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Abstract—Harmonic volumetric mapping establishesa smooth
bijective correspondencebetween two solid shapeswith same
topology. We develop an automatic meshlessmethod for creating
such a mapping between two given objects. With the shell
surface mapping as the boundary condition, we solve a linear
systemconstructedby a boundary method called the fundamental
solution method and nally representthe mapping using a set
of points with differ ent weightsin the vicinity of the shell of the
given model. Our algorithm is a true meshlessmethod (with no
need of specic connectivity) and the behavior of the interior
region is directly determined by the boundary, which improve
the computational ef ciency and robustness. Therefore, our
algorithm can be applied to massie volume data setswith various
geometric primiti ves and topological types. We demonstrate the
utility and efcacy of our algorithm in information transfer,
shape registration, deformation sequenceanalysis, tetrahedral
remeshingand solid texture synthesis.

Index Terms—Computing Methodologies, Computer Graph-
ics, Computational Geometry and Object Modeling, Geometric
algorithms.

I. INTRODUCTION

Recentadwancesin modern3D scanningand acquisition
techniqueshave lead to the explosion in the number of
digital models More andmorevolumetricobjectsareroutinely
obtainedandstoredin shaperepositoriesShapesn databases
usuallyvary signi cantly; andthey couldbeacquiredfrom dif-
ferentviewing positions,in differentresolutionsfurthermore,
shapeareoftentimesdeformablewith time-varyingbehaiors.
All of theselead to the dif culty in effectively analyzing,
comparing,and searchingshapes.One viable approachfor
the shapematchingand analysispurposeis to establishthe
correspondencketweerobjectsof interest. Towardsthis goal,
we need either a registration processbetweenobjectsor a
parameterizatiotechniquefrom objectsonto certaincanonical
domains both of which arevery dif cult dueto the geometric
and topological compleity of the underlying solid objects.
Fundamentallybuilding the correspondencéetweenobjects
is equialent to seekinga mapping from one domain to
anotheywhich remainsto be one of the key issuesin graphics
andsolid modeling elds. Two dimensionakurfacemappings
andthreedimensionalvolumetric mappingsare mostrelevant
and desere extensve researchinvestigation.
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Computingcorrespondencbetweentwo surfaceshasbeen
widely studied in computer graphics, usually for surface
deformationor morphingpurposelts variation,parameterizing
a surface onto planar domainshas beena central research
topic in graphicsand modelingareasin recentyears.It arose
from applicationssuch as texture mapping; and it aids in
mary scienti ¢ computationssuch as providing domainsfor
continuoussurface spline constructionand physically-based
simulation or deformation.In reality, despitethe necessity
of surface mappingtechniquesjnterior volume data carries
alundantinformationincluding material,density texture, etc.
(beyond pure geometricinformation). Therefore,not only the
thin-shell of the object but the whole solid model should
be taken into accountin mary casesof solid modeling,
shapeanalysis,and physically-based¢omputation.For exam-
ple, most of the physically-basedieformationtechniquesare
volume-driven. Volumetric mapping betweenobjectsinstead
of surfacemapping,senesasa betterand more accuratetool
for this task. In spite of this strongneed,dueto its technical
challengesand computationabomplexity, muchlesswork has
been actually carried out in volumetric mapping compared
with the surfacecase In this paperwe aim to pursuea robust,
efcient, and accuratealgorithm to compute the harmonic
volumetric mappingbetweentwo solid objects.We make use
of the boundarymethod,in which the behaior of the interior
region of the volume datais determinedonly by its surface
boundary thus naturally reducesthis volume problemto that
of its boundarysurfacescale.The harmonicityof the mapping
is guaranteedy the fundamentakolution method.

Harmonicityof a mappingcharacterizesmoothnessyhich
is a naturalphenomenorthat depictsthe minimized physical
enegy con guration that arisesfrom the differencebetween
two shapeslin the surface case,harmonic mappingtries to
achieve this by vanishingon the sourcesurfacethe Laplace-
Beltrami operator Intuitively speaking, nding a harmonic
mapping betweentwo surfaceswith x ed boundary corre-
spondencés like computingthe nal deformationof a rubber
membraneThemembranéasthe sourcesurfaceasits relaxed
shapecon guration, and is wrapped onto the target shape
with certain x ed boundary constraints.The nal mapping
that leadsto the physically-naturaldeformationshould min-
imize the harmonicenegy and is what the algorithm aims
to achieve. Similarly, for harmonicvolumetric mapping,we
x the boundarymapping,which is now a surface mapping
betweenshellsof the two given solid objects.Thenwe seek
a smoothinterior region mappingby enforcing3D Laplacian
everywhereto bezero.Thisis equialentto arriving atthe nal
stablecon guration of a solid rubbersubjectto its boundary



shapeconstraint.

Unlike the surface case, the variational procedure that
minimizesa prede nedenepgy needsto adjusta much larger
number of points, which usually resultsin an intolerable
computationcompleity. Accordingto the maximumprinciple
of harmonic functions, interior value of a smooth eld is
determinedby its boundary setting. Thereforewe can use
a boundary method called method of fundamentalsolution
(MFS) to solwe this problem, hencereducingthe volumetric
solid problemto just the boundarysurfacescale.To our best
knowledge, this is the rst work in the computergraphics
areathat MFS is employed to solve the volumetric mapping
problem.

