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Abstract
We developa new surfacematching framework to handle

surfacecomparisonsbasedon a novel mathematicalanaly-
sisof curvesonsurfaces,andproposea uniquesignature for
any closedcurveon a surface. Thesignature describesnot
only the curveshape, but also the intrinsic relationshipbe-
tweenthecurveandits embeddingsurface;andfurthermore,
thesignaturemetricis stableamongsurfacessharingsimilar
Riemanniangeometrymetrics.Basedon this theoretical ad-
vance, weanalyzeandalign featuresde�nedasclosedcurves
on surfacesusingtheir signatures. Thesecurvessegmenta
surfaceinto differentregionswhich are mappedontocanon-
ical domainsfor thematchingpurpose. Theexperimentalre-
sultsareverypromising, demonstrating that thecurvesigna-
turesandtheframeworkarerobustanddiscriminativefor the
effectiveshapecomparison.Besidesits utility in our current
framework,webelievethecurvesignaturewill alsoserveasa
powerfulshapesegmentation/mappingtool andcanbeused
to aid in manyexisting techniquestowards effectiveshape
analysis.

1 Intr oduction

Shapecomparisonremainsacentraltechnicalproblemfor
the effective 3D object searchenginedesign. The techni-
cal challengeis how to deviseanaccurateanduniqueshape
signaturethatcaneffectively distinguishoneshapefrom the
rest for shapeanalysisandretrieval. To date,a wide range
of shapeanalysistechniqueshasbeendevelopedtowardsthis
goalespeciallyduring the last tenyears.Examiningtheex-
isting literature,globalproperties(suchasskeleton,size,and
pose)areusuallycollectedandanalyzed,whichgivesrisetoa
quantitativeglobaldifferencefor shapeclassi�cationin anef-
�cient andsimplyway. In contrast,matchingtechniquessuch
as registrationhave beenextensively developedfor 2D/3D
imagescomparison,especiallyin medicalimagingandpro-
cessing.Theuniqueadvantagefor matchingis that,not only
canwe quantify theglobaldifference,but alsowe canaccu-
ratelypinpointall thelocal variationsandcalculatetheirdis-
tributionstowardsfurtheranalysis.Our objective is a shape
matchingandcomparisonmethodcapturingbothglobaldif-
ferencesandlocal variations.

Most of thecurrentshapecomparisontechniques[14, 13,
5, 10, 12, 15, 18, 9, 2, 3, 4, 16, 1] aredriven by comparing
somecollectedglobalcharacteristicsof thegeometryobjects.
They try to comparetheobjectsin a globalsense,only rely-

ing on their geometricinformationwithout any involvement
of semanticfeaturecurves. In this paper, we startour shape
comparisontaskfrom a differentperspective by considering
all theclosedcurvesonasurface.

1.1 Theoretic Foundation of Curv e Space
on Surface

We de�ne the set of all closedcurves on surfaceM as
curvespaceanddenoteit as­( M ). Thecurvespaceonsur-
facescontainsall the relevant geometricinformationof the
surfaceandis easyto process.This philosophy on analyz-
ing shapesvia their associatedcurve spacehasa technically
soundfoundationin algebraictopology, in�nite dimensional
MorsetheoryandTeichm̈uller spacetheoryin complex ge-
ometry. Milnor[11] pointed out that ­( M ) is an in�nite
dimensionalmanifold, the length of curves on surfaceis a
Morsefunction, andits critical pointsaregeodesics. Morse
theoryis usedto analyzethe topologyof ­( M ), which de-
terminesthe topologyof M . Fromthepoint of view of dif-
ferentialgeometry, we know that the local surfaceshapeis
completelydeterminedby all thecurvesde�ned in its neigh-
borhood. Motivatedby the above technicaladvances,our
currentresearchnaturallyfollowsthesamemethodology, and
is speci�cally basedonTeichm̈uller spacetheory.

