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Abstract

We developa new surfacematding framevork to handle
surfacecomparisonsasedon a novel mathematicabnaly-
sisof curveson surfacesand proposea uniquesignatue for
any closedcurveon a surface Thesignatue describesot
only the curve shape but also the intrinsic relationshipbe-
tweenthecurveandits embeddingurface;andfurthermoe,
thesignatue metricis stableamongsurfacesharingsimilar
Riemanniargeometrymetrics. Basedon this theortical ad-
vanceweanalyzeandalign featuesde nedasclosedcurves
on surfacesusingtheir signatues. Thesecurvessegmenta
surfaceinto differentregionswhich are mappedontocanon-
ical domainsfor thematding purpose Theexperimentare-
sultsare very promising demonstating that the curvesigna-
turesandtheframevorkare robustanddiscriminativefor the
effectiveshapecomparison.Besidests utility in our current
framavork,webelievethecurvesignatue will alsoserveasa
powerfulshapesegmentation/mappingpol and canbe used
to aid in manyexisting techniquestowards effective shape
analysis.

1 Intr oduction

Shapecomparisorremainsacentraltechnicalproblemfor
the effective 3D object searchenginedesign. The techni-
cal challenges how to devise anaccurateanduniqueshape
signaturethat caneffectively distinguishoneshapefrom the
restfor shapeanalysisandretrieval. To date,a wide range
of shapeanalysigechniquehasbeendevelopedtowardsthis
goal especiallyduring the lastten years. Examiningthe ex-
isting literature global propertieqsuchasskeleton size,and
pose)areusuallycollectedandanalyzedyhichgivesriseto a
guantitatve globaldifferencefor shapeclassi cationin anef-
cient andsimplyway. In contrastmatchingiechniquesuch
asregistrationhave beenextensvely developedfor 2D/3D
imagescomparisongspeciallyin medicalimagingand pro-
cessing.Theuniqueadwantagefor matchingis that,notonly
canwe quantify the global difference put alsowe canaccu-
rately pinpointall thelocal variationsandcalculatetheir dis-
tributionstowardsfurther analysis.Our objectie is a shape
matchingandcomparisormethodcapturingboth global dif-
ferencesandlocal variations.

Most of the currentshapecomparisortechniquegl14, 13,
5,10, 12, 15, 18, 9, 2, 3, 4, 16, 1] aredriven by comparing
somecollectedglobalcharacteristicef thegeometryobjects.
They try to comparethe objectsin a globalsensepnly rely-

ing on their geometricinformationwithout ary involvement
of semantideaturecurves. In this paper we startour shape
comparisortaskfrom a differentperspectie by considering
all theclosedcurvesonasurface.

1.1 Theoretic
on Surface

We de ne the setof all closedcurves on suriaceM as
curvespaceanddenoteit as-( M ). The curvespaceon sur
facescontainsall the relevant geometricinformation of the
surfaceandis easyto process. This philosoply on analyz-
ing shapewia their associatedurve spacehasa technically
soundfoundationin algebraictopology in nite dimensional
Morsetheoryand Teichmilller spacetheoryin comple ge-
ometry Milnor[11] pointedout that -( M) is an in nite
dimensionalmanifold, the length of curves on surfaceis a
Morsefunction andits critical pointsare geodesics Morse
theoryis usedto analyzethe topologyof -( M), which de-
terminesthe topologyof M . Fromthe point of view of dif-
ferentialgeometry we know that the local surface shapeis
completelydeterminedy all the curvesde ned in its neigh-
borhood. Motivated by the above technicaladvances,our
currentresearcmaturallyfollowsthesamemethodologyand
is speci cally basedn Teichnilller spaceheory

Considertwo surfacesM ; andM, (Fig 1(a)),A: M !
M, is adiffeomorphisnmbetweerthem,ary curve (By curve,
we meanclosedcune in the remainderof this paper) j 1 2
-( M) will bemappedo acurnein -( M3) underthis map-
ping: j » = Az 1. Therefore A inducesa one-to-onemap-
ping A% from -( M1) to-( M) by A° : -( M) | -( M»).
The intrinsic relationsbetweernsurfacescanbe analyzedoy
studyingA® insteadof A.