Several applicationsare usedto demonstratehe ef cacy
of our mappingtechnique.Theseapplicationsalso showv the
importanceof the volumetricharmonicmapping.The rst and
natural applicationis to usethis correspondence establish
a registrationbetweentwo solid models.Information on one
model can be transferredto another;thus material, texture
and disparatefunctions de ned on a volume domaincan be
transplantedand reusedeasily With the registration being
establishedwe canalsomeasurdhe distancebetweenshapes
naturally by the enegy requiredto deform one solid object
to the other We are ableto visualizethe deformationenegy
distribution, which aids in shapeand deformationsequence
analysis.Second,a solid parameterizatiorcan be computed
once we have the mapping betweena solid object and a
canonical3D domain.We transplantthe tetrahedralizatiorof
standardregular shapessuch as PolyCubesonto other ob-
jects. Sucha remeshingmechanisnprovidesa highly regular
tetrahedrorstructurefor complex solid objects,which makes
the geometryoperationsand computationsnore ef cient, and
suitablefor graphicshardwareaccelerationThird, our method
canbeusedfor a solid texture synthesiswhich generatesolid
texture from the object's boundarysurfacetexture mapping.

Our speci ¢ contributionsare threefold:

1) We develop a simple and ef cient algorithm that can
robustly and automaticallycomputethe harmonicvolu-
metric mappingfrom one volumetric objectto another
To the best of our knowledge, this is the rst at-
tempt to bring the fundamentalsolution method into
the graphic modeling community The techniqueis an
ef cient meshles®oundarymethodwith greatpotential.
Earlier work provides some theoreticalanalysisfrom
the mathematicsand mechanicalengineeringpoint of
view, but it lacks experimentalvalidation. We conduct
experimentson the problem of computing harmonic
volumetric mappingusing this method;andwe provide
somevaluablesuggestiongor usingthis methodin the
modelingarea.

We demonstrat@ur harmonicvolumetricmappingwith
several applicationswhich not only illustrate our map-
ping results, but also shov the strong potential of
volumetric mappingas a tool for future graphicsand
modelingresearch.

We will briey review the related literature in Section Il.
Thenwe introducethe theoryandalgorithmof our methodin
Sectionlll, followedby SectionlV with someimplementation

2)

3)

detailsand propertydiscussionsFinally, we demonstrateur
experimentalresultswith someapplicationsin SectionV and
concludeour work in SectionVI.

Il. RELATED WORK

Harmonic Maps. Having beenextensvely studiedin the
literature of surface parameterizationharmonicmapsis usu-
ally addressedrom the point of view of minimizing Dirichlet
Enegy. Its discreteversionwas rst proposeddy Pinkall and
Polthier[1] andlaterintroducedto computergraphicseld in
work of Ecketal. [2]. By discretizingtheenegy de nedin [1],
Desbrunet al. [3] constructedree-boundarnharmonicmaps.
More harmonicand conformalmapsare studiedand surneyed
by Floater and Hormann [4]. The harmonic maps between
surfacesarosefrom shapeblending[5] and are widely used
in shapemorphingapplicationslater [6], [7], [8], [9], [10].

Harmonicity in volumetric senseis similarly de ned via
the vanishingLaplacian,representinghe smoothnes®f the
mapping function. Wang et al. [11] studiedthe formula of
harmonicenegy de ned on tetrahedralmeshand computed
the discretevolumetricharmonicmapsby a variationalproce-
dure.Juetal.[12] generalizedhe meanvaluecoordinate$13]
from surfacesto volumes and built a smooth volumetric
interpolation.

Boundary Method and MFS. We constructthe mapping
through a meshlessprocedureby using a boundarymethod
called methodof fundamentalsolution (MFS). Notable work
amongboundarymethodsfor solving elliptic partial differen-
tial equationgPDESs)includesthe classicalboundaryintegral
equationand boundary elementmethod (BIE/BEM), which
hasbeenwidely usedin mary engineeringapplications[14],
andwasintroducedinto computergraphicsfor the simulation
of deformableobjectsin [15]. One of the major advantages
of the BIE/BEM over the traditional nite elementmethod
(FEM) and nite difference method (FDM) is that only
boundary discretizationis usually required rather than the
entire domain discretization neededfor solving the PDEs
numerically Comparedwith the BIE/BEM approachthe MFS
usesonly the fundamentalsolution in the constructionof
the solution of a problem, without using ary integrals over
boundaryelements Furthermorethe MFS is a true meshless
method,since only boundarynodesare necessaryor all the
computation"Meshless”hasthe advantageof simplicity that
neither domain nor meshconnectvity is requiredin storage
and computation;so it becomesvery attractive in scientic
computingand modeling[16], [17]. A comprehensie review
of the MFS andkernelfunctionsfor solvingmary elliptic PDE
problemswas documentedn [18].

I1l. THEORY AND ALGORITHM

We pursuea volumetric map f~ from a given solid object
M to anotherobjectM ,, this is equialentto building up a
smoothone-to-onecorrespondencbetweenM ; andM ;. The
boundaryconstraints a surfacemappingf™from theboundary
surfaceof M1, denotedas @V, to the boundarysurface of

M2, @M.



We focus on objects embeddedin R3. So the mapping
fp) = q (p 2 Mg, andq 2 M3) can be decomposed
into three separatecomponentdor three axes directions,i.e.
= (f % f1;f2). In eachdirection,f ' mapsthepointp toq's
correspondingcomponentg . This problemis then reduced
to the computationsof threeseparatd ' (i = 0; 1; 2), with the
given boundarymappingconstraintf®= (f ©;f @;f @),

A. An Intuitive Explanationof Our Idea

We rst introduceour ideain an intuitive way throughthe
electrostaticgpoint of view. In eachdirection,our tamgetis the
harmonicfunction f '. The harmonicity or smoothnessgan
be simulatedusing an electric eld. Supposewne have lots of
electronicparticles,if we can placethemin R® aswe like,
andsetarbitrary chage amounton eachof them,thenwe can
exibly control the electric eld we get. An important fact
is that the potential of electric elds is guaranteedarmonic.
Therefore,oncethe electric eld madeby this particle system
simulateghe boundarycondition,in otherwords,the potential
on each boundarypoint p 2 @4 satis es the boundary
constraintf 9(p), thenwe canusethe potentialof this particle
systemto simulatethe mappingcomponent ' in the interior
region.

