Chapter 6

= -n o —i i = ; e =
0.1 Xiovs ETxinlz"" = Exdnlz". Therelore, lim Xiz)= lim X xln]|z

6.2

6.3

== =1 T T+ =)

= lim 0]+ lim Tafn]:™" =1{0]

] TR0 =]
o i ) ) ;
(a) Zé{nl = Ednlz™" = d[0]=1, which converzes everywhere in the g -plane.
=t

(hy xlm]= rrr'liulfr]. From Table 6.1,

4] ] .
Zixnll=Xz)= Eanl: N = —r, 3>l Let gln|=nxinl. 'Then,
Py | I
ol o - 2,
” : dX(2) 3 -]
Ziglal)=Glz2)= Taalnk™ Now, =~ Ynplnl:™" Hence,
I} B e N =—an
’ -1

dXi:) a & . - dX(z) 03

2SN e oaxlnlz ™" = =0(z), or, Glz) =z = =) |2| > Jee.
”I-.'. = (o (1= g B b
’H
() xln)= e sinto,mpla = 70" =270l Using the results of Example
2j
6.1 and the linearity property of the = -transform we gel
B
= | 1 I !
2" ain(m niufn] ) = — -
=4 |—r'l:Jn:U”."l-J =¥ [—Ff’_JJIIr'.._l
it e e v =1
[Erepiep 3 T —1
i rsinle Oz :

= d - = o : = - 'lﬂ.‘ :: = |r|‘

L—rfe?@ om0y g p=m0 1 3rcos(m, )z 4TS

(a} xylnl=a"uln—2] Note, x)[n] is a right-sided sequence. Hence, the ROC of its

= ) o
. . - ' - = ¥ —H n_—n
g —transform is exterior o a cirele. Theretore, Xj(2)= Yo uln-2z "= Ya'z
f= =z n=2

)
= To'r P =leuz !, alzi< 1. Simplifying we get
=
2_=I
L 1 =1 oo s |
X tz) =—]~J =g = ————whose ROC is given by |°| > |u|,
1—wz | B

(b} x3ln)=—a"w[-n—231. Note, x2{n] isa lefi-sided sequence. Henee, the ROC of
its 7 —transform is inlerior o g cirele, Therctore,
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e H_=
Xolzh=— Ya"ul-n-3z Erx z =

n=—aco H=—u

ﬁHa

=} M & FIT
g == _F [z i)
3 m=3

= i ! 3 | : i
Yizle)" =l=(zfay—(z/a)", s /ef< |. Simplifying we get
ri={l

P
Xtz)=- " whose ROC is given by | <|dl.

(e} wafn)=a"uln+4]. Note xin] 15 a right-sided sequence. Hence, the ROC of its
- s . . : = r = 1] = = =

¢ —transforin is exierior o a circle. Therefore, Xq(zi= Xa'pn 4]z " = Xa"z

= =i

e M =1 . S~ =} | -1 r -2 =
= Yl H(od T el T ()l = Flad ) wlad o) =+ lalz) -,
=t b=t/ z)

(wlz)™
l={wilz)

zl< 1, simplifying we get X4(z)= whose ROC is given by ].:| > |.f.:|.

i) L_1|u[=u.”;.«|—rf|. Wote, xgln] is a left-sided sequence. Hence, the ROC of its z-

[ +]
teansiorm is interior 1o a cirele. Therelore; Xy(zi= Ya'ul-n)z "= o'z

= =t
i |
Yo MeM=—_ |=tel<l. Therelore the fx|
M0 l—tzfa)
6.4 Z{04" uln))= ; |; >04; Z{(=0.6)" uln]) = ; .:| = (L6
|- 0.4z L +0.62 !
z{u':.dr,]”m—n—n}=——li—. ey
1-04:7
Z=0.6)" y[-n=1]) = —;r, i Oy
1+0.6:°
1 1 277!
() Z{xnlnl}= = + = l-i:fl = - 1|E|>{J'.6.
1={)4z 1+0.6z (1—04z "X1+06z2 )
3,1 _
(b) Zixalnl)=— E e RED 04 <zl < 06,
04 1206 (1-04z"")1+06:7Y) '
"
] 1 1+0.32
(v} Zlasln]l= + = pd . \,|<'[}4

1—04:70 1406270 =04z hHa+0627Y
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ol il N YT LM
=i il e wi1h:iaR{_‘J{_'git-enh}f|:j|3=|ﬁ|.

