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Abstract

Previous authorshave shavn that the asymptoticcapacityof a multiple elementantenna
(MEA) systemwith N transmitand N receve antennagtermedan (N, N) MEA) grows
linearly with N if, for all [, the correlationof the fading for two antennaelementswhose
indicesdiffer by I remainsfixed as antennasare addedto the array However, in practice,
thetotal sizeof thearrayis oftenfixed,andthusthe correlationof thefadingfor two elements
separateth index by somevaluel will changeasthenumberof antennalementss increased.
In this papeyundertheconditionthatthesizeof anarrayof antennass fixed,andassuminghat
thetransmitterdoesnot have accesgo the channelstateinformation (CSI) while the recever
hasperfectCSl, the asymptoticpropertiesof the instantaneousnutualinformation Iy y of
an (N, N) MEA wirelesssystemin a quasi-statidadingchannelarederived analyticallyand
testedfor accurag for finite V throughsimulations.For mary channelcorrelationstructures,
it is demonstratethattheasymptotiqerformanceornvergesalmostsurely implying thatsuch

MEA systemshave acertainstrongrobustnesso theinstantiatiorof thechannefadingvalues.
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1 Introduction

Multiple elementantennaMEA) wirelesssystemshave demonstratedhe theoretical[1, 2] and

practical[3] potentialto increasesystembandwidthefficiencieswell beyond those previously

imagined.In this papertheinstantaneousutualinformationbetweerthetransmitterandrecever

in an(Nr, Ng) MEA systemwith Ny transmitantennagnd Ny receve antennasis considered.
Earlyworkin thisareawhich motivatedmuchof theMEA work to follow, assumedhatthefading

betweendifferentelementpairswasindependenthyandidentically distributed (i.i.d). Underthis

assumptionit hasbeenshawvn [1, 2] that,evenif thetransmittethasno knowledgeof the channel
fading values,the capacitydivided by N = min(Ny, Ng) approaches non-zeroconstantor a

fixedaveragetransmitpower, asN — oo.

The aforementionedssumptiorof ani.i.d distribution of channelpathgainscanoftenbevio-
lateddueto theinsufficientspacingof antennasind/ortheabsencef arich scatteringervironment
aroundthetransmitterand/orrecever. For example,for agivenangularspreadingf theincoming
waves,the spatialcorrelationof the signalsrecevedat two pointswill generallyincreasewith de-
creasingdistancebetweerthe points[4]. Electromagnetienutualcouplingbetweerthe elements
will alsochangethe correlationbetweenthe signalsreceved from adjacentpoints. Recentwork
investigatingthe impactof correlatedfadingon the capacityof MEA systemsanbe foundin [5]
and[6]. In [6], a (N, N) MEA wirelesssystemis assumedandantennasirearrangedn aregular
grid, thetotal sizeof which scalesupwardwith thenumberof antennashuspreservingherelative
positionof adjacentintennasUnderthis assumption|6] employedrandommatrix theoryto shav
that,as N approachefinity, the instantaneousutualinformation/y 5 of suchMEA systems
still increasedinearly, albeitwith a smallerratethanin thei.i.d fadingcase.

In practice the maximumphysicalsizeof theantennaarrayis fixeddueto physicalconstraints
imposedby the application(e.g. on a mobile unit). In this work, the asymptoticcharacteristics
of Iy n areinvestigatedn a scenariowherethe lengthof a lineararrayis fixed, andno channel
stateinformation (CSI) is availableto the transmitterwhile the recever hasthe perfectCSI. Two
differentsetsof assumptiongor the signal-to-noiseratio will be considered.In one case,it is

assumedhatthe total averagetransmitpower from the N; antennawvill befixed, which implies



thatthe averagerecever power grows linearly with Nx. This setof assumptionsvould apply, for

example,if a systemsengineemwere consideringaddingsmall dipolesto a sparsdinear array at
the recever, in which casethe total effective areaof the receve arraywould scalewith Ng. In

contrast,[7] independenthhasconsideredasymptoticmeancapacityfor antennaarraysof fixed
sizehasbeenconsiderec@ssuminghatthetotal averagereceivedpower is fixed, therebyimplying

thatthetotal effective areaof thereceve antennasloesnot grow with N. In this casetheresults
will indicatethe gainasRF chainsareaddedattherecever.