Electric elds provide a correctsimulationfor harmonicity
becausédts potentialsatis esthe vanishingLaplacianoperator
everywhere exceptfor the positionsof thoseparticles,where
the potential is in nite. Therefore,we call these particles
singularity points or source points andin orderto make the
potential valid everywherein the interior region of M1, we
placethemoutsideof M;.

Since we know the harmonicity is guaranteedwe are
only left to enforce the boundary conditions f ¢. We x
positionsof all particles,and the chage amountcarried on
eachparticle providesthe freedomswe have for enforcingthe
boundaryconstraint.This tting processaswe will shav in
the coming Sectionlll-B, leadsto a linear system.We place
mary estimationpoints on the boundary@ ;, and compute
the chage amountdistribution which canresultin the desired
potentialgiven by f 9. By solving a linear system,we obtain
a best t chage amountdistribution, and get the simulation
of fi.

Intuitively, if we have denseenoughparticlesplacedout-
side of M1, the smooth boundarycondition can always be
well approximatedonly with exceptionsin someextremely
discontinuousboundaryregions. For more details, we refer
readerso [19].

This sectiongives an intuitive explanationand pipeline of
our idea. In the coming section,we will rigorously formulate
our algorithm,and show its theoreticfoundation.

B. Formulations

We rigourouslyformulateour volumetricmappingproblem
asfollows:

Given a one-to-onemappingf® betweenboundarysurfaces
@1 and@,: fAp) = g, p 2 @1;q 2 @2, our goalis
to computea mappingf™: M; ! M, suchthat

(
f(p)=0 p2My
f(p) = MAp) p2 @u:
wherethe is de ned continuouslyin 3D as
@,06,0.
@2 @2 @2
and f = 0forf = (f%f1f?) is equvalentto f' =0
foralli= 0;1;2.
Harmonicity and Kernel Function. Since is a linear

self-adjoint differential operator we can computeits Green
Function.We denoteg' (x) = fi(x), anddenote ! asthe
inverseof the operator , so that 1= | wherel isthe
identity operator;thenwe canwrite the solutionasf ' (x) =

1
g(x). _ R .

Notethatf'(x) = g'(x)= ' (x x9dg(x9dx°

where is the Dirac function. If we make a kernel function

K (x;x9 thatsatises K (x;x%) = (x x9.We canrewrite
the solutionto f ' following the above equationin termsof the
Kernelfunction as

Z

K (x;x9g (x9dx®

Sucha kernelfunctionK is known asthe Greens function
associatedwith the 3D Laplacianoperator , and has the
formula: K (x;x9 = %ﬁ; wherejx  x§ denotesthe
distancebetweenthe pointsx andx®.

Sincef ' in the interior region is fully determinedby the
boundaryvalues, we discretely solve it using Fundamental
Solution Method (MFS) [18] with the above kernel. The
linearnatureof Laplacianoperatorindicateshatthe boundary-
basedmethodsuchasMFS is mostsuitablesincethe interior
harmonicityis now representedn an exact manner;we only
needto enforcethe given boundaryconditionfunction f9, i.e.
f 0 for eachf '. The MFS approximationequationto evaluate
f! on aninterior or boundarypoint p is

fi(x) =

f'W;Q;p)=  w, k(p;Qn);p2My:

n=1

1)

In this above equation,Q is a 3Ns-dimensionalvector
concatenatingpositions of all Ns three-dimensionakource
points. W = (wi;wh; ;wy_ )T is the Ns-dimensional
vector representinghe chaige amountdistribution on these
sourcepoints. It is rstly unknowvn andis what we want to
solve.

Note thatsourcepointsQ, 2 R%;n = 1; ;N; shouldlie
outsideof M1, in otherwords, they locate on the boundary
@V, of aregion M1, containingM, (i.e.M; M). Onceno
sourcepoints are inside M 1, an arbitrary particle distribution
w canguaranteén an exact mannerthe vanishingLaplacian
operatoron f ' in theinterior region of M 1, only violating the
boundaryconditions.

Boundary Fitting. To enforce the boundary conditions,
we pursuea specialset of chage amountsw, suchthat the
imagesof pointson @/ satisfy the boundarymap f This
tting processis performedas follows, we samplea set of



estimation points on the boundary @ 1. These points are
called constiaint points or collocation points They should
be mappedto the boundaryof the target model @1 ,. Their
imagesare given with 9. For example, for N number of
collocation points P1;P2;  ;Pn.: in eachaxis direction,
we denotetheir imagevectorasB = fiy;b0,;  ;bn. 9" =

ff9(P1);fI(P2); ;f%Pn.)g".Accordingto Equationd,

this vectord canberepresentethy A Wi, whereA is called
the coefcient matrix, whoseelementA,, = K (Py;Qv) (Py

is a collocation point while Q, is a source point). These
imagesshouldsatisfythe boundarycondition,i.e. equalto B.

Therefore this above tting procesgeducedo alinearsystem
on eachaxis direction:

AW = B:

We solwe three linear systemsin different axis directions

separatelyThe resultantvectors(w®, w!, w?) corresponding

to threedifferentchagedistributions,areusedto composeour
nal harmonicvolumetric mapping.

C. Algorithm

With the discussiorabore, we canformulateour algorithm.
The input are two given solid objects M1, M, and their
boundarysurface mappingf® : @1; ! @V,. The output
is a harmonicvolumetric mappingf™ : M; ! M, s.t. on
boundaryf(p) = p);p 2 @, andin the interior region:
%@ + %f; + % = 0: f~is decomposedo (f °;f 1;f2), we
solve eachf ' separatelyas follows.

In: M1, M5, 0
Out: fi fori= 0;1;2.

(1) Placethe sourcepointsand the collocationpoints. (Sec-

tion IV-A and SectionlV-G).

(2) Computethe coefcient matrix A . Its elementA , takes
the value of the kernel function K on the collocation
point P, andthe sourcepoint Q.

(3) Decomposehe coefcient matrix using Singular Value
Decomposition(SectionlV-B and SectionlV-F).