Considertwo surfacesM 1 andM 2 (Fig 1(a)),Á : M 1 !
M 2 is adiffeomorphismbetweenthem,any curve(By curve,
we meanclosedcurve in theremainderof this paper.) ¡ 1 2
­( M 1) will bemappedto acurve in ­( M 2) underthismap-
ping: ¡ 2 = Á ± ¡ 1. Therefore,Á inducesa one-to-onemap-
ping Á¤ from ­( M 1) to ­( M 2) by Á¤ : ­( M 1) ! ­( M 2).
The intrinsic relationsbetweensurfacescanbe analyzedby
studyingÁ¤ insteadof Á.

Furthermore,we mapthecurve space­( M ) to a canon-
ical Lie group D if f (S1), where D if f (S1) denotesthe
groupof all diffeomorphismsfrom the unit circle S1 to it-
self. We denotethis mapasgi : ­( M i ) ! D if f (S1). Con-
sequently, Á¤ : ­( M 1) ! ­( M 2) inducesa mappingfrom
Dif f (S1) to itself by ¹Á := g2 ± Á¤ ± g¡ 1

1 :
The diagramin Fig 1(a) conveys our methodologyin a

graphicalmeans: three mappingsÁ;Á¤; ¹Á are closely re-
lated; any one of them determinesthe remainingtwo. In
anotherword, for the purposeof studyingsurfacesM 1; M 2

andthemapsÁbetweenthem,wecanstudytheircurvespace
­( M 1); ­( M 2), signaturesof thecurvesD if f (S1), andthe
mappingsÁ¤; ¹Á. We proposethe following theoreticresults
to furtherre-enforcetheabove geometricintuition.
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Figure 1. Theoryfoundationof curvesignatures

Theorem1 If M is a metric orientedgenuszero surface,
then the curve space­( M ) and D if f (S1) are equipped
with L 2 metric, the map ª from its curve space­( M ) to
D if f (S1) is a homeomorphism.

Therefore,in order to measurethe distancebetweentwo
curveson a surface,it is suf�cient to measurethe distance
betweentwo signaturesde�ned in D if f (S1).

Theorem2 M 1 and M 2 are two orientedmetric surfaces,
Á is a conformalmapif and only if ¹Á is the identitymapof
D if f (S1).

Wealsobelievethat,themappingfrom Á to ¹Á, F : Á ! ¹Á
revealsa lot of geometricinformationaboutM 1 andM 2. By
choosingappropriatemetrics,F is continuous.Thekernelof
F is all theconformalmappingsbetweenM 1 andM 2.

2 Signaturesin CurveSpace

This sectionoutlines our theoreticalresultson how to
computecurve signaturesfor curvesde�ned onasurface.

2.1 Theory and Algorithm Ov erview

Given a simple closedcurve ¡ on genuszero surface
M , thecentralideato computeits signatureis illustratedin
Fig 1(b), (c), (d).

Case1: If M is closed,asshown in Fig 1(b), then¡ par-
titionsM into two components¡ + ; ¡ ¡ , botharetopological
disksandcanbeconformallymappedontoplanarunit disks
¢ + ; ¢ ¡ by ª + , ª ¡ . ¡ is theboundaryof ¡ + and¡ ¡ , de-
notedby @¡ + = ¡ and@¡ ¡ = ¡ ¡ , andis mappedto the
disk boundary, which areunit circles¢ = @¢ + = ¡ @¢ ¡ .
Themappinginducedby ª + andª ¡ ontheboundaries@¢ +

and@¢ ¡ is a diffeomorphism(differentiableandhasa dif-
ferentiableinverse).Thisdiffeomorphismª : @¢ + ! @¢ ¡

is thesignatureof ¡ .
Case2: If M is open,asshown in Fig 1(c), then¡ parti-

tionsM into atopologicaldisk¡ ¡ andatopologicalannulus
¡ + . ¡ ¡ canbe conformallymappedonto a unit disk ¢ ¡ ,
while ¡ + canbe conformallymappedonto an annulus¢ +

with unit innerradius.We denotesuchannuluswith unit in-
ner radiusascanonicalannulus, the inner boundaryof ¢ +

as@1¢ + , andusethediffeomorphismª : @¢ ¡ ! @1¢ + as
thesignatureof ¡ .

In [17], Sharonand Mumford usedTeichm̈uller theory
to prove that any simple closedplanarcurve canbe repre-
sentedwith sucha diffeomorphismfrom a unit circle to it-
self uniquelyup to scalingandtranslation.In this paper, we
generalizethis ideato arbitrarygenuszerosurfaceusingRie-
mannsurfacetheory.