Traditionalinformationtheoryfor fadingchanneldhasoften beendevotedto finding the mean
capacityfor agivenchannelasis investigatedn [7]. However, recentwork in informationtheory
for fadingchannelsparticularlyfor multiple antennaelementsystemshasbeendevotedto outage
capacity(e.g.[1]); thatis, it is oftenof interestto know how oftenthe capacityof a systemwill be
above somerequiredrate. By demonstratingdlmostsurecornvergenceof the asymptoticcapacity
of fixed-sizdineararraysthe meanandoutagecapacitiesarebothaddressedn particular almost
surecornvergenceto a limiting expressionmplies: (1) the meancapacitycorvergesto the same
expressionand(2) the systemwill almostalwaysbein outagefor desiredratesabove thederived
capacityandalmostnever bein outagefor ratesbelow the derived capacity

To understandhe practicalsignificanceof almostsurecorvergenceof the mutualinformation
of (N, N) MIMO systemscontrastsuchresultswith thosefor asymptoticmeancapacity(e.g.
[7]). For agiventype of propagatiorervironmentcharacterizedby the correlationpropertiesof
the channefadingmatrix, the meancapacitycharacterizebow well a systemdoeson averagebut
saydittle abouthow thesystemwould operatan ary singleenvironmentthusgreatlycomplicating
wirelessnetwork planning. The demonstratiorof almostsurecorvergencefor the samesystem
for a givenchannelcorrelationstructureimplies thatthe systemwill operatereliably - regardless
(almostsurely)of theactualinstantiationof thechannefadingvaluesthatareencounteredrigure
1 shavs arepresentatie exampleof theresultsdervedhere.For the casewith afixedsizearrayat
thereceverendonly (e.g.abase-to-mobileommunication)the uppersetof curvesdemonstrates
that the mutual information undereachof the instantiationsof the fading corvergesrapidly to

the meancapacity thusdemonstratinghe robustnesof the performanceof the MEA systemto



the specificinstantiationof the fadingvalues. The lower setof curvesof Figurel shows results
when there are fixed size arraysat both the transmitterand recever (e.g. a mobile-to-mobile
communication)ywheremeanconvergenceoccursbut almostsurecorvergencedoesnot occut
Themainresultsof thiswork areshovn in Tablel. In Section2, the systenmodelis presented,
which followsthatin [6]. Notethattheapproachetakenin [6] cannotbe employedhere.Instead,
theasymptoticcharacteristicef eigervaluesof Hermitianmatricesandthe statisticalcharacteris-
tics of eigervaluesof large samplecovariancematricesareinvestigatedn Section3.1andSection
3.2, respectrely. Section4 appliesthe resultsto the analysisof the mutualinformationof MEA

systemsSimulationresultsarepresentedn Section5, andconclusionsaredravn in Section6.

2 System Model

Throughouthe paper thefollowing notationswill beused:Iy for the N x N identity matrix, A
for transposeonjugateof thematrix A, A* for conjugateof the matrix A, det( A) for determinant
of thesquarematrix A, A" for transposef thematrix A, andX for columnvector

A single-userpoint-to-point,narravbandwirelesscommunicatiorsystemwith N transmitan-
tennasaandN receve antennas assumedThecasevherethenumberof transmitantennasindthe
numberof receve antennasgliffer canbe consideredn ananalogousnannerLet H bethe N x N
channefadingmatrix,whose(i, j)th entry H, ; is thecomplex pathgainbetweertransmitter; and

receveri. Then,thediscrete-timeequialentsystemmodelis givenby:
Y=HX+Z (1)

whereX isan N x 1 vectorwhosejth componentepresentshe signaltransmittedoy the jth an-
tenna.Similarly, therecevedsignalandrecevednoisearerepresentely N x 1 comple vectors,
Y and Z, respectiely. The noisevectorZ is an additve white Gaussiarrandomvector whose
entries{Z;,: =1, ..., N} arei.i.d circularly symmetriccomplex Gaussiamandomvariableswith
meanzero,where Z; is the additive noisein thesth recever. Let o2 bethe varianceof Z;, which

will be normalizedto one. Thus,Z; ~ N(0,1), where~ N(u,?) indicatesa randomvariable