(4) Solwe this linear systemunderthe given boundarymap-
ping constraintst ¢ using the decompositiorresultfrom
Step(3), and get f ' representedby W in the form of
Equationl.

The resultantvolumetric mappingis harmonic,guaranteed

by the kernel function. It minimizes the harmonic eneny,
which will be discussedin Section IV-C. We assumethe
boundary surface mapping £ is given as an input, and in
SectionIV-D, we briey discusshow to obtain this surface
mappingwith existing techniques.

IV. IMPLEMENTATION AND DISCUSSION
A. Souce Points and Collocation Points Placement

In the rst step of our algorithm, we place sourcepoints
uniformly on an offsetsurface@f/l 1 outsidethe boundarysur
face@V 1, asshown in Figure 1(b). The following procedure
is a robustway to createsucha sampling.

In: M,
Out: A uniform samplingon the offset surface @ ;.

(b)

Fig. 1. Volumetric harmonicmappingfrom the solid Igeamodelto a solid
spheremodel. (a) The sourceand target solid objectsare shavn. (b) Source
points are placed on an offset surface. (c) and (d) The harmonic enegy
distribution of the mappingis colorcoded and illustrated on two different
cross-sectionge) The deformationenegy distribution is illustratedover one
cross-section.

(d) (e)

(1) Computetheimplicit distanceeld in R3 with respecto
the given object boundarysurface @, usingtechnique
introducedin [20]. We get a distanceevaluationfunction
dist(p) that the signeddistancefrom ary pointp 2 R3
to @11 canbe computedef ciently .
Build anoffsetsurface@ , usingBloomenthals polygo-
nizationmethod[21]. The Bloomenthals polygonization
method takes an implicit distance evaluation function
dist2(p) de ned in R® asthe input. Therefore,to build
the offset surface @t 1 with distanced to @1, we set
suchinput function dist2(p) = dist(p) + d.
Uniformly samplen points on mesh@,. We usethe
uniform samplingtechniqueintroducedin [22].

We place collocation points by samplingboundarypoints
p 2 @1 uniformly. The reasonthat we conductthe source
andcollocationpointsplacemenin this way will be discussed
in SectionlV-G.

(2)

3)

B. Solvingthe Linear System

As discussedn Sectionlll-B, we wantto solve the linear
systemAW = B. Elementin the coefcient matrix A is
the value of the kernel function on each collocation point,
which is almost hever zero, making the matrix quite dense.
The matrix may beill-conditioned[23], in which case regular
linear systemsolvers suchas Gaussiareliminationor LU de-
compositionausuallyfail to producea stablesolution.We use
Singular Value Decomposition(SVD) becauset approaches
accurateand stableresultseven when the coefcient matrix
is highly ill-conditioned. Another advantageof using SVD is
that oncewe have decomposedhe matrix, we canreusethe
result for rapidly recomputationof new mappingswheneer
boundaryconditionschange.This ef ciency also arisesfrom
theboundarymethod detaileddiscussioraboutthis aspeciwill
be givenin SectionlV-F. More advantagesf using SVD in
MFS arediscussedn [23].



C. Enemgy of Wolumetric Mapping

Harmonic Energy. HarmonicEneigy measureshe smooth-
nessof the mapping.It is measuredy the integration of the
squareof the gradientover all the interior region domainM ;.
Both the sourceand the target modelsshould be normalized
to unit sizein volumebeforecomputingthe harmonicenengy.
The total harmonicenepgy of this mappingis

z

<r fir > dx:
M1

)

We built a volumetricgrid structureand computethe gradi-
ent of the mappingon eachgrid point, thenusethe following
formulato approximatethe enepy:

X
iir FPuww)ii® vol(Puww); 3)

Pu;viw2M1

wherevol(py.v.w) is theinteriorvolumeongrid pointpy.v:w,
and vol(py-v:w) equalsto the volume of the intersectionof
M, andthe small grid cubeCubs,,.,., centeredat py.y;w-
Here, the edgelengthof Cubg,,,., ., is the distancebetween
two adjacentgrids. We canusethe volumeof Cubs,,,.,., to
approximatesol(py-v.w ). With increasingf thegrid sampling
density the value of Equation(3) is asymptoticto Equation
(2). We usethe simple volume grid datastructurebecauset
is easyto implementand ef cient in tracing function values
on neighboring grid points: the gradient of the harmonic
mapping on each grid point can be representedby three
vectors:r £~ = (r f%r f1;r £2), so jjr f(puvw)ii? =
jir 1952 + jjr £1jj% + jir f2jj2. In the example of Figure 1,
the harmonicenegy distribution of the volumetric mapping

is colorizedin (c) and (d) over two different cross-sections.

The color-coding schemein our paperis shavn in the bar
in (c): red representshe maximumwhile blue representshe
minimum.

Deformation Energy. Oncea correspondencketweenwo
solid objectsis createddeformationaroundeachinterior voxel
point can be estimatedeasily This provides us a formal
mechanismto computethe enegy requiredto deform one
object to another In SectionV we will use this enegy to
measurehe differencebetweentwo shapes.

To computethe deformationenepy, we startfrom the clas-
sical strain and stresstensoranalysis.Greens straintensor
is usedto quantify the local strainundegoinga 3-dimensional
deformation.If an interior point p is mappedto g, thenthe
3 3tensor hasits elements; representedby

R I

[/ — @i @] ]
where0 i 2 areindicesin axis directions, j is the
Kronecler delta:

o 1: i=]

YT 0: i8]

Accordingto differentialgeometry this straintensoris in-
variantunderrigid transformatiorandvanishesunderidentity
mapping.The stresstensorrepresentghe information of the

internalforcesunderthe deformation A simpli ed linearform
of elasticstresswith the assumptiorof isotropy is de ned as

x3

ij = kk i T2 i

k=1
where and aretwo Lamé constantsof material, respec-
tively representingigidity and resistanceo volume dilation
change For example,in mostof our experimentswe pick the
parameteof rubberi.e., = 0:0335 = 0:0224 Finally, the
elasticpotentialdensity on this point p is measuredy

_1)@)@
(p)_é

i=1 i=1

i i

representingheinternalelasticenegy underthe shapechange.
Similar to Equation(3), the total deformationenegy of this
volumetric mappingis computedby
X
(Pusv;w) Vol(Puv;w): (4)
Puiviw2My

Figure 1(e) color-codesthe deformationenegy distribution of
the volumetricmappingfrom the solid Igeamodelto the solid
sphere.

