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CONFORMAL SPHERICAL PARAMETRIZATION FOR HIGH
GENUS SURFACES

WEI ZENG , XIN LI ¥, SHING-TUNG YAU Z, AND XIANFENG GU *

Abstract. Surface parameterization establishes bijective maps from a surface onto a topolog-
ically equivalent standard domain. It is well known that the spherical parameterization is limited
to genus-zero surfaces. In this work, we design a new paramet er domain, two-layered sphere, and
present a framework for mapping high genus surfaces onto sph ere. This setup allows us to trans-
fer the existing applications based on general spherical pa rameterization to the eld of high genus
surfaces, such as remeshing, consistent parameterization , shape analysis, and so on.

Our method is based on Riemann surface theory. We construct m eromorphic functions on sur-
faces: for genus one surfaces, we apply Weierstrass P-functions; for high genus surfaces, we compute
the quotient between two holomorphic one-forms.

Our method of spherical parameterization is theoretically = sound and practically e cient. It
makes the subsequent applications on high genus surfaces very promising.

Key words:  Conformal Spherical Parameterization, Meromorphic Funct ion, High Genus Sur-
face, Layered Sphere

1. Introduction. Surface parameterization (for a recent survey, we refer the
reader to [Floater and Hormann 2005]) is a fundamental tool m computer graphics
and bene ts many digital geometry processing applicationssuch as texture mapping,
shape analysis, compression, morphing, remeshing, etc. ®e problems become much
easier to deal with a uniform parameter domain. Usually in these settings surfaces are
represented as triangle meshes, and the maps are required b at least no-foldovers
and low-distortion in terms of area, angle, or both aspects.

In graphics, spherical parameterizations for genus zero oked surfaces have been
proposed and widely used in the past. Most methods [Gotsmanteal. 2003; Gu et
al. 2004; Haker et al. 2000; Sheer et al. 2004; Praun and Hopp 2003] are to
directly map the mesh to spherical domain, which is usually érmulated as a spher-
ical energy minimization problem, such as conformal, Tutte Dirichlet, area, spring,
stretch energies, or their combinations, as cited in [Floagr and Hormann 2005]. The
optimization process is to relax the initial map to reach nofoldovers under speci ed
distortion metric.
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In medical imaging, spherical parameterizations are broaly applied for brain
cortex surface mapping. In this setting, preservation of Ieal shapes are crucial.
Therefore, di erent conformal spherical parameterizations are proposed. Angenent
et.al. [Angenent et al. 1999] construct meromorphic functons on the brain surface
directly, then lift the mapping onto the sphere using inverse stereographic projections.
Gu et.al. [Gu et al. 2004] compute harmonic maps between the fain cortex surface
and the unit sphere and use Mebius transformation to adjust the map. Stephenson
[Stephenson 2005] uses circle packing method to construcbrformal brain mapping.

However, it is well known that the spherical parameterization is limited to genus-
zero models. To the best of our knowledge, there are few worlan high genus surfaces.
Recently, Lee et.al. [Lee et al. 2006] present a constructio method by Boolean op-
erations of positive and negative spheres. This method reqtes a lot of interactive
human recognitions and geometry editing techniques. Furtermore, the results are
not conformal.

In this work, we aims at automatic generalizing conformal sgherical parameter-
izations for high genus surfaces. Because high genus suréscand spheres are not
topologically equivalent, we allow the existence of branchpoints.

Our method relies on the conformal structure for higher gens meshes. There
are two ways to compute conformal structures of general sudces: one method is
based on Hodge theory [Gu and Yau 2002], and the other on disete surface Ricci
ow [Gu et al. 2005, Jin et al. 20064, Jin et al. 2006b].

According to Riemann surface theory, a conformal map betwee a surface and
the sphere is equivalent to a meromorphic function de ned onthe surface. The map
wraps the surface onto the sphere by several layers and hasv&gal branch points,
the number of layers and the branch points are determined by he topology of the
surface (by Riemann-Hurwitz theorem). The key is how to congruct the meromorphic
functions on the input surface. For genus one closed surfasgwe construct the well-
known Weierstrass P-function. For high genus surfaces, thejuotient between two
holomorphic 1-forms is a meromorphic function.

Compared with the existing planar parameterization for high genus meshes, the
layered sphere is more natural domain than the planar domain Employing the prop-
erties of sphere geometry and the existing spherical paranterization related appli-
cations on genus-zero meshes, the spherical parameteriza designed for high genus
meshes can get more insights on shape analysis, and introdeienore possible applica-
tions for high genus meshes.