In technicalessence,we computetheconformalmapping
for eachcomponentsegmentedby the curve, and take the
boundarymappingsª asshown in Fig 1(d) asthesignature.
Somelandmarksandconstraintsareusedto eliminatetheso-
calledMöbiusambiguity.

2.2 Conformal Map from a Op en Gen us-
zero Surface to a Disk

We seeka conformalmap© from a disk-like surfaceM
to a unit disk. The map doesexist accordingto Riemann
mappingtheory. Extensive relevant work hasbeendoneon
�nding agoodparameterizationfor disk-likesurfaces.How-
ever, completeconformalityis usuallynotguaranteed.Based
on the fact that theharmonicmapfrom a closedgenuszero
surfaceto asphereis alsoconformal,weusethedoublecov-
ering technique[8] to convert an opensurfaceto a closed
one,andreducecomputing© to computinga harmonicmap
from doublecoveringof M ontoasphere.

For anopensurfaceM , we computethedoublecovering
of M andthencomputeits harmonicmappingontoasphere.
Dueto theexactsymmetricpropertyof doublecovering,the
boundary@M is harmonicallymappedonto the equatorof
thesphereandM is conformallymappedontoahemisphere.
Thenwecomposeastereographicprojectionto getaconfor-
malmapfrom M to theunit disk.

2.3 Conformal Map from a Closed Gen us-
zero Surface to a Sphere

To computeaconformalmap© from aclosedgenus-zero
surfaceM to a sphere,we initiate a mapbetweenthemand
minimizetheharmonicenergy by diffusingtheheat-�ow on



thespheresurface.This processis introducedandprovedto
convergeto aharmonic/conformalmap[7].

2.4 Conformal Map from a Topological An-
nulus to a Canonical Ann ulus

For curves on an open genus-zerosurface, we needto
computea conformalmap© from a topologicalannulusM
(with @M = ¡ 1 ¡ ¡ 2 where¡ 1 and¡ 2 aretwo boundaries)
to acanonicalplanarannulus.First,wedouble-cover thesur-
faceto get a closedgenus-onesurface;next we computea
conformalmapfrom a closedgenus-onesurfaceontoa rect-
angleplanardomainby integratingaholomorphic1-form[8]
whichdescribestwo vector�elds perpendicularto eachother
everywhereon surface; �nally , we composethe conformal
mapfrom therectangleto thecanonicalannulususinge

2¼
b z

to gettheÁ.

2.5 Eliminating the MÄobius Am biguit y

Conformal mappingsbetweensurfacesare not unique;
e.g., all conformalmappingsfrom a unit disk D 2 to itself
form a Möbius group, with the form: ¿ : z ! w; w =
eiµ z¡ z0

1¡ ¹z0 z ; z; z0 2 C; µ 2 [0; 2¼); wherez0 is a constant
point, µ is a constantangle. All such¿ form a 3 real di-
mensionalgroup. Two mappingsfrom a topologicaldisk to
aunit diskdiffer by aMöbiustransformation,thisambiguity
affectsthesignatureandhasto beeliminatedvia certainextra
constraints.

For closedgenus-zerosurfaces,we �rst �x amarkerpoint
p on the surfaceandde�ne a tangentdirection~tp going out
from p. A closedcurve¡ separatesM into two disk-topology
patches,thepatchcontainingp is denotedas¡ + . Werequire
that ª + mapsp onto the origin, and~tp onto the positive x-
axisdirection.Theseconstraintsuniquelydetermineª + .

For opengenus-zerosurfaces,we �x themarker p on the
boundary. ª + maps¡ + to ¢ + , where¢ + is a canonical
annuluswith unit inner radius. The outer radiusof ¢ + is
denotedasR, which is uniquelydeterminedby the surface
¡ + . Furthermore,we requirethat ª + (p) = R. Suchª +

uniquelyexists.
Through the above constructionpipeline, every closed

curve ¡ 2 ­( M ) correspondsto a diffeomorphismª 2
D if f (S1). ¡ correspondsto two signaturesª 1; ª 2 if and
only if thereexistsa Mobs̈us transformation¿ : D 2 ! D 2,
suchthat ª 2 ± ª ¡ 1

1 = ¿j@D 2 . The above equationde�nes
an equivalencerelation» in D if f (S1). We claim that the
mappingª : ­( M ) ! D if f (S1)= » is anone-to-onemap.
With appropriatemetricson ­( M ) and D if f (S1), it is a
homeomorphism.In anotherword, eachclosedcurve on M
correspondsto anequivalenceclassof diffeomorphismsfrom
theunit circle to itself.