possesseacircularly symmetriccomplex Gaussiartistribution with meany andvariances?.
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As notedin the Sectionl, two differentassumptionsegardingthe total averagetransmitand
recever power will be consideredn this work: (1) the total averagereceve power is fixed, and
(2) the total averagetransmitpower is fixed. For the reminderof this section,quantitieswill be
written only for the secondcaseto make the exposition smoothey but they are easily modified
for the first caseasshavn in Section4.1. Let the total averagepower transmittedacrossthe N
transmitantennade £ [Z}C‘le \X,c|2] = p, regardlesof N. Entriesof the channelfadingmatrix
H areassumedo be circularly symmetriccomplex Gaussiarmrandomvariableswith zeromean
andE[|H;, ;|?] = 1, andthusa Rayleighfadingchanneis beingassumedTherefore the average
signal-to-noiseatio (SNR) at a singlereceve antennais p for the secondcaseas statedabove.
In this work, H will be treatedas quasi-staticwhich meansentriesof H are constantduring a
dataframeandvary from frameto frame. It is assumedhatthetransmitterhasneitherknowledge
of the entriesof H nor knowledgeof the correlationstatisticsof the entries,but thatthe receiver
hasperfectknowledgeof the entriesof H (i.e. no transmitterchannelstateinformation (CSI)
is assumedbput perfectrecever CSl is assumed).Hence,asin [2], if the input vector X is a
propercomplex Gaussianandomvector whosecovariancematrixis E[X - X] = Q, themutual

informationIy y of this MEA system(conditionedon H) is
Iyx =log, det(Iy + H - Q- H') bps/Hz 2)

Sincethereis no CSI nor knowledgeof the correlationof the entriesof H availableat the trans-
mitter, a reasonablé) is £-Iy [2], which implies transmittingdataindependentlywith the same

averagepower p/ N acrossachof the N antennasThen,(2) simplifiesto

Inn = log, det(IN + %H - HT> bps/Hz 3)

It is assumedhatthe covariancematrix of therandomvariablesH; ; hasthefollowing general

covariancestructure asdescribedn [6]:
E[Hi,kHj*,l] = q’{,l\pz{{j’ (4)

where¥” and¥® are N x N covariancematricesgeneratedby thetransmitandreceize antennas,

respectrely. In [6], it wasassumedhat as N was increasedthe relative position of adjacent
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antennass fixedfor someregulararrays,suchassquareor lineargrids,implying thatthetotal size
of the arraygrows with N. In contrastto [6], assumehat the total lengthof the linear array at
therecever (mobile unit) sideis fixed. Thelengthof thelineararrayat the transmitterside (base
station)will beassumedo beeither: (1) fixed,or (2) largeenoughto make U7 = J.

As in [6], matrix H canbefactorizedn theform H 2 (\IJR)% w (\IIT)’%, wherethe entriesof
W arei.i.d with N(0,1), andz 2 y meansandomvariablesz andy have the samedistribution.
In orderto analyzethe asymptoticperformanceof (3), as N — oo, the unitary transformatiorof

matricesyields
vy 2 log, det (IN + %\DRW (v7) W*) = log, det(hv + %DﬁWDﬁW*) )

where D{ and D%, arediagonalmatrices,whosediagonalentriesarethe eigervaluesof ¥'# and
VT, respectiely, in descendingrderof their magnitudesi.e., D%(1,1) > --- > DE&(N, N) and
DR(1,1) > --- > DY(N, N).

3 Asymptotic Analysis of Eigenvaluesof Large Matrices

From(5), it is clearthatthe eigervaluesof therandommatrix  DEW D}, W determinethe char

acteristicsof Iy 5. First,in Section3.1, the asymptoticbehaior of the deterministiccovariance
matrix U® is consideredNext, in Section3.2,the asymptoticbehaior of eigervaluesof theran-
dommatrix L (DE) 2yt (D%) "2 is studied.

3.1 Characteristics of Eigenvalues of Large Covariance Matrices

In this section,interestis in the numberof nonzeroeigervaluesof U# andthe rateat which the
eigervaluescorvergeto their limiting values.Without lossof generality let ¢)%(r) bethe normal-
ized (¥ %(0) = 1) spatialcorrelationfunction at the recever endfor alineararrayof fixedlength,

suchthat

N -
\Ilfj:d}R(N_lLR),l,]Zl,...,N, (6)




whereLy is thetotal lengthof thelineararray Therefore ¥ % is anon-neative definiteHermitian
andToeplitz matrix. As notedin [7], the eigervaluesof the matrix ¥%/N will be corvemging to
the point spectrum(i.e. eigervaluesin this case){/\ff"”)} of the non-ngjative definite Hermitian
operatory®(z,y) = " [(z — y)Lg|] onthe Hilbert spaceL,[0, 1] [15], wherez,y € [0,1]. The

operatoryf(z, y) is completelycontinuousandsquaresummableover [0, 1] x [0, 1] [15],