The contributions of this work are brie y as follows:

To present a novel practical framework to compute conformalspherical pa-
rameterizations for general surfaces;
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To extend the applications of general spherical parameteration onto that of
high genus meshes, including re-meshing, morphing, etc;

To introduce a systematic method to compute meromorphic furctions on
general Riemann surfaces.

The remainder of the paper is organized as follows: Section ilustrates the basic
de nition and theorem in theory used in this work, Section 3 describes the algorithm
ow, and Section 4 shows the experimental results, and discssion on the method.
The paper concludes with a conclusion and future work in Seaébn 5.

2. Basic Theory. In this section, we will brie y introduce the basic theories of
meromorphic function on Riemann surfaces. We refer readetts [Farkas and Kra 1980]
for details.

2.1. Riemann Surfaces. Definition 2.1.  Manifold. SupposeM is a topolog-
ical space, each point has a neighborhood and a homeomorphism :U ! V
from U to an open setV in R". (U ; ) is called a local chart. If two such
neighborhoodsU ;U intersect, then the chart transition function

= . w\vu)! (U\U)

is @ homeomorphism from one open set dR" to another. Then M is a n dimensional
manifold, the set of all local chartsf (U ; )g form an atlas.

Definition 2.2. Holomorphic functions. In complex analysis, a functionf : C !
C, (x;y) ! (u;v) is holomorphic, if and only if it satis es the following Riemann-
Cauchy equation

@u_ @v@u_ @v
@x @y@y @x

Definition 2.3. Riemann Surfaces. A Riemann surface is a two dimensional
manifold with an atlasf (U ; )g, such that all chart transitions are holomorphic
functions. The atlas is called the conformal atlas, and eacltocal coordinates (U )
are called holomorphic coordinates. The maximal conformahtlas is called a conformal
structure of the surface.

Definition 2.4. Riemannian Metric. A Riemannian metric on a manifold is a
tensor g, which de nes an inner product <; > 4 on the tangent spaces of the manifold.
Supposev;; v, are two tangent vectors on the tangent space at poirgt, then the angle
between them can be calculated as
n <Viq; \’_/\2 > g

1 .
PRVLViSy SV V254

= COos

In the current work, we focus on surfaces embedded in the Euidlean spaceRS.
Therefore, all the surfaces are with induced Euclidean meic g. We require the
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Fig. 1 . Example of holomorphic 1-forms. For genus-two cases, there are four 1-forms, described
by the check-board texture mapping. The parameter (u;v) of each vertex is the average of 1-forms
of its connected edges.

conformal structure and the Riemannian metric be compatibk in the following way.
Supposef (U ; )gis a conformal atlas, we denote the local coordinates ofl{ ; )
as (x ;y ), then the metric tensor is represented

ds? = & ¥ )(dx® + dy?);

where (x ;y ) is a function. It can be easily veried that the intersection angle
measured byg equals to that measured by Euclidean metric de ned on the paameter
domain

ds? = dx? + dy?:

Namely, the local coordinates preserve angles; thereforeonformal structure is also
called angle-preserving structure.

2.2. Holomorphic 1-forms. Our algorithm heavily depends on the calculation
of holomorphic 1-forms of a given Riemann surface.

Definition 2.5. Holomorphic 1-forms. Given a Riemann surfaceX with a
conformal atlas (U , z ), a holomorphic 1-form ! is de ned by a family (U , z ,
I ),suchthat (1)! =f (z )dz , wheref is holomorphic onU , and (2)if z =

(z ) is the coordinate transformation onU U (6 ), f (z )g% =f (z), the
local representation of the di erential form ! satis es the chain rule.

For a Riemann surfaceX with genus-g(g > 0), all holomorphic 1- forms on X
form a complex g-dimensional vector space (8 real dimensions), denoted as *(X).
The quality of a global conformal parameterization for a high genus surface is mainly
determined by the choice of the holomorphic 1-form. The zergoints of a holomorphic
1-form ! are the points where, on any local representationy , z ,! ), ! equals
zero. For a genusg(g > 0) surface, there are in general @ 2 zero points for each
holomorphic 1-form. Figure 1 illustrates the holomorphic 1-forms on a genus-two
surface.

2.3. Meromorphic Functions. Definition 2.6.  Holomorphic Map. Suppose
X,Y are Riemann surfaces with conformal atlase$ (U ; )gandf(V ; )g, a holo-
morphic map betweenX and Y is a continuous mapf : X ! Y such that for each
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holomorphic coordinates on U containing x on X and de ned in a neighbor-
hood off (x) on Y , the composition

is holomorphic.