D. BoundaryConditions

The boundarycondition of our harmonicvolumetric map-
pingis a surfacemappingbetween@M ; and@/,. We assume
that it is provided as an input. Existing surface mapping
techniques|[5], [6], [7], [8], [9], [10], [24] can be used
for creating the boundary surface mapping. On one hand,
the efciency of the surface mappingis important. Given
the boundarymap, our following algorithm s fast and fully
automatic;therefore,to make the whole volumetric mapping
pipelineef cient andautomaticwe hopethis surfacemapping
creationis simple and automaticas well. On the other hand,
surface mapping with relatively low distortion is preferred.
As we know, quality of a harmonic mapping dependson
the boundarycondition.How to generatea suitableboundary
surfacemappingand how quality of this mappingaffectsthe
volume mappingare worthy of more comprehensie research
studies Sincethe detaileddiscussiorgoesbeyondthe focusof
this paperwe will only brie y explain how we getarelatively
good initial surface mapping.We considermappingbetween
solid objectswith the sametopology, thatis, the objectshave
pairs of correspondingoundarysurfaces.Considerthe map-
ping betweeneachsurfacepair: (1) If the boundarysurfaces
are closedgenusP surfaces,the conformal surface mapping
sufces. This mappingcan be computed/combinethrougha
commonspheredomain, similar to techniquesin [5]. (2) If
the surfacesare of highergenus,we prefera globally smooth
mapping. In this work, we compute their quasi-conformal
mapping as the initial boundarycondition using techniques
introducedin [25].

To demonstratehe different volumetric mappingsresults
under different boundarysurface mappings,we perform ex-
perimentsandshaw resultsin Fig 2. The harmonicvolumetric
mappingsfrom the solid Teapot model to the solid Cup



(@) (b)
() (d)
() (f)

Fig. 2. Differentboundaryconditionsleadto different volumetric mapping
resultseven for the sametamget object. Volumetric mappingsfrom the solid
Teapotmodelto a solid Cup model(a) undertwo differentboundarymapping
conditions(see(c) and (e)) have different harmonicityas shavn in (d) and
(f) (enepy distributions are depictedon the Teapotmodel respectiely). (c)
and (e) highlight different surface mappingswith magni ed views.

modelhave differentharmonicityunderntwo differentboundary
surfacemappings(ashawn in (a)). We renderthe meshcon-
nectvity for the pointsonthetargetboundarysurfacego better
visualize the differences((c)and (e)). The secondboundary
mapping (e) is smootherthan the rst one (c); it leadsto
a volumetric mapping(f) with smaller harmonicenegy. The
harmonicenepgy distributions for two volumetric mappings

arevisualizedon the Teapotmodelfrom a samecross-section.

The color-coding schemefor (d) and(f) is depictedin (b).

In the near future, we will examine the technical issue
of how the surface mapping and the volumetric mapping
are related in a quantitatve way, and how one mapping
guidesthe computationof the other By adjustingthe surface
boundarymappingcondition accordingly we will pursuethe
free boundaryvolumetric mappingwith minimum harmonic
enepy.

E. Comparisonwith Previous Work

We compareour mappingresultswith the method intro-
ducedin [11]. In their work, the discretizedharmonicenegy

is de ned on the tetrahedralmeshto guide their variational
procedure Once we computeour mapping,we can evaluate
the mappingon ary interior point using Equation (1). We
tetrahedralizeour volume data (in our work we produce
the tetrahedralizatiorusing [26]), then compareour results
with Wang et al!'s work in [11]. As showvn in Figure 3,
the volumetric mappingfrom the solid Igea model (a) to a
solid spherecan be visualizedby transferringthe tetrahedral
meshof the Igeato the solid sphere Our resultanttetrahedral
meshon sphere(b) appearsto be smootherthan the mesh
producedin [11] (c). This smoothnesss visualized from
the distributions of the discretizedharmonicenegy [11] of
volumetric mappings,which are color-codedin (b) and (c)
using a uniform scheme(d).

Anotherimportantadvantageof our algorithmis the mesh-
less property The discretizationaccurag and the computa-
tional cost of [11] dependheaily on the tetrahedralization
quality of the sourceobject: densetetrahedralizatiomeces-
sarily resultsin high computationaktompleity; andirregular
tetrahedralizatioteadsto large numericalerrorin approximat-
ing discretizedharmonicenegy. In contrast,our algorithmis
independenbf the connectvity, andthusis more e xible and
canbeadaptveto arny volumetricdatasetswith spatial-arying
resolution.

F. ComputationalEf ciency

The computationcostof our algorithmis just solving three
linear systems.More importantly since we decomposehe
coefcient matrix A from the MFS using Singular Value
Decomposition(Section 1V-B), only one decompositionis
necessaryFurthermoreijt is very ef cient to recomputethe
volumetric mappingunderdifferentboundaryconditions.

Given a new boundarycon guration B°, the corresponding
WO for the new volumetric mappingcanbe computeddirectly
from A 1 B°. With the decompositiorresults,A 1 = V
W 1 UT, wherethe matrix W 1 is a diagonalmatrix that
can be computeddirectly from W. Therefore,undera new
boundarycondition, the decompositiormatrix resultscan be
reusedpnly a multiplication operationbetweerA * andiPis
required.

