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Abstract—In this letter, it is showvn that the uniform power
allocation across transmit antennas is optimal in the sense
that this strategy will maximize the minimum average mutual
information of a multiple-input-multiple-output (MIMO) system
acrossthe classof any arbitrary correlatedfading channels,with
constraintson the the total fixed transmit power (Pg), total power
of the fades at the transmitter side (Pr), and total power of the
fades at the recever side (Pr), if the channel state information
(CSl) is perfectly known at the recever side only.

|. INTRODUCTION

Employing multiple antennasat both the transmitterand
recever of a communicationsystemoperatingover a nar
rowband wireless communicationschannelcan significantly
increasehe Shannorcapacityin thescenariavith independent
fading[1] [2], or correlatedfading[3] acrosdifferentantenna
pairs. Considera MIMO systemwith nr transmitantennas
andnpg receve antennasandlet H; ; bethefadingcoeficient
betweenthe jth transmitantennaandthe ith receive antenna.
Assumethe recever hasthe perfectchannelstateinformation
(CSI), while the transmitterdoesnot have CSI. If H;; and
Hy;, for ary disparatepairs ¢, j and k, I, are independent
complex Gaussiarrandomvariablesit is shovn in [2] thatthe
optimal strateyy to maximizethe averagemutual information
of suchaMIMO systemis to transmitstatisticallyindependent
identically distributed complex Gaussiancodevords across
nr antennaswith equal power Pg/nr, where Py is the
total transmit power. If H;; and Hj,; are correlated,and
in addition to lacking CSI, the transmitteris also ignorant
of valuesof the correlations,it is assumedvithout rigorous
justification in [3]-[4] thatin orderto maximizethe average
mutualinformationof aMIMO systemundercorrelatedfades,
the uniform power distribution acrosstransmitantennaswill
“naturally” beemployed[3]. In [5], assuminghatchannelcan
play the role of a malicious natureby altering fading values
H; ; to perform an inversewaterfilling, it has beenshowvn
that the uniform power allocation stratey can maximizethe
minimum average mutual information of a MIMO system.
However, underthe constraintsonly on the variancesof the
fading values, when the channel can only set correlation
propertiesof the fades,the optimality of the uniform power
allocation strateyy is still an open problem. In this paper
by following the line of the work [5], this stratgy will be
demonstratedo be minimax robust [6], which maximizesthe
minimumavetage mutualinformationof aMIMO systenwith
arbitrary correlatedfadesundercertainpower constraints.

Il. SYSTEM MODEL

Throughoutthe paper the following notationswill be used:
Iy for the N x N identity matrix, At for transposeconjugate
of the matrix A, A* for conjugateof the matrix A, det(A) for
determinantof the squarematrix 4, A" for transposeof the
matrix 4, and X for columnvector

The discrete-timeequivalent system model is given by:
Y = HX + Z, where X is annt x 1 columnvectorwhose
jth componentrepresentghe signal transmittedby the jth
antennasSimilarly, the receved signal andreceved noiseare
representedy ng x 1 complex column vectors,Y and Z,
respectiely. The noisevector Z is anadditive white Gaussian
randomvector whoseentries{Z;,i = 1,...,ngr} arei.i.d
circularly symmetriccomplex Gaussiarandomvariableswith
meanzero and unit variance thus Z; ~ N(0,1).

It is assumedhere that the total average power trans-
mitted across the ng transmit antennasis fixed, i.e.
E [fozl |Xk|2(l = Pgy. Entriesof the channelfading matrix
H areassumedo be circularly symmetriccomplex Gaussian
randomvariableswith zero mean,andthusa Rayleighfading
channelis being assumedConstraintson variancesof H; ;
will be describedbelown. Per above, it is assumedthat the
transmitter has neither knowledge of the entriesof H nor
knowledgeof the correlationstatisticsof the entries,but that
the receiverhasperfectknowledgeof H; ;. Hence,asin [2],
if the input vector X is a propercomplex Gaussiarrandom
vector whosecovariancematrix is E[X - X'] = @, themutual
information ®(Q) of this MEA system(conditionedon H) is
®(Q) = log, det(I,, + H-Q - H') bps/Hz

It is assumedthat the covariance matrix of the random
variablesH; ; hasthe following generalcovariancestructure,
as describedin [3]: E[H;H},] = \IJ{J\I!fj, where U7 and
U R aren xnr andng xng covariancematricesgeneratedby
the transmitandreceve antennastespectiely. As in [3], the
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matrix H canbe factoredn theform H 2 (TR)2 W (B7) 2,

wheretheentriesof W arei.i.d with N(0,1), andz 2 y means
randomvariablesz andy have the samedistribution.