Intuitively, a holomorphic map is a conformal (angle presewring) map between
two surfaces. In general, such map doesn't exist between twhigh genus surfaces.
But conformal maps between a high genus to the unit sphere (wh branch points)
always exist.

Definition 2.7. Meromorphic Function. A meromorphic function f on a Rie-
mann surface X is a holomorphic map to the Riemann spheré&s = C  flg .

The meromorphic function on a Riemann surface usually has mitiple branch
points. A branch point may be informally thought of as a point at which a "multiple-
valued function" changes values when one winds once around. iThe neighborhood
of branch points wrap around the range a nite or in nite numb er of times.

Definition 2.8.  Branch Point. A branch point of an analytic function is a point
in the complex plane whose complex argument can be mappednfr@a single point in
the domain to multiple points in the range.

For example, if n > 1, then z" has a degreen branch point at 0.

The relationship between the Euler characteristics of the surce surface and the
target surface is described by the following theorem, when e is a covering of the
other (here, using Riemann sphere) with branch points.

Theorem 2.9. Riemann-Hurwitz. Let f : X ! S be a meromorphic function of
degreed on a closed connected Riemann surfacé , and suppose it has branch points
X1;::; Xn where the local form off (x) f (xk) is a holomorphic function with a zero
of multiplicity my. Then

X
(X)=2d (me 1)
k=1
where (X) is the Euler number of X and there is (S) = 2.

In the settings of this paper, the function is two-valued, there are two overlapped
layers on the complex plane, which is lifted to be awo-layered sphereby inverse stereo
graphic projection, seen in Figure 2. Thus, from the RiemanrHurwitz formula, the
number of branch points can be computed indirectly. Given a tosed g-holed tori,
there are 3 + 2 branch points (See Figure 3, 4).

3. Algorithm.  This section explains the algorithm for computing the confamal
spherical parameterizations for high genus surfaces basaxh meromorphic functions.
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Fig. 2. Two-layered Sphere for genus-one and genus-two cases of our method. From left to
right, they are (1) one-hole torus mesh with 10,000 vertices and 20,000 faces, (2) two-layered sphere
with four branch points, (3) two-holes torus mesh with 12,28 6 vertices and 24,576 faces, and (4)
two-layered sphere with six branch points. Two layers are co nnected by branch points where the lines

twist together.
(oo oo

Fig. 3. Branch points illustration for genus- g(g > 0) surfaces. There are 2g+2 branch points,
two for each tunnel. The outer space is regarded as a tunnel he re.

3.1. Holmorphic 1-forms. At the rst stage, we calculate the basis for the
holomorphic 1-form group (M). The method is based on the Hodge theory. All
the surfaces are represented as triangular meshes (simplt complex). The followings
are the major steps, for details we refer readers to [Gu and Ma2003]. We assume
the input surface is a genusg closed surface.

1. Compute the basis of the rst homology groupH1(M; Z), f 1; 2; ; 240

2. Compute the dual cohomology group basi#i 1(M; Z), ! 1;!2; ;! 240, such
that !i( j)= j'

3. Diuse cohomology basis to harmonic 1-forms, such that !; = 0, where
is the Laplace-Beltrami operator.

4. Compute the conjugate harmonic 1-forms,!;, where is the Hodge star
operator. f! i+ p_1! Lo+ p_1! 2i i log ¥ p_1! 249 form a basis for

the holomorphic 1-form group.

3.2. Genus One Surfaces. For a genus one closed surfadd , we rst compute
the holomorphic 1-form basis, we denote a holomorphic 1-fon as!. ! induces a
Riemannian metric

ds? =1 1;

which is at everywhere, namely, the Gaussian curvature induced by ! is zero.
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Fig. 4 . Branch points of torus. The branch points are shown by the tex ture, where the region
is formed by eight edges. The corresponding location is show n in its right by practical method.

Definition 3.1.  Universal Covering Space. Supposk! is a surface, :M ! M

is a covering space if for every pointp in M there is a neighborhoodU of p so that

L(U) is a disjoint union of open setsV;, i 2 I, and the restriction jy, : Vi ! U

is a homeomorphism for eachi. If M is simply connected, then : M ! M is a
universal covering space.

Definition 3.2.  Deck Transformation. SupposeM is a surface, the pair(M; )

is the universal covering space oM, :M ! M is called a deck transformation, if

All the deck transformations of a surface form a group. For tke one-hole torus
case, we can embed the universal covering space onto the colep plane using the
at metric. Then the deck transformations of ( M; ds?) are translations. We compute
the generators of the deck transformation groupDeck(M ), which are translations,
and denote them asfwy;wog. Any deck transformation can be represented asv =
mwi + NWo; m;n 2 Z.