:_Ei]waz_'1{1—ﬁ;_i1

(b) aaln) =" pl=n =21+ #"uln—1] with fi| > |a. Note that x5[#] is a two-sided

SEOUETICC. Nu W,

| = no=n _ :':‘E - =2 " . - pe
Ztuul-n=2)= Ya": "= Ta "z = Yizla) —l-dzia)—(zle)

H=—a0 m=3 m={]
5
‘.;'.':u'f T \ " T i v .
= SEHOT with its ROC given by ,_] < |al. Likewise,
l=fsfe)
| B!

with ity RO

ZIf == " = T - 1= | = |
ne=) =i} Inﬂ:_' l'-'ﬁ';‘._

eiven by || > |/f} Since the two ROCs do not intersect, Z{x;[n]} does nol converge.

() waylel= o g4 1]+ 7 pl=n = 2] with |fi| > |al. Note that v3[n] is a two-sided

soquence, Now,

=3 . o . - o 3
Zla"wl-n=-2]1= Ea":™" = Fa™":" = FTiola)" —l=(zla)=(zfa)*
=) m=2 =1}
(B i oo Ul Il R
= T with its ROC given by 7| < la). Likewise,
=T ) '
i —1
i i s - = l ik £ ,
ZIF un -1y = g = T -1= === b = with its ROC
ris ] =1} = fz - ﬁ: .
given by |2/ > 4]

6.8  The denominator Gactor f:1 +03: =118 =z + 0.6}z —0.3) has poles at £ =L and
al z=0.3, and the factor (2° —2: +4) has poles with a magnitude 2. Hence, the four
ROCs are defined by the regions: Ry 0 <fd <03, Ry 03 < M < 1.4,
R3=06<|z{<2.and Ry: |7 > 2. The inverse :—transform associated with the ROC
R | is a lefi-sided sequence, the inverse :-transforms associated with the ROCs
‘Fqand K5 are two-sided sequences, and the inverss z —transform associated with the

ROC Ry is a right-sided sequence.

6.9 X(zy= Zlaln|} with an ROC given by R .. Using the conjugation property of the —
lransliorm given in Table 6.2, we observe that Z(x*[a]] = X *{z*) whose ROC is

piven by F,. Now, Relxln]] = ];l..‘;ifil +x*|n|}. Hence, Z|Re x[n]]

|

= é{.:ff::.f.l+ X*:;}} whose ROC 15 also K. Likewise, Im{afn]) =—{aln]— 2% [n]).

[ ]

}
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e

= - 3 L 3 m _
(a) Xizd= S anlz™". Hence. X(z')= T onlz™" = Ex[m/3]z7™, Deline
H=—ul A=k F=—uf
m=3
xim/3l, m=0,£3.£6,.... .
a new seqguence glm]= . We can then expross
0. otherwise.

e
X(z*)= FTelnlz™". Thus. the inverse z—transtorm of” .Y[';:‘!'} is given by plnl.
fl ==

: I e R
For x[n]=(=0.5" uln), .EIH]=*‘ Y : ,

i, atherwise,

ih) ]"L?l=l|+:'_|:l.-‘i't:.{]:,".'[:.E}+:__I.-'1.'l:{]. Therefore,

=]

Wial'= £ ¥l = Z7 XN 277 % = gl + gln - 1), where g@[n] =

| (=0.5"" " n=03.6....

270Xy From Pan (a) gla) :J‘ Hence,

i, otherwise.

