor-encodedin (a). (b) illustratesthecanonicaldecomposition
result.Thenext two rowsvisualizemappingsthroughmorphingsequences.



(a)Src/Trg Models (b) AreaStretch (c) MeanCurvatureDifference

(d) Decomposition (e)25%Morphing (f) 50%Morphing (g) 75%Morphing (h) 100%Morphing

Figure15: Vasevs. Teapot. (a) Surfaceswith handle/tunnelloopsandsurgery/featurepoints. The matching's areastretching(b) andmeancurvaturedifference(c) are
color-coded.(d) PantsDecompositionResult.(e)-(h)Morphing.

whenall thehandlepatchesareremoved,we get thebasepatchof
bothmodels.Also, we want to semanticallyguaranteecorrespon-
dencebetweenheadregions,two featurepointsareplacedon each
model. We show thecanonicaldecompositionresultin (d). From
the semanticsaspect,we do not like the segmentationaroundthe
right hand(bluepatch)of theGreekbecausetheshortestcyclegoes
throughhis wrist. Thesegmentationof the left arm(yellow patch)
is evenworse;it cutsthroughtheelbow. An unnaturalmorphmap-
ping theforearmof theGreekto thewholearmof David is shown
in (e). This canbeeasilyremediedif userssketchtwo shortguid-
ing curve segmentson theGreekmodelasshown in (f). Thenew
decompositionresult is shown in (g), wherewe get a morphwith
muchbettervisualeffectsasshown in (h)-(j).

Mor phing Dragons. In Fig. 12,weperformdecompositionontwo
dragons.Severalsurgerypointsandfeaturepointsareusedto guide
the mapping,as depictedon the sourceand target models. The
morphingsequenceis shown to demonstratethemappingeffect.

SurfaceMappings with Differ ent Homotopy Types.This exam-
ple demonstratesthe rigourousnessandcompletenessof our map-
ping framework. As shown in Fig. 14, differenthomotopy classes
canbechosenarbitrarily by users,they only needto switchthein-
dexing of thehomotopy groupbasis(asshown in (b)). Themorph-
ing sequencesfrom thesourcesurface(a)to thetargetsurfacebased
ondifferentmappingsareillustratedin thenext two rows. They are
both reasonablygood,andit is up to the userto selectwhich one
they really want.Our framework providesa rigorousway for users
to decideanarbitraryhomotopy typeof themapping.

ShapeMatching and Err or Analysis. With one-to-onecorrespon-
dencebetweentwo matchedsurfaces,we canpointwiselymeasure
the shapedifferenceusingsomegeometricproperties,andcolor-
codethe error distribution, which is potentially useful for shape
comparisonandvisualanalysis.

Fig. 15 illustratesour mappingfrom a genus-2 vasemodel to a
genus-1 teapotmodel.(a)showsthemodelsandtheirhandle/tunnel
loops; anduser-provided surgery/featurepointsarealsodepicted.
Thedecompositionresultsareshown in (d). (e)-(h)show themor-
phingsequencegeneratedby ourmapping.

In (b) and (c), we color-codethe shapematchingerror distribu-
tion. We usetwo terms,oneis the areastretchingratio while the
otheris meancurvaturedifference.In (b), wecomputetotalareaof
one-ringtrianglesaroundeachpoint on the vasemodel;whenthe
vaseis mappedontotheteapot,we alsocomputeeachpoint's cor-
respondingone-ringarea. The ratio of thesetwo areasrepresents
thestretching of themapping,andit is color-codedon thesurface:
red representsthe maximumwhile blue representsthe minimum.
From this �gure, we canseethat the cap,the left handle,the tips
of handles,andthe bottomof the vasehave larger stretchingval-
ues,becausetheseregionsshrink to a relatively small areaon the
teapotmodel. In (c), we color-codethemeancurvaturedifference
on every point: theregionswith largecurvaturedifference(for ex-
ample,left handle,therim of thecap)arered. Integrationof these
two termsoverthewholesurfacehasbeenproved([Gu etal.2004])
thatit providesanintrinsicenergy to measuretheshapedifference.
Therefore,our surfacemapping/registrationcanbe usedfor auto-
matic shapecomparisonandshapeanalysis.Beforeapplyingour
mappingfor registeringmodelsin adatabase,eachmodelshouldgo
throughapreprocessingprocedure.For eachmodel,�rst, its handle
andtunnelloopsareautomaticallycomputedandindexed;second,
if necessaryfor any semanticreason,usercansimply reorderin-
dexing of theseloops. After this preprocessing,all the follow-up
shapecomparisonandretrieval canbeperformedautomatically.

Thecomplexity of our algorithmis very low, andtheperformance
of our algorithmon mostrealexamplespresentedhereis given in
thefollowing runtimetable.

Model Topo Ver# Time Pants#
Hand-1 G = 0; B = 1 19832 24.5s 7
Hand-2 G = 1; B = 1 21055 26.1s 7
Teapot G = 1; B = 0 22012 27.0s 4
Vase G = 2; B = 0 10014 10.1s 4

4-Torus G = 4; B = 0 7994 6.3s 6
David G = 3; B = 0 26138 140.3s 8
Greek G = 4; B = 0 43177 380.5s 8

AsianDragon G = 0; B = 0 26562 110:1s 10
Casting G = 9; B = 0 34116 423:4s 16



8 Conc lusion and Future Work

Wehavedevelopedaconsistentpantsdecompositionframework for
matchingsurfaceswith arbitrarytopology. Theconsistentgenera-
tion of setsof pantsis a key componentto ensurethe subsequent
high quality surfacemapping.Our novel mappingframework has
beendemonstratedto be ef�cient, robust, andpowerful on exam-
pleswith arbitrarytypesof surfaces.Also, themappingframework
simultaneouslyprovides greatautomationand accommodatesin-
tuitive usercontrol. Therefore,our new modelingframework can
serveasanenablingtool for many visualcomputingtasks.

Besidessurface mapping, we believe our pants decomposition
framework hasmany otherpotentialapplications.First, pantsde-
compositionprovidesa piecewiserepresentationfor any givensur-
face.Whenwe have thesemanticallymeaningfulpatchsegmented
fromtheoriginalsurface,wecaneasilyperformthe“cut-and-paste”
operationfrom a “part” database([Funkhouseret al. 2004])to pro-
ducemoremeaningfulshapesfrom examples. Sinceall our seg-
mentedpatchesare pants-like shapes,we could streamlinemany
modelingandsimulationtasks.Also, pantsdecompositioncanbe
extendedto a consistentsegmentationof volumetric data. Com-
paredwith directly computingharmonicmapsbetweenvolumetric
shapeswith complicatedtopologyandgeometry[Li et al. 2007],
this decompositionshouldmake theprocessmorerobustandgen-
eral,andit will alsoprovidemoresemanticscontrol.
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