Ourgoalhereis to find theminimaxrobust@Qg [6], underthe
constraintof Tr(Q) = Pg, Tr(¥7) = Pr and Tr(¥8) = Ppg,
where Tr(A) is the trace of matrix A [7], to maximize the
infimum averagemutualinformation E [® (Q)], i.e.,

@ = agmax inf . FlQ) @)
where Sg = {Q:Tr(@) =Py}, Sr =

{7 :Tr(¥") = Pr} and Sg = {¥®: Tr(¥F) = Pg}, are
the setsof non-neyative definite matriceswith the constraint



of fixedtrace,which areall corvex sets.The expectationE[:]
is over the statisticaldistribution of the fading entriesof H
under the given correlation matrices ¥”, ¥® and Q. The
traceconstraintsfor channelcorrelationmatrices®” and &%
imply that the total power of the fadescausedby scatterings p
around transmit and receve antennasare fixed as Py and
Pg, respectiely.

Theoem1: The minimax robust solutionto (1) is Qg =
Py, /nr, and

THEOREM AND PROOF

Pq
inf E[® =F|l 1+ PrPr—=
cgéas}; \IlResizI,l\IlTesT [2 (@) [Og2( T R"Tygl’

wherey is an exponentiallydistributed randomvariable with
unit mean.
Proof:

By singuIarvaluedecompositior(SVD) [7], it canbeshONn
that@ = UQDQU gT = UTDTUT, andTE = URDRU ,
where Ug, Ut and Ug are unitary matrices,and Dg, Dr
andDg arediagonalmatriceswhosediagonalentries{)\kQ

{XT'} and {\E} are the eigervaluesof @, ¥7 and TF,
respectiely, in a decreasing:urqer »

By substituting # 2 (¥%)2 W (¥7) * into &(Q), and
recognizingthat for ary unitary matricesU and V, UW V'
hasthe samestatisticaldistribution as [2], whereentriesof
W areindependentlydistributed as N (0, 1), it canbe shovn
that

B#(Q)] = Ellog,det(n,+
DiWD]VDQV'DiW'D})] 3)
= E|log, det(I, + DiWB,W'D} )|
= B [log,det(Ln, + D}%WDBW"D}%)] (4)
where V. = U,Ug is a unitary matrix, B; = DéVD%,

and By = BIBI. Dg is the diagonalmatrix whosediagonal
entriesare eigervaluesof By, AP, in a decreasingrder, with
SRELAE =Tr(B,) = Pp.

Lettmg ar = AP/ Pg,

@ & —
E[@Q)] > Y aiFE |log, |1+Pp Y M jw;l

k=1

> F [log2 (1 + PgPg |w171|2)}

@

> E [log2 (1 + PrPp)%,. |w1,1|2)] ) (5)

where the inequality (a) is due to the concaity of the
function log det4 on the corvex set of non-neative Her-

mitian matrices[7, pp. 466], as well as the representation

of Dg = Pg ZZ; akgkg}c, where g, is a column vector

with 1 asits kth componentand O's elsavhere. Equality (b)
is becausghe sumterm is identically distributed. Inequality
(c) is due to the concaity of the function logz over the
region z > 0, and Z"R /\R PR Inequallty (d) is because

= Yy )\Q)\T |v”| > PrA%, . wherethe last
step|s dueto S > X2, i and S Jvigl? = 1, sinceV

min?
is a unitary matr|x. Thereforefor ary covariancematrices(@,
U1 and T, E[®(Q)] canbe lower boundedasthatin (5).

For ary given transmissiorstratgy @, the lower boundin
(5) canbe achieved by settingthe eigen/alue)\T = Pr, A\l =
0,k=2,...,nr,and\ff = Pg, A} = 0,j = 2,...,ng, with
Ur =0 andUR ary arb|traryun|tarymatr|x.Thus,theworst
caseof channelputsall of its enepgy at the transmissiorside
in the direction of the wealest eigervector of @, while the
enegy of the channelat the recever side is concentratedn
ary eigen-directionThus,

E[®(Q)] = [1og2 (1 +Pr)2. Pg |w1,1|2)] .

(6)
Our goalis in (1) to find the minimax robust 2, and since
SRTAD = Pg, X9, < Py /nr (otherwise the condition of
the fixed total transmissiorpower will be violated),the upper
bound of (6) can be achieved by setting @ = Pgl,,/nr,
which is exactly the transmissionstratgyy of the uniform
power distribution acrosstransmit antennas.Hence, (2) is
provento be true.

inf
WRecSR,¥TeSy

[ |

It canbe obsered that if Qo = Pgly, /nr, an arbitrary

choiceof the eigervectorsof ¥ and ¥ will minimize the

mutual informationaslong asonly one eigervalue of eachis

non-zero.This setof (Qo, ¥, ¥f) is not a saddlepoint [6],

sincegiven such (%, ®#), the uniformly distributed power
allocationdoesnot achieve the maximumof E [®(Q)].
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