St 3
0.5 = 14T e
gln—11= i ] L Therefore,
{1, otherwise,

(=053 p=06.
yln)= (=0 5§\ /3 n=14"7...
0, otherwise.
. l z f=z™?
() X lz)= Z{p[n]—un-3])= o 3
P TR [ o R (O

=1+ 4277 47 427 Since has all poles at the origin, the ROC is the entire

c—plane except the point ¢ =0, and hence includes the unit circle. On the unit circle,
A - iy =14 — i 4 —jlw o =3 3 — 4w _ !_f"_"ﬁw
”t_..J|:=€,.., sx e )=l4e B € [ = . _
(b1 xpln]l= u“.u[n.]—ﬂ”;:i!r—ﬁj. Euﬂ <. Fromm Table 6,
I I e
Xplz)= = = e = . The ROC isexterior to the cirele at
l=gz" " l=gz " l=az

|z.| = |ai < 1. Hence, the ROC includes the unit eircle. On the unit eirele,

f8e
- 'E_f_f
jm = :-i-i._'.,{f""luj =

Xplz)

= fou
1=

() xplnf=(n+e" ulnf=na" ynl+ " uln], ol <1. From Table 6.1,
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gz 1 1 +gz”!
=4 ==

1 1

The ROC is exterior to the circle al

Xolz)= = - —
|l —az | =z | =z

|;| - la| < 1. llence. the ROC includes the unit cirele, On the unit circle,

P . | +1'r.:'jw
.-Y.-[E" e =
” |~ pf®

= - =1
-y m=1} oy {l -2 1

z={tand N poles at z =, Hence, the ROC is the entire 7 plane excluding the
points =0 and 7 =9, and includes the unit eirele. On the unit circle.

" el by
- ‘__r-l.:'.,.\" b i sm(rug.-"\' + = )]

N wf 2N ‘] i__—lE.-\-'+lJ
6.5 () Y= Fa =y Pl = . ¥j(z) has N poles at

Y] *:? = = }r'l ff" i F = : + — A §

=4 n"""'“-’” — g sinfa /2]

N fiz =N+
(hy ¥ulz)y=s T = : : Yiz) has N poles at z = 0. Hence, the ROC
1=l | =2
i5 the entire 7 -plane excluding the point =0, On the unit irele,
; Mol
i | 511 i
m -lu!‘_,l'lr\}alr...r R 5

}.-2 I:_'_'l!. g S }.r: [{, fr e 3 B Neud 2 — i

ot =g M sin(er/ 2)

e : ;
(el yslin]= |- N —NZnEN, Now, valnl= vylnl@ yoln] where

0, otherwise,
N N ~(N 1) 2
N : (l—z
yulet]l= 2 S 2" Therefore, }‘31;;_—.}'“:{;;; T |}T'
0, otherwise N —z71y?

M L . .
Yo(z) has o poles at z=0 and 3 poles at z =, Hence, the ROC is the entire 2 -
plane excluding the points =0 and z =90, and includes the unit eircle. On the unit
51N £ -

circle, ¥3(e/™) = Y§(e™) = T
sin~ (e f 2}

; N+1—|n|_ - N=nsHN,
(i valnl=

&, olherwise,

=y [n]+ N yy[n], where y[n] is the

sequence of Part (4) and ya[n] is the sequence of Part (¢). Therefore,

= 2N (1= =M1y |
Yalz) = Y{z)+ N -Yalzh=—F =¥ wh e Since the ROCs of
g (=) =270

both ¥j(z) and ¥3(z) include the unit cirele, the ROC of ¥y (z) also includes the unit
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iz)

fy = C Now,
Rz ;.
NN .
Xz di(l =427 JR(z) ) 5 s} (HRRZ
{z)= : 1} = ¢ £ ] —] = —arRiz)+ (1 =gz ] b—{‘_lj. Henee,
dz dz" dz
_ : . . P
b i =—d;Riz . Therelore, gy =— 44 |
U{'}|.-=z‘..¢ AR :'::a; crelore, gy e D' i
-1
3 EH 3 i
6,20 (v} X, (5= = = i ] S il — 2 s
(2+0.6)z:=03) (406 00=032"") 1+006:  1={L32
K 3 1o 3 K €
where g = _ s m ———, pa= S e A
=03 .06 —09 3 d406[,95 09 3