Furthermorewe mapthe curve space-( M) to a canon-
ical Lie group Dif f (S'), where Dif f (S) denotesthe
group of all diffeomorphismgrom the unit circle S to it-
self. We denotethismapasg; : -( M;) ! Dif f (S!). Con-
sequentlyA® : -( M1) ! -( M,) inducesa mappingfrom
Dif f (S') toitselfby A:= g, +A° +gi L:

The diagramin Fig 1(a) conveys our methodologyin a
graphicalmeans: three mappingsA; A®; A are closely re-
lated; ary one of them determineghe remainingtwo. In
anotherword, for the purposeof studyingsurfacesM 1; M,
andthemapsA betweerthem,we canstudytheir curve space
-( M1);-( M»), signatureof thecurvesDif f (S*), andthe
mappingsA®; A. We proposethe following theoreticresults
to furtherre-enforceghe abose geometridntuition.

Foundation of Curv e Space
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Figure 1. Theoryfoundationof curve signatures

Theorem1 If M is a metric orientedgenuszeio surface
then the curve space-( M) and Dif f (S!) are equipped
with L? metric, the map?2 fromits curve space-( M) to
Dif f (S?) isahomeomorphism.

Therefore,in order to measurethe distancebetweentwo
curveson a surface, it is sufcient to measurehe distance
betweertwo signaturesle nedin Dif f (S?).

Theorem?2 M; and M, are two oriented metric surfaces,
A'is a conformalmapif and only if Ais the identity map of
Dif f (SY).

Wealsobelieve that,themappingirom Ato A F : A1 A
revealsalot of geometridnformationaboutM ; andM,. By
choosingappropriatenetrics,F is continuous Thekernelof
F is all theconformalmappingsetweerM ; andM ;.

2 Signaturesin Curve Space

This sectionoutlines our theoreticalresultson how to
computecune signaturedor curvesde ned onasurface.

2.1 Theory and Algorithm Overview

Given a simple closedcurve | on genuszero surface
M, the centralideato computeits signatures illustratedin
Fig 1(b), (c), (d).

Casel: If M isclosed,asshavnin Fig 1(b),then; par
titionsM into two components . ;j ; , botharetopological
disksandcanbe conformallymappedonto planarunit disks
¢.;¢, by2,,2, . istheboundaryof . andj; , de-
notedby @+ = i and@,; = j i, andis mappedo the
disk boundarywhich areunitcircles¢ = @+ = | @, .
Themappingnducedoy? . and?® ; ontheboundaries® .
and@ ; is adiffeomorphism(differentiableand hasa dif-
ferentiablenverse).Thisdiffeomorphisnt - @ . ! @ ;
is thesignatue of j .

Case2: If M is open,asshavn in Fig 1(c), then; parti-
tionsM into atopologicaldisk ; andatopologicalannulus
i +. i; canbe conformallymappedonto a unit disk ¢ ; ,
while j + canbe conformally mappedonto an annulus¢ .
with unitinnerradius. We denotesuchannuluswith unit in-
ner radiusas canonicalannulus the inner boundaryof ¢ .

as@¢ . , andusethediffeomorphisnt : @, ! @¢ . as
thesignatureof .