This shavs one more advantageof the boundarymethod
over variationalmethodswhich apply iterationson the entire
volume whenever the boundarycondition is given. Under a
new boundarycondition, variational methodscan not avoid
a time-consumingrecomputationln our applicationsshaovn
laterin SectionV, we take full advantageof our computational
ef ciency to computea large numberof sequentialolumetric
mappingsin a temporaldeformationsequenceby decompos-
ing A only once.

G. Souce Collocation Points and Mapping Ef ciency

Oneimportantissuethat we have to addresss how mary
sourcepointswe needto useandwhereto placethem.Using
our electric eld model,imaginethat we want to re ne our
control of the electric eld behaior, the more particles(i.e.,
sourcepoints) we have, naturally the more re ned resultwe
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Fig. 3. Comparisorwith previous work. The initial tetrahedralizatio of solid Igeamodelis shavn in (a). In (b), the tetrahedrameshon the solid sphereis
transferredrom the solid Igeamodelusing our volumetric mappingalgorithm. The resultcomputedusing Wanget al.'s variationaltechniqueis shavn in (c).
The harmonicenegy distributions of two volumetric mappingsare colorcodedon resultanttetrahedrausinga uniform colorcoding schemeasshawvn in (d).

(@) (b)

Fig. 4. SourcePoints Placement.Sourcepoints are sampledeither on a
boundingsphere(a) or on an offset surfaceof the given model (b).

shouldbe ableto getwith increasingcomputationacomple-

ity. Onthe otherhand,numerically their positionsalsomatter
If all sourcepointsareplacedin oneposition,therewould be
no way thatwe canachieze moresatistctoryresultswith more
sourcepoints. The positions of thesesourcepoints actually
determinethe behaior of the coefcient matrix A, which can
be highly ill-conditioned [27]. The condition numberof the
matrix generallyincreasesas the distancefrom \7] 1 to Mq

increases,though the accurag of the MFS approximation
increasesunder this situation [28]. That is to say distant
sourcepointsgive a smoothermpproximationput unavoidably
introducelarger numericalerror. Theoreticallyoptimal results
of sourcepositionsareunknown at presentcurrentliteratures
either suggestplacing source points uniformly on a sphere
within three times the diameterof M [28][29] or on an
offset surface of M1 [30]. The real-world computationsin

mechanicalengineering eld usually choosethe sourceand
collocationpointsin a trial-and-errormanneror with the help

of humanexperienceslnspiredby the above pioneeringwork,

we useexperimentalresultsto nd a suitablesettingrule for

our mapping problem, and guide the sourceand collocation
pointsplacementn orderto bridgethe gapbetweertheoretical
resultsand practicalcommonsenses.

We conduct experimentsin the following three aspects
to nd a suitablecon guration for our volumetric mapping
problem:

(1) the shapeof the surface 1(sourcepointsare sampledon
an offset surfaceor a sphere);

(2) the distancefrom M to 17} 1;

(3) the numberof the sourcepoints and collocationpoints.

The experimentalresults are shovn in charts plotted in
Figure 5. In this gure, Chart (a) plots the boundarycon-
straint error when sourcepoints are placedon a sphere(see
Figure 4(a)), while Chart (b) shavs the casewhen source
pointsare on an offset surface(seeFigure 4(b)). In Chart(a),
the x-axis is the radius of the sphere,denotedas R-Ratiq
representedy the ratio of the sphereradiusover the object
size. y-axis shaws the boundarycor,}strainterror, denotedas
C-Error. C-Erroris computedusing:  , jif Xp)  f (p)jj? for
all collocationpointsp. C-Errormeasureshetotal tting error
of our volumetric mappingto the given boundaryconstraints.
Thereforewe useits valueto measurehe quality of our map-
ping. Chart(b) shows the casethatsourcepointsareplacedon
the offsetsurface;the x-axisis the distancerom @f/l 1to @M ¢;
its value, denotedas O-Distance is the ratio of the distance
over the sourcemodelsize. Their correspondingC-Errorsare
plottedin y-axis. Chart(c) shavs the harmonicenepgy values
(y-axis) underthe different offset surface settings(x-axis).

Our statistical data demonstrateghat: (1) The closer to
the model boundary source points are placed, the smaller
the boundary constrainterror can be achiered. (2) Placing
sourcepoints on the sphereis not as good as on an offset
surface. Becausewe require the object is totally inside the
interior of the sphere,the radius of the sphereneedsto be
large enoughand the averagedistancewill be much larger
comparedwith the offset surface placement.(3) If source
points are placedon an offset surface that is too closedto
the model, the approximationfor the fundamentakolutionis
becomingunstable which is shavn from the valuesof their
harmonicenepies (Chart (c)). Therefore,in our experiments
and applicationswe usually place sourcepoints on an offset
surfacewith 0:1 O-Distance.

Chart(d) further showvs how the numbersof sourcepoints
andconstraintpointsaffect the boundaryconstrainterrors.We
de ne two ratios cRatio and sRatiq respectiely. The cRatio
is de ned asthe numberof collocationpointsover the number
of boundarypoints. The sRatiois de ned as the numberof
sourcepointsover the numberof boundarypoints. The x-axis
is the sRatio, and the y-axis showvs the boundaryconstraint
error. Differentcurves showv the casesusing differentcRatio.
We canclearly seefrom this chart: the larger theseratios are,
the smaller boundaryconstrainterror will be achieved. On
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Fig. 5. Volumetricmappingsunderdifferentsource/collocatiofpoint con gurations.(a) shavs the boundaryconstrainterror(C-Error) underdifferentR-Ratio
whensourcepointsare placedon spheres(b) and(c) plot the constrainterror(b)andharmonicenegy(c) respectiely underdifferent O-Distancewhensource
points are placedon offset surfaces.In (d), constrainterror under differentnumbersof sourcepoints and collocationpoints are compared.The x-axis is the
sRatio The y-axis shaws the constrainterror Different curves shaw the casesunderdifferent cRatia

the other hand, fewer sourcepoints createan over-constraint
systemwhich will be solved in a much shortertime. In our
experimentswe usually setcRatio larger than 0:8 but sRatio
around 0:6 for an efcient but well- tted resultsfor large
models.