[0/3 10/3
+

1+06:7" 1-03:7"
There are three ROCs - Ry e < 0.3, Ry 03 < <06, Ryl > 0.0,

Therefore, X (o) =—

The inverse 2 —transiorm associated with the ROC K is a left-sided sequence:

2K ()= 20 =7 ((-0.6)" = (0.3)" Juf-n~1].

The mverse = trunsibm—u associated with the ROC 'K,y is a twa-sided sequence:
z (X C) =x,ln]=- g}-t—U.M" wW-n—1] l:] (0.3)" ulnl.

The mverse 2 —transtorm ésanc:a:ed with the ROU Ky i1s a right-sided sequence:

Z X (2 =)= ﬁ{—{—u.m" (03" W)
T

¥ 3 3
3z 0.1z 087z ; ;
(hy Xptz)= . ; b LSS O . s & b h_l.,.
(1+06z " ¥1-03z2"°)° 1+ 62 1 =03z (=03 )
-1 -2, 3|
z Q1080
K=X,0)=0, py=2 T2 FOS | _pg59,
(1=032"")" |:=—{.I.Ei
o I SO, |
gttt GO o =0.6190,
1+ 006y =03
T 722 .3
st (?'* SRl = —0.3469. Hence,
=03 g 14062~ —
27279 03469 06190
Aple)= = +

106 1-03:70 =031
There are three ROCs - R: 2 <03, R3:03< <06, Ry le>06.

The inverse = transform associated with the ROC Ky is a lefi-sided sequence:
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27X (2] = aplal = 2727901 + 1)(-0.6)" u[—n — 1
+{-0.3469+0.6190(n +1))0.3)" u[-n—1].

The inverse z -transform associated with the ROC K, is a two-sided sequence:

Z™ X0} = xplnl = 2727901 + 1)(-0.6)" uf-n — 1]
+(=0.346940.6190(n+1))0.3)" uln].

The inverse z-transform associated with the ROC K5 is 4 right-sided sequence:

Zx L = gl = 272790-0.6) " uln] b (- 0.3469 + 0619000+ KO uln ],
i h 13 }

o M
5 Plz s et Pyl 3 : Pl . :
.21 f(z)=— J.—‘r” il J L - Ihus, Gleo)=— . Now, a partial-
iz ldyz " #oibkdys Do)
o . S . Y ' . :
fraction expansion of Gtz in 277 is given by G2 = ¥ ———— from which we abtain
Il =dg2
A i
Gleny= Yoy = Il i
R
I . ey . j
il H(z)= N o+ 2 == By using partial-fraction expansion we write

|=2rcoslc ™ +r°;

- ] P |
— | r_,u"} & jif - I » i " i
. [ L f = - -] - == . [ = - = _- :
(e —e— I 1=pe 7 17 ) 28in0) et |

| . wo ey =il

Thus, b= _L'”t'mcj””;;ia!]—r'"u M s *r“'”,u[u|)= 2 = 8 sl n|

jranf s 2j
! ainlin + 1A

= —f;;;a 2t

x : —1 . ral o o
6,23 (a) Xizi= Eu"lu[—n—]]:. P Fale™ = ST e M Pl = Tfzia) =l
fy— = =1 =1 m=0
20 l

BRI S P
I—(zfa) j-gz !