In [17], Sharonand Mumford used Teichmiiller theory
to prove that ary simple closedplanarcurve canbe repre-
sentedwith sucha diffeomorphismfrom a unit circle to it-
self uniquelyup to scalingandtranslation.In this paper we
generalizahisideato arbitrarygenuszerosurfaceusingRie-
mannsurfacetheory

In technicalessencewe computethe conformalmapping
for eachcomponentsggmentedby the curve, and take the
boundarymappings® asshawn in Fig 1(d) asthe signature.
Somelandmarksandconstraintareusedto eliminatethe so-
calledM 6biusambiguity

2.2 Conformal Map from a Open Genus-
zero Surface to a Disk

We seeka conformalmap®© from a disk-like surfaceM
to a unit disk. The map doesexist accordingto Riemann
mappingtheory Extensve relevantwork hasbeendoneon
nding agoodparameterizatiorfor disk-like surfaces.How-
ever, completeconformalityis usuallynotguaranteedBased
on thefactthatthe harmonicmapfrom a closedgenuszero
surfaceto a sphereas alsoconformal,we usethe doublecov-
ering technique[8] to corvert an opensurfaceto a closed
one,andreducecomputing® to computinga harmonicmap
from doublecoveringof M ontoasphere.

For anopensurfaceM , we computethe doublecovering
of M andthencomputeits harmonicmappingontoa sphere.
Dueto theexactsymmetricpropertyof doublecovering,the
boundary@ is harmonicallymappedonto the equatorof
thesphereandM is conformallymappecdbntoahemisphere.
Thenwe compose stereographicprojectionto geta confor
mal mapfrom M to theunit disk.

2.3 Conformal Map from a Closed Genus-
zero Surface to a Sphere

To computea conformalmap®© from a closedgenus-zero
surfaceM to a spherewe initiate a mapbetweerthemand
minimize the harmonicenegy by diffusingthe heat- ow on



the spheresurface. This processs introducedandprovedto
corvergeto a harmonic/conformamap[7.

2.4 Conformal Map from a Topological An-
nulus to a Canonical Ann ulus

For curves on an opengenus-zercsurface, we needto
computea conformalmap®© from a topologicalannulusM
(with@ = j1i i2wherej;andj, aretwo boundaries)
to acanonicaplanarannulus First,we double-ceerthesur
faceto get a closedgenus-onesurface; next we computea
conformalmapfrom a closedgenus-oneurfaceontoarect-
angleplanardomainby integratinga holomorphicl-form[8]
which describeswo vector elds perpendiculato eachother
everywhereon surface; nally, we composethe conformal
mapfrom the rectangleto the canonicalannulususing e%?
to getthe A.

2.5 Eliminating the MMbius Am biguit y

Conformal mappingsbetweensurfacesare not unique;
e.g., all conformalmappingsfrom a unit disk D2 to itself
form a Mobius group, with theform: ¢ : z ! w;w =

eMfiye;z;20 2 Cip 2 [0;2%); wherezo is a constant
point, i is a constantangle. All such¢ form a 3 real di-

mensionalgroup. Two mappingsirom a topologicaldisk to

aunit disk differ by a Mdbiustransformationthis ambiguity
affectsthesignatureandhasto beeliminatedvia certainextra

constraints.

For closedgenus-zerasurfaceswe rst x amarker point
p on the surfaceandde ne atangentdirectiont, goingout
fromp. A closedcurve separated! into two disk-topology
patchesthe patchcontainingp is denotedasj . . Werequire
that® . mapsp onto the origin, andt, onto the positive x-
axisdirection. Theseconstraintsiniquelydetermineé® .. .

For opengenus-zersurfaceswe x the marker p onthe
boundary 2 . mapsj . to ¢ ., where¢ , is acanonical
annuluswith unit inner radius. The outerradiusof ¢ . is
denotedasR, which is uniquely determinecdby the surface
i +. Furthermorewe requirethat? . (p) = R. Such? .
uniquelyexists.

Through the aborve constructionpipeline, every closed
cune i 2 -( M) correspondgo a diffeomorphism? 2
Dif f (SY). | correspondso two signatures ;;2 , if and
only if thereexists a Mobsiistransformatiory, : D2 ! D?,
suchthat? , +2 i ' = sjg 2. Theabove equationde nes
an equialencerelation» in Dif f (S1). We claim thatthe
mapping® :-( M) ! Dif f (SY)=» isanone-to-onanap.
With appropriatemetricson -( M) and Dif f (S?), it is a
homeomorphismln anothemword, eachclosedcurve on M
correspondso anequivalenceclassof diffeomorphismg$rom
theunit circle to itself.