In somescenarios,we might want to completelyelimi-
natethe ambiguityof signatures.For this purpose,we can
furthereliminateMöbiusambiguityusingmoremarkers.To
uniquelyreconstructa curve, ª andthreemarkersaresuf�-
cient for the closedgenus-zerosurfaceswhile for the open
genus-zerosurfaces,ª andtwo markersaresuf�cient.

2.6 Distances between Curv es
For a genus-zerosurface M , we createsignaturesfor

curvesde�ned onM . Thedeviationbetweentwo curvescan
be measuredby the distancebetweentheir signaturesusing
Weil-PetersonmetriconD if f (S1) asintroducedin [17].

If surfacesM 1 andM 2 arewith similar Riemanniange-
ometriesin R3, thenthereexistsadiffeomorphismÁ : M 1 !
M 2 closeto anisometry, theinducedmap ¹Á betweenthesig-
naturesis closeto the identity map from Dif f (S1) to it-
self. In anotherword, if thecurve ¡ 1 ½ M 1 correspondsto
¡ 2 ½ M 2 with ¡ 2 = Á(¡ 1), then¡ 1 and¡ 2 have similar
signatures.Hence,the signaturesof curveshave a property
of strongstability undertheRiemannianmetricperturbation
of theirembeddedsurfacesandcanbeusedto analyzecurves
ondifferentsurfacesasa robusttool.

Fig 3 demonstratesthestability of thesignatures.All the
curves and their correspondingsignaturesaredrawn in the
samecolor. Notethatthesignatureis adiffeomorphismfrom
a circle to itself, thusit canbeconsideredasa periodicreal
functionfrom [0; 2¼) to [0; 2¼), andonly oneperiodis shown
in our �gures. In (1), a planarrectangleis isometricallyde-
formedto a cylinder, our computationshows that thecorre-
spondingcurves have exactly the samesignatures.In (2),
theplanarrectangleis perturbedabout6%in z direction,and
about1% in x; y directions,signaturesof thecorresponding
curvesarevery closeto eachother. In (3), the planarsur-
facein (a) is simulatedas cloth and deformsas shown in
(b), namely, it allows largebendingbut little stretching,the
signaturesof thecorrespondingcurvesarealsoalmostiden-
tical(i.e.,undistinguishable);also,thecurveonsurfacein (a)
is perturbeda little andshown in redcurve in (c), thesigna-
tureperturbslittle.

Therefore,curvesondifferentsurfaces,whicharecloseto
eachotherin termsof geometryor differ by a near-isometric
mapping,canberobustly andaccuratelycomparedandana-
lyzedusingtheir signatures.

3 SurfaceMatching
Basedon theanalysisof curve space,we designour sur-

facematchingframework for curve alignment,surfaceregis-
tration,andshapecomparison.

3.1 Feature Alignmen t for Surface Seg-
men tation and Matc hing

AssumeM 1 andM 2 arethe two surfacesto bematched,
if they sharesimilargeometries,meaningthereexistsamap-
ping Á : M 1 ! M 2 closeto anisometry, thenthefollowing
algorithmcanbeusedfor matching.

1: Extract featurecurves set f ¡ 1
1; ¡ 1

2; ¢¢¢; ¡ 1
n g on M 1,

which canbe eithermarked by usersascertainmeaningful
features,or automaticallycomputedbasedon geometricin-
formationof M 1 suchasthe extremalsof the principal cur-
vaturesalongthecorrespondingprincipaldirections.

2: Computethecurve signaturesof ¡ 1
i on M 1 andgetthe

signaturesetf ª 1; ª 2; ¢¢¢; ª n g.
3: Computethe curve setf ¡ 2

1; ¡ 2
2; ¢¢¢; ¡ 2

n g on M 2, such
thatthecurvesignatureof ¡ 2

i equalsto ª i .