¢y Using the differentistion property, we oblain from Part (a),

1X{z] T ; .
Zinx[n]}= -z A .. B T B wi. Therclore. Z{y(n]) = Z{nx[n] < x[#])
dz (1—wz )
3 oz _ 1 B I v 'Fca|
{1- az " 1-ez! e
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=
6.24 (n) Expanding X (z) ina power serics wo pet X;(z) = Yoo, |¢|> 1. Thus,
n=f]

I, ifn=3kandnz0, : : : :
¥y = Alernately, using partial-fraction expansion we get

0 otherwise.
] ] 1
Xi()= I 7= 3_] F—— 1. v 1’ T Therefore.
1=z -z I+ +j% )z L#( :: b

1 B T - 1 S T
xlIHIF--,“HIHH 1[-7-—:\1 ]_u[n]+ l.(_ = ],ul'_rz|
= ;,HIHJ 1 L:' -".?"”"”,ulirl + #r-":.'—" M in) = I‘ uln]+  cos(2mnf 3eln] Thus,
1, fn=3%and nzil,
xyln|= .
(. ntherwise.

(b} Expanding Xa(z) inapower series we get Xa(2)= Yz
n=f

4". !: =>1. Thus.

., ifn=dkandn20, ; g ;
Xxln|= Alternately, using partial-fraction expansion we get

i, otherwise.
[ J I |
Xo(z)=—1 S 4 = 3 ‘ - : 4 Y I'hus,
; = o R -
T I 7 o A E S C R e P
o3 [ by

1aln) = —: uln)+ |1 (—1)" uln]+ j[— =] TJ,H[H]+ 4(_ L+ \,.1 ]Iulrej
= L dln]+ _: (=" gln]+ %r Jz:"”’y[n] +- ll pi2mnl ?'.u] n|

I. fn=4kandauz0,

i 1 .
=3 ulnl+ (=1 " b+ = cos(2an f3ula]. Thus, xa2ln] = ;
o o : 0, otherwise,

6,25 (1) Xj(z)=log{l-az""). lz|> |al. Expanding X)(z) ina power series we get

v 1
& g @ el S
Xy(zg)=—az ' = ——— =" == % —z", Therefore,
2 3 n=1 n

[
x”n]:—Tﬂ[n-]]_

-1

4= B . . N
b} Xo(z)=logl —— |= Eug(l—m:} ]} ;[<|.-;a. Expanding X;(z) in a power series
o .
IR B % (ag) "
Wi gt Xa(o)=—(uz) L b)) - ——...== %, ——— Therefore,
& 3 = H
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=

xgln) = L wn—=1].
rr

1 ;
tc) ,-"f:,,_t:'i = lu‘l{—l}' :.1 > Expanding X5(z) 10 a power series we get

l=az™
L (N T . P
& 1 g L 4 ot - ) . i
Xtz =az L + =¥ — " Therclore, wyn]=—puln=1],
' 2 3 el R g 1

(d) J"{“_—,}:]ug[ = _i]-—icap,[I—e‘rm'll o <]l Expanding X4(z) ina power

k=1
g = . -
. o P fe) T ()T ® (g™
series we gel Xy(z)=(az)  + it = ¥ . Therefore,
- - n=f H

L
L
tylnl= wa—1}
i

I 2
A o B £ . ] A4
G20 Mz = =k 4 £l 3 2 cwhere k= H{Dy==-"",
(=03:"1+05:7" =037 1+0527" 3
PaTS [ s 25 177
R —— B By Sy =3
I+0.52 o T =03z Sty
The statement [£, pox)lsresiduez ([0 1 V.7 conv (T Q31,011 Q610
vields
3, 0000
B.3333
D =
-0.5000
g d0ad
ko=
11,3333

34 2513
Thus, fizi==—+ - -

-
x T e

T Hence, its inverse z—transform is given by
1+0:5:

N
filn| = - —t; i e |+ _:j (03" gl +3(—0.5)" gln).
o y x5
6.27 G(z)=Z{glnl= T glnlz™" witha ROC givenby R, and Hiz)=Z{h[n]= ZThnl™"

i=—u

n=—m
witha ROC given by R;,.