In somescenarioswe might wantto completelyelimi-
natethe ambiguity of signatures.For this purposewe can
further eliminateM dbiusambiguityusingmoremarlers. To
uniquelyreconstruct curve, 2 andthreemarkersaresuf-
cientfor the closedgenus-zercurfaceswhile for the open
genus-zergurfaces? andtwo markersaresufcient.

2.6 Distances between Curv es

For a genus-zerosurface M, we createsignaturesfor
curvesde nedon M . Thedeviation betweertwo curvescan
be measuredy the distancebetweentheir signaturesising
Weil-Petersonmetricon Dif f (S?) asintroducedn [17].

If surfacesM; andM, arewith similar Riemanniarge-
ometriesn R, thenthereexistsadiffeomorphismA : M 4 !
M closeto anisometry theinducedmapA betweerthesig-
naturesis closeto the identity map from Dif f (S?) to it-
self. In anothemword, if thecurve j ;1 %2 M1 corresponds$o
i2 ¥ M, with j» = A(j 1), thenj 1 andj » have similar
signatures.Hence the signaturef curveshave a property
of strongstability underthe Riemanniammetric perturbation
of theirembeddedurfacesandcanbeusedto analyzecurves
ondifferentsurfacesasarobusttool.

Fig 3 demonstratethe stability of the signaturesAll the
curves andtheir correspondingsignaturesare drawn in the
samecolor. Notethatthesignaturas a diffeomorphisnfrom
acircle to itself, thusit canbe consideredasa periodicreal
functionfrom [0; 2%) to [0; 2¥), andonly oneperiodis shovn
in our gures. In (1), aplanarrectangles isometricallyde-
formedto a cylinder, our computationrshavs thatthe corre-
spondingcurves have exactly the samesignatures.in (2),
theplanarrectanglds perturbedabout6%in z direction,and
aboutl%in x; y directions,signaturef the corresponding
curvesare very closeto eachother In (3), the planarsur
facein (a) is simulatedas cloth and deformsas shawvn in
(b), namely it allows large bendingbut little stretchingthe
signatureof the correspondingurvesarealsoalmostiden-
tical(i.e.,undistinguishable)lso,thecurve on surfacein (a)
is perturbedh little andshaowvn in redcure in (c), the signa-
ture perturbdittle.

Thereforecurveson differentsurfaceswhich arecloseto
eachotherin termsof geometryor differ by a nearisometric
mapping,canbe robustly andaccuratelycomparecandana-
lyzedusingtheir signatures.

3 SurfaceMatching

Basedon the analysisof curve spacewe designour sur
facematchingframework for curve alignmentsurfaceregis-
tration,andshapecomparison.

3.1 Feature Alignmen t for
mentation and Matc hing

AssumeM ; andM, arethe two surfacesto be matched,
if they sharesimilar geometriesmneaninghereexistsa map-
pingA:M; ! M, closeto anisometry thenthefollowing
algorithmcanbe usedfor matching.

1. Extract featurecurves setfj 1;i 3; ¢¢¢;{ 1g on My,
which can be either marked by usersas certainmeaningful
featuresor automaticallycomputedbasedon geometricin-
formationof M ; suchasthe extremalsof the principal cur
vaturesalongthe correspondingprincipaldirections.

2: Computethe curve signaturesf j  onM; andgetthe
signaturesetfa ;2 ,; ¢¢¢;2 ,g.

3: Computethe curve setfj 2; 3; ¢¢¢; | 2g on M, such
thatthe curve signatureof | 2 equalsto? ;.

Surface Seg-



4: Thecurwe setf ikg segmentsM to several connected
components c; cs ¢¢¢; ck, g, k = 1;2, suchthatthe bound-
ariesof ¢! correspondo theboundariesf ¢. Matchc! with
¢? pairwiseon the planardomain.

