
If knots are placed in general positions, i.e., locally no
more than three knots lie on the same great circle, then the
reconstructed spline surface is globally Ck�1 continuous. On
the other hand, if the knots are cocircular, then the
reconstructed surface can have lower degrees of continuity
in the corresponding region. Certainly, modeling sharp
features is possible if we intentionally place multiple knots
or cocircular knots along feature lines on the parametric
domain. Using a similar strategy to [22], we can detect
sharp features and apply additional constraints to enforce
relevant knots to be cocircular. In our framework, we can
also integrate a feature extraction preprocessing step and
apply knot positional constraints in the adaptive knot
placement stage to enforce some knots to be cocircular.

On the other hand, in this Fandisk experiment, benefited
from our CVT method which uses curvedness and fitting
errors as density functions, knots tend to be placed
automatically on the parametric region with large density.
The Fandisk model has clear feature lines on the parametric
domain, so even though we do not intentionally place
relevant knots cocircularly, we see that knots are auto-
matically placed close to sharp curves on the parametric
domain. As a result, the reconstructed surface has recov-
ered sharp features elegantly.

Table 2 summarizes the statistics of our surface fitting
procedure on the aforementioned models, where Nv denotes
the vertex number of the discretized models, Degdenotes the
degree of spherical DCB-splines used for surface reconstruc-
tion, and Nc is the number of control points. The maximum
fitting error is denoted as m.e. while the root-mean-square
error is denoted as rms . For each of these models, 100 new
knots are inserted during each refinement step to improve the
surface quality, and the entire process of knot placement and
optimization takes 12-37 seconds throughout the surface
fitting process. Note that, the subsequent process of basis
function updating and control point optimization is the most

time-consuming step, which can usually be finished in less

than 1 minute for all the test models. For example, the smallest

Bunny model (35K vertices) takes seven iterations to reach

root-mean-square error of 0.067 percent, and in each iteration

process, the basis function updating takes from 11.556 to

14.308 seconds and the control point optimization process

takes from 4.354 to 7.296 seconds. The largest Dog model

(180K vertices) takes nine iterations to reach root-mean-

square error of 0.021 percent, in each iteration process, the

basis function updating takes from 22.352 to 26.093 seconds

and the control point optimization process takes from 14.266

to 17.689 seconds. There exist many effective methods for

solving linear least squares problems, and in this paper, we

use the Singular Value Decomposition (SVD) method because

of its stability.
Our proposed framework is also suitable for reconstruct-

ing surfaces with Ck�1 continuity. Compared with lower

degree spline surfaces, higher degree spline surfaces 1) in-

herently have higher order continuity, 2) usually take less

iteration steps for better fitting, but 3) require more

computation time to satisfy the same threshold requirement.
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Fig. 8. Sharp feature modeling of Fandisk model using cubic splines. (a) Knot distribution according to the curvedness in the initial fitting step;
(b) Reconstructed surface in the initial fitting iteration; (c) Control points (the number is 582) of surface in (b); (d) Color-coded fitting error map over
surface in (b), with maximum error 9.56 percent and root mean square error 1.163 percent; (e) Reconstructed surface obtained in the eighth iteration;
(f) Control points (the number is 4,994) of surface in (e); (g) Color-coded fitting error map on surface in (e), with maximum error 0.866 percent and
root mean square error 0.028 percent.

TABLE 2
Statistics of Surface Fitting Experiments

Fig. 7. Examples of degree-4 spherical DCB-splines. From left to right: the fitted spline surfaces followed with mean curvature distribution: Brain,
Gargoyle, and Pierrot. Their maximum fitting error/root mean square error are: Brain (0:493%=0:090%), Gargoyle (0:636%=0:065%), and Pierrot
(0:574%=0:058%).



are free of auxiliary knots, so the “knot lines” evenly
distribute over the entire parametric domain, and the
curvature changes smoothly. As shown in Figs. 9e, 9f, the
degree-5 spherical DCB-spline surface is visually smooth
with many fine geometric details preserved.

Limitation and future work. One limitation of our
current scheme is that, we only focus on closed genus-0
surfaces in this paper. It is much more desirable if our
scheme could handle general surfaces with higher genus.
One necessary step of improving our scheme is to general-
ize spherical mapping for high genus models, and such
spherical mapping for models of complicated topology is
theoretically possible. According to Riemann surface
theory, a conformal map between a surface and the sphere
is equivalent to a meromorphic function defined on the
surface. Intuitively speaking, this map wraps the surface
onto the sphere with several layers while having branch
points. The number of layers and branch points are solely
determined by the surface topology and Riemann-Hurwitz
theorem. Different layers can be considered as different
spherical domains, sharing at most two common points
between each other. Upon such parameterization, Ck�1

continuous surfaces could therefore be reconstructed every-
where except at these 2gþ 2 branch points (here g is the
genus number). We plan to explore its effective computa-
tion in surface fitting procedures.

Although we only focus our research endeavors on
surface fitting in this paper, potential applications of
spherical splines are much broader and not limited to
shape modeling and graphics. In geophysical applications,
high-order splines with data interpolation are often desir-
able. We plan to further refine our algorithm by integrating
an effective interpolation constraint and apply it in geology,
geography, and geophysics tasks.

ACKNOWLEDGMENTS

This work has been supported in part by US National
Science Foundation (NSF) grants: IIS-0949467, IIS-0710819,
and IIS-0830183, IIS-1047715, and IIS-1049448; the National
Natural Science Foundation of China (No. 61100105, No.
61100107, No. 61170323); the Natural Science Foundation of
Fujian Province of China (No. 2011J05007); the National
Defense Basic Scientific Research program of China (No.
B1420110155); and LA Board of Regents RCS LEQSF(2009-
12)-RD-A-06, PFund: NSF(2011)-PFund-236, and LSU Fa-
culty Research Grant 2010.