The meromorphic function can be easily constructed using te Weierstrass P-
function on the planar domain. De ne

X 1 1

1
H2)= 2t (m W2
w60

)

where the sum is over all non-zerow 2 Deck(M). Because the sum is essentially
over all deck transformations, therefore the Weierstrass dnction is invariant under
the action of Deck(M ),

}(z+ w) = }(2);8w 2 Deck(M);

so that this is a meromorphic function de ned on the surfaceM . The branch points
of } (z) are 0; %+; %; *25"2, (see Figure 5 and 6). The computation example can be
seen in Figure 7.

3.3. Genus- g(g > 1) Surfaces. SupposeM is a genusg closed surfacef! 1;! »;
;1 290 form a basis of the holomorphic 1-form group. A meromorphic finction can
be constructed using the ratio between two holomorphic 1-fams.
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Fig. 5. Generator (w1;w3z) of deck transformations. The branch points here are labeled by four

solid circle points, denoting 0; “; %2, and “17¥2 respectively.

Fig. 6 . Universal covering space and Weierstrass P-function. From left to right, they are (1)
kitten mesh, (2) part of universal covering space, includin g 24 parameter periods, (3) one parameter
period, and (4) parameter domain under Weierstrass p-funct ion.

Suppose ; and , are two holomorphic 1-forms,

X
k = akj!j;k:].;ZZ
j
Supposef (U ; )gis the conformal atlas of the surfaceM , on a local chart (U ; ),
1) 1=f1(z )dz ; 2= fy(z )dz ;
the ratio is
fi(z)
F(z )= :
)" e

On an overlapping chart (U ; ), it can be easily veried that F(z ) = F(z (z)),
therefore F is a globally well de ned meromorphic function on M .

We construct the meromorphic function asF = : 1*: 2. The computation example
can be seen in Figure 8.
3.4. Branch Point Location. According to Riemann-Hurwitz theorem, mero-

morphic function on a Riemann surface has branch points, whih are important geo-
metric features of the conformal structure of the surface. h practice, it is crucial to
accurately locate these branch points.

In order to locate the branch points, we apply the following dgorithm to compute
the winding number of a closed planar curve. For each poinpp 2 M on the surface,
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Fig. 7. Genus-one case by Weierstrass p-function. For one-hole tor us case, the computation
steps are (from left to right) (1) one parameter period with z oomed-in part (right), (2) parameter
domain under Weierstrass p-function with zoomed-in part (r  ight), (3) sphere by inverse stereographic
projection, (4) parameter domain after Msbius transforma tion, and (5) sphere of (4) by inverse
stereographic projection.

Fig. 8. Genus-n(n > 1) case by holomorphic 1-forms. For two-holes torus case, the ¢ omputa-
tion steps are (from left to right) (1) two holomorphic 1-for ms ! and ! 2, (2) parameter domain
under quotient function by ! 1 and ! 2, (3) sphere by inverse stereographic projection, (4) param eter
domain after Mabius transformation, and (5) sphere of (4) b vy inverse stereographic projection.

F(p) 2 C is on the complex plane. We choose a simple closed curvesurrounding p
on M, then F( ) is a curve onC, we de ne the winding number as

z dz

"1 gy z F(P

1(ip)= 5

If 1(;p)6& 1,thenpisa branch point.
In practice, in order to improve the accuracy of computing the winding humber,
we can zoom the neighborhood of a poinp by a Mebius transformation,

az+b
:Cl! C; (2= P

;a;b;c;d2 C;ad  be=1:0:

In order to map the complex plane to the sphere conformally, v use the stereo-
graphic projection, suppose a point &;y; z) is on the unit sphere S%. It is mapped to
the planar point (2 + P LA

In practice, for di erent purposes, in order to improve the quality of the spherical
conformal surface parameterizations, we can choose the twhorphic 1-forms 1; » in

Equation 1, and use Mebius transformation to further impro ve the parameterizations.

4. Results and Discussion.  In our implementation, all surfaces are triangular
meshes and represented as half edge data structure. The hot@rphic 1-forms are
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Fig. 9. Spherical conformal parameterization for one-hole torus ¢ ase. The 1st and 2nd rows
are mapped by dierent textures. From left and to right, each column denotes: (1) conformal
parameterization result on layered sphere, (2) initial sph  erical conformal parameterization result on
original surface, (3) spherical conformal parameterizati  on result with Msbius transformation, and
(4) curvilinear parameterization of (1), and (5) curviline ar parameterization of (2).