If in the step3 above, userspreferto labelthe meaningful
featurecurve seton M ,, we canchangethis stepaccordingly
so that we compute,comparetheir signaturesand nd the
nearesbne-to-onanatchingbetweenthesetwo setsof fea-
turecunes.

3.2 Surface
Canonical

Comparison in 2D Planar

Domains

Whenall featurecurvesarematchedwe segmentthe sur
facesinto several patchesgeachof which canbe matchedon
the planardomainwith mary existing techniques. A pos-
sible techniqueis to use the conformal representatioff],
which consistsof two functions, (u;v); H (u;v) de ned on
canonicadomains., is calledconformalfactor, representing
the areastretchingof the mappingfrom the original surface
to the planardomainand H is the meancunatureimply-
ing the bendinginformation of the surface. In our experi-
ments,we normalizethe original surfaceandthencompute
its conformalfactorof eachvertex by dividing its one-ring-
neighborareaon the surfaceby its counterparton the pla-
nar domain. The conformal representatioris completein
the sensethat it allows us to fully reconstructthe original
surfacefrom the representation[6 also, it stablyrepresents
the geometrydistancebetweersurfacesin R3; the perturba-
tion in geometryleadsto a stableand continuousperturba-
tion in their conformalrepresentationgurthermore asa by-
product,the computatiorprocesf curve signaturedasal-
readygotconformalmapsfrom most3D patchego theplanar
domains,so the surfacematchingbasedon thesemappings
canbe donewithout further computationcost. The match-
ing enegy E betweertwo correspondingurfacepatchesvl o
and M, is de nengn their commoncanonicalplanar do-
painsD by E =, ),p i, o(Uiv) i, 2(u;v)jj*dudv +

(v)20 1Ho(U; V) i Ha(u; v)ji?dudv.
4 Experimental results

To illustrate our framework, we rstly presenta human
face matchingexample. Two humanfaces{(female)and
f 1(male) as shawvn in Fig 4 (a) and (b)) are comparedby
aligning featurecurves enclosingeyes, nosesand mouths.
Assumingthat the geometriesof humanfacesare similar,
namely thereexist mappings® : fo ! f; thatarecloseto
isometry we manuallylabelon eachfacefour featurecurves
andcomputeheirsignaturesThecurvesandtheirsignatures
arehighlightedwith the samecolor. For example,curvesen-
closingtheright eyesandtheir signaturesrecoloredin red.
As shawn in Fig 4 (c), signatureswith the samecolor are
quite similarto eachother

The experimentshaws that similar featurecurveson two
faceshave similar signatureswhile differentfeaturecurves
on the faceshave dramaticdifferent signatures.Therefore,
thecurve signaturds areliabletool to alignthesamefeatures

acrosdifferentfaces.The facescanthenbe sgmentedand
mappedonto commoncanonicalplanardomainsfor subse-
guentregistrationandcomparisonasshovn in Fig 4 (d) and
(e).

Anotherexampleis shavn to comparea horseandits col-
lapsedpose. Users rst mark featurecurves on one pose.
With their signaturesye couldreconstructhecurveson the
secondsurface. Techniquesntroducedin [17] canbe used
to reconstructhe curve on the complex domain,which cor
respondgo a uniquecurve on the sphericaldomain. Com-
binedwith threeprede nedmarkersintroducedn section2.5
andthe mappingfrom the original surfaceto the spherethe
unique curve on the original surface can be reconstructed.
With this processfeaturecurvescanbe transferrecdbntothe
secondbbjectasshavn in Fig 2. The original featurecurves
onrestpose,their signaturesandthe transferreccurvesare
shawvn in thethreerowsin Fig 2 respectiely.

Theconformalfactorandthemeancurvaturedistributions
of all partsare computedand color-codedin the rst four
rows of Fig 5 (the rst two rows arefor the standingpose,
while thethird andfourth rows arefor the collapsedoose).