[ i)
(1) G¥(zy= Ee*[nlz*)"™" and G*(z*)= Ee*[nlz™". Therefore,
N=-—n0 pr=—x
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1.0000000000000D0 1,399995899995999 f
Denominatnr faciors

1. 00000000000000 0.59950891 8236500 'l}

1.D0000000000000 -0:BOIL31Z8Z2790506 0,.54021/48677142

1.00000000000000 -0.29819635435594 0

Ga1n constant
I.I|
The factared form of Hiz) s thus

b= W+ [4z™! )

- R | -
Ml=1.2z | +3.1z

Hizh e — S(1=1.2 M : |
(14059957 1= 0.80131327" +0.520217:7 (1= 0.2982:~"

As all poles are inside the unit circle. Hiz) is BIBO stable.

5 0%
3
A
=l
E T

r 1 0 ]
Raal Par

6.59 A partial-fraction expansion of I{(z) in z7' using the M-file residuez yields
L21212 +E.212]2{l—ﬂ.51?5!: [;I
=040 14057 +0.3:72

" - - —

quadratic factor with | = 2rcos(m, 2 " +r7z 7 we get r = VO3 = 054772 and

)=~

Compuring the denominator of the

-

cos{w,, ) = _'?3% . or w, =2.04478. llence, from Table 6.1 we have

Alnl=—1.21212(0.4)" ufn] + (v0.3y" cos{2.044 78 )ul nl.

.40 (a) A partial-fraction expansion of H{z) in 2

: &
Y aagug = Hence, from Table 6.1 we have
1+062"" 1-03:7"

flan)==28|r]+5(=0.6)" 1l n]=200.3)" ulal.

using the M-file residucz vields

(hi x[n]=2.10.4)" uln]+ 0.3(=0.3)"u[xn]. lis z=translorm is thus siven by
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. _— RO, |
e .3 24+0.51z
X(z)= it ;= ] | .|z > 04, The ztransform of
1-0.4:z" | +0.3:7 (=04 "1 +0.3:7 )

24051 | 11-337 036077
L(=04z"h0 +0.3:71)

the output 15 then given by Yizi= ] !
1+03z2 " —-0.08z2
A partial-lraction expansion ol ¥iz) in - using the M-file residues vields
0.3 6.8 12.3 24
Yz i T+ es
1+ (067 I={bdz I-03z

we have v[n) - {t},si—cr.m” - 16.8(0.0)" +12.3(0.3)" =2.4(-0.1)" ).l[n|.

= [d/» 0.6 Hence. from ‘able 6.1
14032

=, Thus,

4

1 I
041 (0) Hizy=Zlhall = =04, X{o)=Z{xnll =
[+0.4:7" | =02
|
(1+04:"H=02:"4H

Y(z}=H{z)X(z)= L 7> 040 A partial-fraction expansion of

213 1f3

using the M-file residues yields Yiz)=— + . Heneg, trom Table 6.1
l+Odz~! =027
2. 1
vinl="(=0.0" yln]+ 1{{]_2}” ulnl.
| .
" . l i
{hy Hizy=Zlhnl)= e =02 X(z)=Z{aln|} = —— 8 =1.4. Thus,
| +00.2:7 1 +0.277
; | . ; s
Yiz)=H(z)¥{z)= e [ 0.2, Henee. trom Table 6.1,
(1+0.2: )"
vinl= 0+ Di=0.23" wln]
Z 4
6.0 ¥Yizy=Z{vn])l = ——. :I =03 X(z)=Z{x[n]}= — 7| = 0:2, Thus;
1+ 037" 1-0.62"

Y(z) _0.501-06:"")

Iiz)= |z > 0.3, A partial-fraction expansion of using the M-file
X(2) 140377
residusz yiclds Hiz)=-1 +—I':——E~. Hence, [rom Table 6.1,
=037

W] =—d]r|+1.5(-0L31" wnl.

643 {a) Taking the —transform of both sides of the difference equation we get

Fiz) =02z V{2 + D.0B: ¥ (2) +2X(2). Hence, H(z)= }i(” = 2 :
X 1-0277' —008;7%
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