4: Thecurve setf ¡ k
i g segmentsM k to severalconnected

componentsf ck
1 ; ck

2 ¢¢¢; ck
m g, k = 1; 2, suchthat thebound-

ariesof c1
i correspondto theboundariesof c2

i . Matchc1
i with

c2
i pairwiseon theplanardomain.

If in thestep3 above,userspreferto labelthemeaningful
featurecurvesetonM 2, wecanchangethisstepaccordingly
so that we compute,comparetheir signatures,and �nd the
nearestone-to-onematchingbetweenthesetwo setsof fea-
turecurves.

3.2 Surface Comparison in 2D Planar
Canonical Domains

Whenall featurecurvesarematched,wesegmentthesur-
facesinto severalpatches,eachof which canbematchedon
the planardomainwith many existing techniques.A pos-
sible techniqueis to use the conformal representation[6],
which consistsof two functions¸ (u; v); H (u; v) de�ned on
canonicaldomains.̧ is calledconformalfactor, representing
theareastretchingof themappingfrom theoriginal surface
to the planardomainand H is the meancurvature imply-
ing the bendinginformation of the surface. In our experi-
ments,we normalizethe original surfaceandthencompute
its conformalfactorof eachvertex by dividing its one-ring-
neighborareaon the surfaceby its counterparton the pla-
nar domain. The conformal representationis completein
the sensethat it allows us to fully reconstructthe original
surfacefrom the representation[6]; also,it stablyrepresents
thegeometrydistancebetweensurfacesin R3; theperturba-
tion in geometryleadsto a stableandcontinuousperturba-
tion in their conformalrepresentations;furthermore,asaby-
product,thecomputationprocessof curve signatureshasal-
readygotconformalmapsfrommost3Dpatchesto theplanar
domains,so the surfacematchingbasedon thesemappings
canbe donewithout further computationcost. The match-
ing energy E betweentwo correspondingsurfacepatchesM 0

and M 1 is de�ned on their commoncanonicalplanardo-
mainsD by E =

R
(u;v )2 D jj ¸ 0(u; v) ¡ ¸ 1(u; v)jj2dudv +

R
(u;v )2 D jjH0(u; v) ¡ H1(u; v)jj2dudv.

4 Experimental results

To illustrate our framework, we �rstly presenta human
facematchingexample. Two humanfaces(f 0(female)and
f 1(male) as shown in Fig 4 (a) and (b)) are comparedby
aligning featurecurves enclosingeyes, nosesand mouths.
Assumingthat the geometriesof humanfacesare similar,
namely, thereexist mappings© : f 0 ! f 1 thatarecloseto
isometry, wemanuallylabeloneachfacefour featurecurves
andcomputetheirsignatures.Thecurvesandtheirsignatures
arehighlightedwith thesamecolor. For example,curvesen-
closingtheright eyesandtheir signaturesarecoloredin red.
As shown in Fig 4 (c), signatureswith the samecolor are
quitesimilar to eachother.

Theexperimentshows thatsimilar featurecurveson two
faceshave similar signatures,while differentfeaturecurves
on the faceshave dramaticdifferentsignatures.Therefore,
thecurvesignatureis areliabletool to alignthesamefeatures

acrossdifferentfaces.Thefacescanthenbesegmentedand
mappedonto commoncanonicalplanardomainsfor subse-
quentregistrationandcomparison,asshown in Fig 4 (d) and
(e).

Anotherexampleis shown to compareahorseandits col-
lapsedpose. Users�rst mark featurecurves on one pose.
With their signatures,we couldreconstructthecurveson the
secondsurface. Techniquesintroducedin [17] canbe used
to reconstructthecurve on thecomplex domain,which cor-
respondsto a uniquecurve on the sphericaldomain. Com-
binedwith threeprede�nedmarkersintroducedin section2.5
andthemappingfrom theoriginal surfaceto thesphere,the
uniquecurve on the original surfacecan be reconstructed.
With this process,featurecurvescanbetransferredontothe
secondobjectasshown in Fig 2. Theoriginal featurecurves
on restpose,their signatures,andthe transferredcurvesare
shown in thethreerows in Fig 2 respectively.