Unlike xing the source/collocationpoints as discussed
above, the positionsof sourcepoints and collocation points
can also be consideredas unknavns in an optimization
procedure,in which casethey have to be computedalong
with the unknavn weightsduring the optimizationprocedure.
This necessarilycomplicatesthe entire solver and makes the
computationprocedurehighly non-linear

Near a boundaryregion whose target shapeis seriously
wrinkled, the harmonicmapping may map interior points to
the outsideof the target objectif the source/collocatiompoints
nearbyarenot denseenough.Suchsituationcanbe effectively
remedieddy increasinghe densityof source/collocatiopoints
aroundthis region adaptvely.

V. EXPERIMENTAL RESULTS AND APPLICATIONS

We rst shav someexperimentalresultsof harmonicvol-
umetric mappingsin Figure 6, Figure 7 and Figure 8. In
Figure6, a solid Pierrotmodel(a) is mappedo a solid sphere
(b). The mappingresultcanbe visualizedusing(c) and(d). In
(c), thedistanceeld of the interior region of the solid sphere
is color-codedusing the schemeshawn in Figure 1(c). Here
in Figure6(d), eachvolumepoint p in solid Pierrotmodel(a)
is mappedo aninterior point g in solid spheremodel(b). We
transferthe color of g to the position of p. This color-coded
distance eld on source model transferredfrom the target
model provides an intuitive way to visualize the volumetric
mappingresult.We call this visualizationmethodColor-coded
DistanceField Transfer Another mappingexamplefrom the
solid Buddhamodel (e) to the solid sphere(b) is computed
and visualizedin the sameway as shavn in (f). One more
example,mappingfrom the solid Max-Planckmodel(g) to the
solid spheres visualizedsimilarly in (h). We alsouseanother
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Fig. 6. Volumetric mappingsto the canonicalsphere.The Pierrotmodel (a) is mappedto the solid sphere(b); (c) shavs the colorcodeddistanceeld in

the sphere (d) visualizesthe volumetric mapping:eachpoint p in the original model of (a) is mappedto a point q inside the solid sphere;the tamget position
g's color (asshavn in (c)) is transferredand depictedon the corresponding position(asshavn in (d)). Similar examplesof mappingfrom genus® Buddha
model (e) and the Max-Planckmodel(g) to the sphere(b) arevisualizedin (f) and (h) by this samecolor-codeddistance eld transfermethod.Tetrahedral
mesheon the Max-Planckmodel (i) are mappedinto the solid sphere(j). Their correspondingross-sectiongre visualized.
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(€) () (9) (h)

Fig. 7. Harmonicvolumetric mappingfrom a solid PolyCubemodel(a) to

the solid Buddhamodel (e). (f), (g) and (h) shav the colorcodeddistance
eld of theBuddhainterior, from threecross-sectiongespectiely. This color

codeddistance eld is transferredfrom the Buddhato the PolyCubemodel
asshavn in (b), (c) and (d) correspondingly

(@) (b) (© (d)

Fig. 8. Harmonic volumetric mappingfrom the solid Sculpturemodel(a)
to the PolyCube model(b). (c) colorcodesthe distance eld of the solid
PolyCubeinterior In (d), the colorcoding of the transferreddistance eld
is visualizedon the solid Sculpturemodel.

method, tetrahedralmesh, to visualize volumetric maps. In
(i), atetrahedralizatiorof the solid Max-Planckmodel (g) is
illustratedin onecross-sectiorlUnderthe volumetricmapping,
eachvertex of thetetrahedraimeshis mappedo anew position
inside the solid sphere.For tetrahedrashavn in the cross-
sectionin (g), their verticesare mappedto new positionsas
shown in (j).

In Figure 7, we visualize the volumetric mappingfrom a
solid PolyCubemodel (a) to a solid Buddhamodel (e). We
color-codethe distance eld of the interior region of Buddha
and shaw it from threecross-sectionin (b), (c) and (d); (f),
(9) and(h) correspondinglyshaw the transfered color-coded
distance eld . Figure 8 shavs anotherhigh genusvolumetric
mappingexamplefrom a Sculpturemodel(a) to the PolyCube
model (b). (c) color-codesthe distance eld of the PolyCube
while (d) shows the transfered color-codeddistance eld.
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Fig. 10. Volumetricharmonicmappingfor informationreuse The materialon the solid Moai modelis preseredwhenit deformsduringthe animation((a)-(e)).
(f-() shaw this consisteng (via one correspondingross-sectionpn the original tetrahedrameshand the mapping-generatetheshesduring the morphing.

A. Information Transfer

Oncethe correspondencbetweentwo volume modelshas
beenestablishedye caneasilytransferinformationfrom one
objectto the other The previous Color-codedDistanceField
Transfer methodalready demonstrateshis. The information
beingtransferredcanbe all kinds of volumetricfunctions,no
just limited to color, it canbe material,solid texture, density
and even more complicatedsuch as gradientor strain/stress
tensors.Therefore,it has potential applicationsin a larger
scope. Figure 10 shavs another example. When the Moai
modeldeforms the materialinformationon the original model
is transferredand presered by the deformedmodel during
the deformation.In the secondrow, we also shav the corre-
spondingtetrahedraimeshfrom a samecorrespondingross-
sectionto visualize this transfer Transferis anothersaying
of the automaticregistration;we believe harmonicvolumetric
mappingwill sene for automaticinterior region registration
on real temporalor deformingdatain the future.