REFERENCES
[1] J. Hoschek and D. Lasser, Fundamefntals of Computer Aided

Geometric Design. A.K. Peters, 1993.
[2] M. Neamtu, “Splines on Surfaces,” Handbook of Computer Aided

Geometric Design, Chapter 9, pp. 229-253, Elsevier, 2002.
[3] G.E. Fasshauer, “Adaptive Least Squares Fitting with Radial Basis

Functions on the Sphere,” Mathematical Methods for Curves and
Surfaces, pp. 141-150, Vanderbilt Univ. Press, 1995.

[4] T. Lyche and L.L. Schumaker, “A Multiresolution Tensor Spline
Method for Fitting Functions on the Sphere,” SIAM J. Scientific
Computing, vol. 22, no. 2, pp. 724-746, 2000.

[5] R.E. Barnhill, K. Opitz, and H. Pottmann, “Fat Surfaces: A
Trivariate Approach to Triangle-Based Interpolation on Surfaces,”
Computer Aided Geometric Design, vol. 9, no. 5, pp. 365-378, 1992.

[6] W. Freeden, M. Schreiner, and R. Franke, “A Survey on Spherical
Spline Approximation,” Surveys Math. Industry, vol. 7, pp. 29-85,
1997.

[7] H. Wang, Y. He, X. Li, X. Gu, and H. Qin, “Polycube Splines,”
Proc. ACM Symp. Solid and Physical Modeling, pp. 241-251, 2007.

[8] X. Gu, Y. He, and H. Qin, “Manifold Splines,” Proc. ACM Symp.
Solid and Physical Modeling, pp. 27-38, 2005.

[9] S.R. Buss and J.P. Fillmore, “Spherical Averages and Applications
to Spherical Splines and Interpolation,” ACM Trans. Graphics,
vol. 20, no. 2, pp. 95-126, 2001.

[10] G.E. Fasshauer and L.L. Schumaker, “Scattered Data Fitting on the
Sphere,” Proc. Int’l Conf. Math. Methods for Curves and Surfaces II,
pp. 117-166, 1998.

[11] V. Baramidze, M.J. Lai, and C.K. Shum, “Spherical Splines for
Data Interpolation and Fitting,” SIAM J. Scientific Computing,
vol. 28, pp. 241-259, 2005.

[12] P. Alfeld, M. Neamtu, and L.L. Schumaker, “Bernstein-Bézier
Polynomials on Spheres and Sphere-Like Surfaces,” Computer
Aided Geometric Design, vol. 13, pp. 333-349, 1996.

[13] P. Alfeld, M. Neamtu, and L.L. Schumaker, “Fitting Scattered Data
on Sphere-Like Surfaces Using Spherical Splines,” J. Computational
and Applied Math., vol. 73, pp. 5-43, 1996.

[14] M. Neamtu, “Homogeneous Simplex Splines,” J. Computational
and Applied Math., vol. 73, pp. 1-2, 1996.

[15] M.-J. Lai and L.L. Schumaker, Spline Functions on Triangulations.
Cambridge Univ. Press, 2007.

[16] G. Greiner and H.-P. Seidel, “Modeling with Triangular B-
Splines,” IEEE Computer Graphics and Applications, vol. 14,
pp. 211-220, 1993.

[17] M.G.J. Franssen, “Evaluation of DMS-Splines,” master’s thesis,
Eindhoven Univ. of Technology, 1995.

[18] C. de Boor, “On Calculating with B-Splines,” J. Approximation
Theory, vol. 6, pp. 50-62, 1972.

[19] R. Pfeifle and H.-P. Seidel, “Fitting Triangular B-Splines to
Functional Scattered Data,” Proc. Graphics Interface, pp. 26-33, 1995.

[20] H. Qin and D. Terzopoulos, “Triangular NURBS and Their
Dynamic Generalizations,” Computer Aided Geometric Design,
vol. 14, no. 4, pp. 325-347, 1997.

[21] S. Han and G. Medioni, “Triangular NURBS Surface Modeling of
Scattered Data,” Proc. Seventh Conf. Visualization, pp. 295-302, 1996.

[22] Y. He and H. Qin, “Surface Reconstruction with Triangular B-
Splines,” Proc. Geometric Modeling and Processing, pp. 279-290, 2004.

[23] Y. He, X. Gu, and H. Qin, “Automatic Shape Control of Triangular
B-Splines of Arbitrary Topology,” J. Computer Science and
Technology, vol. 21, pp. 232-237, 2006.

[24] R. Pfeifle and H.-P. Seidel, “Spherical Triangular B-Splines with
Application to Data Fitting,” Proc. Eurographics, pp. 89-96, 1995.

[25] Y. He, X. Gu, and H. Qin, “Rational Spherical Splines for Genus
Zero Shape Modeling,” Proc. Int’l Conf. Shape Modeling and
Applications, pp. 82-91, 2005.

[26] R. Gormaz, “B-Spline Knot-Line Elimination and Bézier Con-
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Differential-Geometry Operators for Triangulated 2-Manifolds,”
Visualization and Mathematics III, H.-C. Hege and K. Polthier, eds.,
pp. 35-57, Springer-Verlag, 2003.

[52] Q. Du, M.D. Gunzburger, and L. Ju, “Constrained Centroidal
Voronoi Tessellations for Surfaces,” SIAM J. Scientific Computing,
vol. 24, no. 5, pp. 1488-1506, 2002.

[53] S. Lloyd, “Least Squares Quantization in PCM,” IEEE Trans.
Information Theory, vol. 28, no. 2, pp. 129-137, Jan. 1982.
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