Theconformalfactorandthemeancurvaturedistributions
of all partsare computedand color-codedin the �rst four
rows of Fig 5 (the �rst two rows arefor the standingpose,
while thethird andfourth rowsarefor thecollapsedpose).

The surfacecomparisonframework can be interactively
controlled by changingweights of the two terms in our
matchingenergy. For example,if isometry-invariantcompar-
ison is preferred,only stretchingfactorneedsto be consid-
ered. So by ignoring themeancurvature,a metric invariant
underbendingis designed,which naturallyleadsto a bend-
invariantor pose-invariantresult.Theconformalrepresenta-
tion differencebetweenthe two horsemodels(a) and(b) is
color-codedon the�rst modelasshown in Fig 5 (c) andthe
differenceignoring the bendingterm is shown in Fig 5 (d);
also,thedifferencewith only thebendingtermis color-coded
in (e). As shown in theabove examples,our matchingalgo-
rithm �nds outbetweentwo complicatedobjectsadifference
distributionwhichcanbe�e xibly adjustedfor differentgoals
suchasthebending-invariantpurpose.Sinceit cancatchthe
differenceon the metric ignoring the embeddingof the sur-
facein R3, it becomesa useful tool for non-rigid matching
applications.Oneexampleis thecolonsmatchingandanaly-
sisin medicalimaging.Peoplewith differentposesunderCT
scansmight have large bendingdifferenceson their colons
with little changesin metric, in which casesucha bending-
invariantmatchingis idealfor theanalysispurpose.

5 Conclusionand Futur eWork

Wehavedesignedametricspacefor simpleclosedcurves
on genus-zerosurfacesvia conformalmappings.Curveson
surfacesarerepresentedby equivalenceclassesof diffeomor-
phismsof theunit circle to itself. Theproposedcurve signa-
turecorrespondsuniquelyto thecurve de�ned on a surface.
It alsoincludesinformationof boththecurve's shapeandits
embeddingon the surface,which are invariantunderisom-
etry and stableundernear-isometrictransformationof sur-
faces,thusenablesa powerful practicaltool for theeffective
analysisof curvesandsurfacesamonggeometricallysimilar
objects.
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Figure 2. The�rst row viewsfeaturecurvesonthestanding-horsemodel;thesecondrow showstheircorrespondingsignatures;the
third row displaystheaccordinglyreconstructedcurveson thecollapsed-horsemodel.

Besidestheabove theoreticalresults,wedevelopaframe-
work for shaperegistrationandcomparisonguidedby feature
curvesalignments.After curveswith themostsimilar signa-
turesarecorrectlyidenti�ed andaligned,genus-zerosurfaces
are then segmentedinto several partsand registeredsepa-
rately. This automaticprocessaccuratelyforcesthe align-
ment of featurecurves and alleviatesthe dif�culties of 3D
surfacematchingby reducingit to thesimplecomparisonof
functionsde�ned on canonicalplanardomains.Also, theal-
gorithmcanbe �e xibly adjustedto provide a pose-invariant
shapedescriptor.

Onepotentiallimitation is that thecurve signaturedevel-
opedin this paperis perhapsbestsuitableto analyzecurves
de�ned on one surfaceor two surfacesof similar geome-
try. Whenthe signatureis comparedfor curvesde�ned on
differentsurfaces,it is only stablewhenthereexistsa near-
isometricmappingbetweenthesurfaces.In general,aligning
curvesde�ned onsurfaceswith dramaticallydifferentgeom-
etry is technicallychallenging.

Constructingshapespaceof curveson surfaceswith ar-
bitrary topology is promisingandchallenging. We plan to
explorefurtheralongthesedirectionsin thenearfuture.
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Figure 3. Thestabilityof curvesignaturesunderisometry, perturbationandbendingof embeddedsurfaces.
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andfourth rows areof thecollapsedhorsemodel;the last row shows the�nal matchingresultsbetweenthestandingmodel(a) and
thecollapsedmodel(b), with (c)-(e) color-codingdifferenceson conformalrepresentation,̧ , andH respectively. (Meshsize:17k
Triangles)


