
H i  M  & it  I t itiHarmonic Map & its Intuition
Minimizing deformation

-- minimize the magnitude of the change

Intuitive explanationIntuitive explanation
1D
2D
3D3D



H i  M   M hHarmonic Map on Mesh
Following the smooth case definition discrete setting:
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An interior point V can be represented by barycentric coordinates:
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H i  M   M h ( t )Harmonic Map on Mesh (cont.)
The local energy: ><=>∇∇< ∑∑ΔΔ jjii SfSf
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H i  M   M h ( t )Harmonic Map on Mesh (cont.)
Total discrete harmonic energy:
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Cotangent Weights of Discrete Harmonic Map



Mean Value Coordinates

A problem of the cotangent weight
Need remeshing?  or

Weights with “barycentric” property:
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Mean Value Weights
Using Mean Value Property of 

the Harmonic Function

Mean Value Harmonic



The definiti n reviewThe definition review
Simply connected domain 

A continuous injection (no 2 distinct points same point) A continuous injection (no 2 distinct points same point) 
The image S of     under f a surface

f i   t i ti  f S  th  t  d i  f is a parameterization of S over the parameter domain 
f is a bijection between     and S 



Surface Examples (1)Surface Examples (1)
Simple linear function:



Surface Examples (2)Surface Examples (2)
Cylinder:



Surface Examples (3)Surface Examples (3)
Hemisphere (orthographic definition) :



Surface Examples (4)Surface Examples (4)
Hemisphere (stereographic definition) :



Reparameterizati nReparameterization
Example (3) and (4):

There can be more than one parameterizations of S over

Any bijection
induces a reparameterization:induces a reparameterization:

Exercise: write the reparameterization between (3) and (4)

(3)

(4)
=?

Surface Mapping Optimization Procedure = Reparameterization Procedure



Intrinsic Surface Pr pertiesIntrinsic Surface Properties
Intrinsic and extrinsic

intrinsic: about the shape itself, not about its representation and 
location

Intrinsic property examples: curvature (Gaussian, mean), normal

Tangent Plane:   spanned by                and

Surface Normal:

Example (orthographic hemisphere):
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Following our intuition: normal is independent of the parameterization
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stereographics)

Following our intuition: normal is independent of the parameterization
(intrinsic property)



1 t F d t l F  d S f  A1st Fundamental Form and Surface Area
Area of a surface is intrinsic too
The first fundamental form

Area element: dudvFEGdudvffffffdudvffdA vuvvuuvu
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Example: Area of a unit hemisphere 
(orthographic parameterization)
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Exercise: 
Area under stereographic parameterization

Intrinsic property: Area is independent 
of the parameterization



2 d F d t l F  d C t2nd Fundamental Form and Curvature
2nd partial derivative: 

Their dot products with the surface normal 2nd fundamental form:

Gaussian curvature K and mean curvature H, defined as the 
determinant and half the trace of the matrix          , respectively:, p y



M t i  Di t tiMetric Distortion
Look at surface point f(u,v), move a little away from (u,v):

approximated by 1st order Taylor expansion:
Displacement: new point:

Planar local region: the vicinity of

R i    l  T

Circles around u

lli  d Region on tangent plane Tp at ellipses around p



M t i  Di t ti  ( t )Metric Distortion (cont.)

Decompose the Jacobian (3*2) matrix by SVD:

unitary, orthonormal



M t i  Di t ti  ( t )Metric Distortion (cont.)

(1) 2D Rotation V         planar rotation around u;
(2) Stretching matrix  stretches by factor    and     in the u and v 

directions;directions;
(3) 3D rotation U map the planar region onto the tangent plane

Tiny sphere with radius-r ellipse with semi-axes of length

21 σσ =
121 =σσ

Local scaling, circles to circles  :  Confomal
Area preserved  :  Equiareal



M t i  Di t ti  ( t )Metric Distortion (cont.)
Singular values of any matrix A are the square roots of 

the eigenvalues of the matrix ATA

Look at

The symmetric 2*2 matrix’s eigenvalues:

L



M t i  Di t ti  E lMetric Distortion Example

(1) Cylinder( ) y

Isometry



M t i  Di t ti  E lMetric Distortion Example

(2) Hemisphere (stereographic)( ) p ( g p )

where

ConformalConformal



M t i  Di t ti  E lMetric Distortion Example

(3) Hemisphere (orthographic)( ) p ( g p )

where

Not conformal, not equiarealq



Mi i i i  M t i  Di t tiMinimizing Metric Distortion

Overall distortion of a parameterization f can be generally defined by:p g y y

Minimizing         over the space of all admissible parameterizations best 
parameterization

Discretely, we look at linear function f: 
from parameter triangles           to surface triangles

Or we can look at inverse function g=f-1 :



Mi i i i  M t i  Di t ti  ( t )Minimizing Metric Distortion (cont.)



Mi i i i  M t i  Di t ti  ( t )Minimizing Metric Distortion (cont.)
Discrete Harmonic Map 

ll E  E  [Pinkall EM’93] [Eck SIG’95]:

Least Square Conformal Map 
[Desbrun SIG’02] [Levy SIG’02]:



Mi i i i  M t i  Di t ti  ( t )Minimizing Metric Distortion (cont.)
Conformal Mapping:  try to make

Another one:  MIPS energyn n M n gy
[Hormann 02]

Advantage: (1) symmetry:
(2) bijectivity (2) bijectivity 

Disadvantage: non-linear



Many more about mapping…y pp g
Free-boundary mapping
Deforming the metricg
Global parameterization
Inter-shape mapping



N t lNext class
Next class: an application of this class, 
With the parameterization, we can do

Remeshing – to generate high quality mesh