The surface comparisonframevork can be interactvely
controlled by changingweights of the two termsin our
matchingenegy. For example,if isometry-irvariantcompar
isonis preferred,only stretchingfactorneedsto be consid-
ered. So by ignoring the meancurvature,a metric invariant
underbendingis designedwhich naturallyleadsto a bend-
invariantor pose-iwvariantresult. The conformalrepresenta-
tion differencebetweerthe two horsemodels(a) and(b) is
color-codedonthe rst modelasshavn in Fig 5 (c) andthe
differenceignoring the bendingtermis shavn in Fig 5 (d);
also,thedifferencewith only thebendingtermis color-coded
in (€). As shavn in theabore examples,our matchingalgo-
rithm nds outbetweertwo complicatedbbjectsadifference
distribution which canbe e xibly adjustedor differentgoals
suchasthe bending-ivariantpurpose Sinceit cancatchthe
differenceon the metricignoring the embeddingof the sur
facein R3, it becomesa usefultool for non-rigid matching
applications Oneexampleis the colonsmatchingandanaly-
sisin medicalimaging.Peoplewith differentposesinderCT
scansmight have large bendingdifferenceson their colons
with little changesn metric, in which casesucha bending-
invariantmatchingis idealfor theanalysispurpose.

5 Conclusionand Futur e Work

We have designeda metricspacdor simpleclosedcurves
on genus-zersurfacesvia conformalmappings.Curveson
surfacesarerepresentetly equivalenceclasse®f diffeomor
phismsof theunit circle to itself. The proposecturve signa-
ture correspondsiniquelyto the curve de ned on a surface.
It alsoincludesinformationof boththe curve's shapeandits
embeddingon the surface,which are invariantunderisom-
etry and stableundernearisometrictransformationof sur
facesthusenablesa powerful practicaltool for the effective
analysisof curvesandsurfacesamonggeometricallysimilar
objects.
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Figure 2. The rst row views featurecurvesonthestanding-horsenodel;the secondow shavs their correspondingignaturesthe
third row displaysthe accordinglyreconstructedurveson thecollapsed-horsenodel.

Besidegheabove theoreticakesultswe developaframe-
work for shapeaegistrationandcomparisorguidedby feature
curvesalignments After curveswith the mostsimilar signa-
turesarecorrectlyidenti ed andaligned,genus-zersurfaces
are then sggmentedinto several parts and registeredsepa-
rately This automaticprocessaccuratelyforcesthe align-
mentof featurecurves and alleviatesthe dif culties of 3D
surfacematchingby reducingit to the simplecomparisorof
functionsde ned on canonicalplanardomains.Also, theal-
gorithmcanbe e xibly adjustedto provide a pose-ivariant
shapedescriptor

Onepotentiallimitation is thatthe curve signaturedevel-
opedin this paperis perhapdestsuitableto analyzecurves
de ned on one surface or two surfacesof similar geome-
try. Whenthe signatureis comparedor curvesde ned on
differentsurfaces,it is only stablewhenthereexists a near
isometricmappingbetweerthesurfaces.In generalaligning
curvesde ned on surfaceswith dramaticallydifferentgeom-
etryis technicallychallenging.

Constructingshapespaceof curveson surfaceswith ar
bitrary topologyis promisingand challenging. We plan to
explorefurtheralongthesedirectionsin the nearfuture.
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Figure 3. Thestability of curve signaturesinderisometry perturbatiorandbendingof embeddedurfaces.
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Figure 4. Curvesonfaces((a),(b))their signatures(c)andthe segmentationgor the matchingpurpose((d),(e)).
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Figure 5. The rst andthesecondow colorcodeconformalfactor, andmeancurvatureH of the standinghorsemodel;thethird
andfourth rows areof the collapsedhorsemodel;the lastrow shavs the nal matchingresultsbetweerthe standingmodel(a) and
the collapsedmodel(b), with (c)-(e) colorcodingdifferenceon conformalrepresentation,, andH respectiely. (Meshsize: 17k

Triangles)