B. ShapeMatching and Analysis

A direct application of mappingis registration. Basedon
a good registration, we can easily measurethe difference
betweentwo objectsin a quantitatve way and perform both
gualitatve and quantitatve analysis. We use an example
to demonstratehe usageof volumetric mappingson shape
matchingandanalysisin this experimentwe analyzea horse-
gallop deformationsequenceWe use the vertex correspon-
denceprovided in the deformationsequences the boundary
surfacemapping.Thenwe computethe volumetric harmonic
mappingsfrom the referencedstanding horse model to all
the sequentiallydeformedposes.With the mapping,we can
compute their deformation enegies. This enegy naturally

measureghe distancefrom the deformedshapeto the refer

encemodel.Sincewe have mappingsbetweerobjects,we can
get not only a numericaldistancevalue, but also the precise
error distribution betweertwo shapesThis distribution clearly
visualizeunderthis deformationwherestretchingandbending
concentrateover the shape.Note that, as we discussedin

SectionIV-F, this procedurewith the computationof large
amountsof volumetric mapping,is performedefciently by
reusingone decompositiorresult.

The deformationenegiesof the horsegallop sequenceare
shawvn in the Figure 11. We can easily seefrom the enegy
chart that there are four running cycles in the data-setof
the deformationsequenceAnd with the deformationenengy;,
we naturally measurehow different eachmodelis from the
referencemodel. The distributions of the deformationenegy
required from the referencemodel to the deformed model
are color-coded and illustrated. Given a sampledmodel in
the deformation sequencewhich regions have high defor
mation enegy concentrationcan be clearly visualized from
the color-codeddistribution of the deformationenegy, aswe
depictedon the original model with cross-sectionswithout
this correspondencehis kind of visualizationand analysisis
impossible.

C. Tetrahedial Remeshing

Regular tetrahedralmesh structureis highly desirablefor
nite elementanalysisand physically-basedieformationsor
simulations. This is becauseregular tetrahedralizationpro-
vides great precisionand ef ciency for geometryprocessing
and physically basedcomputation[31]. With our volumetric
mapping,we can easily transferthe tetrahedralizatiorof an
objectto anotherobject. We call this tetrahedial remeshing



Fig. 11.

11

Enegy analysisof deformationsequencesThe horsemodelis sequentiallydeformed.The deformationenegies are calculated(rectircles). The

distribution of the deformationenegy requiredfor eachsequentiamodel canbe illustratedon the referencemodel.

As shown in Figure 9, we usethe regular tetrahedraimeshof
asolid PolyCubemodel(Figurer (a)) to remeshthe solid Bud-
dhamodel(Figure? (e)). (a), (b) and(c) shav the tetrahedral
meshon the PolyCubefrom threecross-sectiongd), (e) and
(f) shawv theremeshedolid Buddhamodel. Tetrahedralization
for regular shapeslike PolyCubescan be easily createdas
shawvn in this example.Sousingour mappingwe cangenerate
regular tetrahedrabtructurefor complicatedobjects.

D. \VolumeTexture Synthesis

We canalsosynthesizerolumetrictexture usingour method.
As shawn in Figure 12, given a 2D texture image, we get
the surface texture mapping,then the texture applied on the
surface can be smoothlypropagatedo the interior regions of
solid objects.To synthesizethe interior texture, we only need
to make a changeon the boundarycondition;insteadof using
the targetboundarypoints positions,we usethe texture (u; v)
coordinatesFigure 12(a) showvs an solid Igeamodel; and we
mapa 2D imagetexture ontoits surfaceasshowvn in (c). This
texture is smoothlyextrapolatedinto the interior region using
our method.(e) illustratesthe synthesizedsolid texture. (b),
(d) and (f) shav anotherexample on the Pensatoremodel.
From the given 2D image,we can synthesizethe volumetric
texture to decoratethe solid interior.

VI. CONCLUSION

Based on the fundamentalsolution method (MFS), we
designa simple, robust, and fully automaticmeshlessalgo-
rithm to computeharmonicvolumetric maps.To the bestof
our knowledge, it is the rst attemptto bring this method

into graphicscommunity We conductexperimentsto evaluate
the performanceof the fundamentalsolution methodon the

harmonicvolumetric mappingproblemin this paper;accord-
ingly, we suggesthe practicalrulesand develop the effective

algorithm on the MFS settings. Then we demonstrateour

mappingresultsin several applications,such as information
transfer deformingshapecomparisorandanalysistetrahedral
remeshingand solid texture synthesis,all of which in turn

shav the strongpotentialof harmonicvolumetric mapping.

Building correspondencbetweensolid modelsand canon-
ical/regular objectsprovidesa naturalmechanisnto facilitate
scienti c computationsand graphical simulations.If we ex-
ploit the regular structureof mappedvolumetricdomains(such
as PolyCubes)and utilize graphics hardware acceleration,
physically-basedsimulations(such as simulating volumetric
solid deformationsor uids in deformablebodies) can be
efciently performed.

As discussedn SectionlV-D, our current harmonicvol-
umetric map dependson the boundarysurface mapping.In
Figure 2, we showv that the volumetric mapping and its
boundarysurface mappingare closely relatedto eachothet
The harmonicenegy of the volumetricmapkeepsdecreasing
with boundarysurfacemappinggettingsmootherin the near
future, we will usethe harmonicvolumetricmappingto guide
the variationalprocessof surfacemappingtowardsthe global
enegy optimization (both for boundariesand solid interiors).
Anotherpossibleextensionis notto x thepositionsof source
points and collocationpoints. We cantreatthem as unknovn
variablesin the MFS procedure.Although this resultsin a
nonlinear optimization process,it may also lead to a free-
boundaryvolumetric mapping procedurefor better mapping



() (b) (c)

(d) (e) ()

Fig. 9. Harmonic Volumetric Mapping for TetrahedralRemeshing(a),(b)
and (c) shawv the tetrahedralmeshof the PolyCubemodel in Figure 7(a)
from three cross-sectionslt is utilized to remeshthe solid Buddhamodel
(Figure7(e)); andthe resultsarevisualizedwith correspondingross-sections
in (d),(e) and(f).

results.
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