Fig. 10. Spherical conformal parameterization for two-holes torus  case. The 1st and 2nd
rows are mapped by dierent textures. From left to right, eac h column denotes: (1) conformal
parameterization result on layered sphere, (2) initial sph  erical conformal parameterization result on
original surface, (3) spherical conformal parameterizati  on result with Mebius transformation, and

represented as simplicial co-chains on the mesh. The wholdgorithm is implemented
using c++ on windows platform.

Under the theoretical support of meromorphic function, the implementation of our
method needs only a simple extension of existing conformallpnar mesh parametriza-
tion methods[Gu and Yau 2002, Gu and Yau 2003]. The results a bijective maps
(except at the branch points) and conformal as illustrated in gures 9, 10, 11, and 12,
with colored check-board texture.
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Fig. 11 . Spherical conformal parameterization for kitten case with 10,219 vertices and 20,438
faces. The 1st and 2nd rows illustrate both sides of the model . From left to right, each column
denotes: (1) and (2) are initial spherical conformal parame  terization results on original surface; (3)
and (4) are spherical conformal parameterization results w  ith Msbius transformation; (5) shows the
branch points.

Fig. 12 . Spherical conformal parameterization for vasel and vase2 ¢ ases, with the same number
vertices and faces. From left to right, each column is (1) tri  angular meshes with 5,910 vertices and
11,824 faces; (2) initial spherical conformal parameteriz  ation results on original surface; (3) the
results with Mdbius transformation.

We conducted experiments on a variety of meshes. Since our rted is based
on a composition of several maps, planar parameterizationstereographic projection
and conformal relaxation, the validity and conformality of each them guarantees the
validity and conformality of the whole map. Using the valid embedding and the
periodicity of the planar parameterization, the validity i s guaranteed except the over-
lapping around the branch points.
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Fig. 13 . Gaussian mapping under harmonic optimization with iterati ~ ve times 0, 500, and 1200.

For high genus surfaces, the branch points can be detected ¢hnically or com-
puted from theoretical de nition. Their number b is determined by the number h
of tunnels. Here, we regard the outer boundary as an outer tunel. So, for closed
two-manifolds, there are formulah = g+ 1, and b=2h. You can easily get this view
from that there are two branch points for each tunnel boundary. Figure 4 illustrates
the experimental results for genus-one, genus-two surfase For genus-one case, their
exact locations depend on the start point of computation, beause of the periodicity of
parameterization domain. Di erent choices of! ; and ! , get di erent branch points.

From the planar illustration (Figure 3), you can get the insight that the whole
surface is split into two parts by the sequence connection okach branch points,
labeled in dashed lines. Each part is corresponding to a layen the spherical domain,
which can be seen in Figure 9, where the parameten v) is the spherical curvilinear
coordinate (; ) [Zayer et al. 2006].

As the most direct application of parameterization, texture mapping results are
shown in Figure 9, 10, and 11. The conformal parametersy; v) by stereographic pro-
jection may cover a lot of periods of the texture image, so thee are many duplicated
texture periods.

Compared with Gaussian spherical mapping, our method embesithe high genus
surfaces onto sphere with one twisting layer (or multiple layers connecting with branch
points) and shows one more natural way for their spherical rpresentations. The
simple Gaussian mapping generates the overlapping on haref and can not be em-
bedded properly even under powerfully iterative harmonic elaxation. The handles
nally shrink to dense bands, see Figure 13, i.e., the handlénformation is lost, where
under-sampling occurs.

5. Conclusions and Future Work. Conventional conformal spherical param-
eterizations are limited to genus-zero surfaces. In this wd, we generalized confor-
mal spherical parameterizations to surfaces with arbitrary topologies. The proposed
method is based on constructing meromorphic functions on Rimann surfaces. High
genus surfaces are conformally mapped to the unit sphere wit branching points,
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which are the key features for the conformal structure of thesurface. The method is
theoretically sound and practically e cient.
In the future, we will explore along the following directions:

Intrinsic triangulations. Triangulate the spherical imag es with branch points,
such that all branch points are vertices, pull back the triangulation to the
original surface. This method gives us an intrinsic triangudation, which is
solely determined by the conformal structure of the surface

Surface matching based on the consistent spherical triandation. If two sur-
faces are with similar conformal structures, they can be trangulated in a con-
sistent way using the above intrinsic triangulations. The related applications
around consistent parameterization [Praun et al. 2001] carbe developed onto
high genus surfaces, such as morphing, mapping, matchingte
Meromorphic function based on Poincae series. Current meomorphic func-
tions on high genus surfaces are the quotient of holomorphig-forms, we will
develop novel method based on Poincae series.
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