/01 /01 ‘wR(aﬁ,y)‘2 dz dy < oo. (7)

Eigen/alues{)\ff""’)} of ¥f(z,y) canbe determinedy

/01 IER [(‘T - y)LR] ¢§€R) (y)dy = )‘ScR’OO)(/ﬁScR) (.73), k=0,1,---, 00, (8)

wherez € [0, 1], and{ ,ER)(x)} arethe eigen-functionof the operator)®(x, y). From[15, pp.
365], zerois theonly limit point of the spectrunof % (z, y). In addition,thenonzerceigervalues
of ¢%(z, y) have finite multiplicity andform a sequencéendingto zeroif they aredenumerable
infinite in number[15, pp. 233].

First, considetthe rateat which the eigervaluesof ¥% /N corvergeto their limiting values.Let
{M*"} betheeigevaluesof the N x N matrix /N = Ay listedin decreasingrder Then,

e LA
SN — <—> =1, forall N, (9)
k=0 N

wheretr(A) is thetraceof matrix A. From (6) and(8), obser‘ethattheeigen/alues{/\,(cR’N )} are
obtainedfrom the quadraturemethodusingthe rectanglerule [11, pp. 107] to approximatethe
eigervaluesof the homogeneouBredholms integral equationof the secondkind in (8). Thus,as
N — o0, the nonzeroeigen/alue)\,(cR’N) convergesto thecorrespondingaigen/alue)\iR""’) of the
linearoperatorin (8) [11, pp. 248]. Regardingtherateof such,thereexistsa uniform errorbound
suchthat‘/\éR’N) — )\,(gR"’o)‘ < C/N,forary k < N, whereC is apositive constan{11, pp. 270].
Next, it will beshawvn thatthenumberof nonzerceigervaluesof ¥#/N isin theorderof o(V),
for large N. For arny matrix A with real eigervalues,let F4 denotethe empirical distribution

function(i.e. e.d.f)of theeigervaluesof A; if Aisn x n, then

1 .
FA(z) = — (numberof eigervaluesof A < z ). (10)
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Therefore thereexistsa sequencef cumulative distribution functions(CDF) {FAN} definedac-

cordinglyto (10) for eachA . Dueto the non-ngjative definitenes®f A and(9), it canbeeasily

obsenedthat \\{"*™) ¢ [0, 1]. Hence,F4~ is concentratean [0, 1]. Let the kth momentof F4~

bedefinedas -

_ Yiso [/\59 ’ )] _ /1 TR AN [dg), (11)
N 0

If & # 0, thenEy [:pk] — 0asN — oo; if k = 0, fy FA¥{dz} = 1, for ary N. Thisim-

pliesthatthe sequencef the kth momentof F4~ corverges(in N) to a numbery,, (in this case,

Ey [a*]

0 or 1) for eachk. Sucha convergenceof the momentsimplies that the sequenC€{FAN} con-
vemgesto a PDF Fy in distribution [16, pp. 251] (i.e. F4v 25 F,) with fy xFy{dx} = 0,
andthis implies that F ({0}) = 1 [19, pp. 51]. Let the supportof a e.d.f definedlike that
in (10) be the setof all eigevalues. Thereforethe supportof F4~ is the setof {)\ECR’N)}, and
the supportof Fy over positive valuescorrespondgo the non-zeroeigervaluesof the operator
YE(z,y). Thus,an eigervalue AfcR’c’o) is zero almostsurelywhen measuredy Fy. In another
word, FA¥ ({A: A > 0})— 0, asN — oo. It canbe concludedthat fz(N), the numberof
nonzerovaluesin {)\,(CR’N), k=0,---N — 1}, satisfiesfr(N)/N — 0 as N approachefinity.
The speedof fr(N)/N — 0 dependon smoothnessf the kernelyf(r) in (8) in the senseof
continuoudifferentiability of variousorders[17], with smoothergER(r) correspondingo afaster

corvergenceof fr(N)/N — 0, aswill beshavn in the simulationresults.

3.2 Eigenvalues of Large Dimensional Sample Covariance M atrices

In this section,convergenceissuesegardingthe eigervaluesof (random)samplecovariancema-

tricesof theform
B 1
N

areaddressedyhereD% = DE/N,andXy isaN x N randommatrix with entriesthatarei.i.d

1/2

~ 1/2 ~
By =+ (D) " xn X} (DF) ", (12)
complex Gaussiamandomvariablesdistributedas N'(0, 1). In particular it is establishedhatthe

eigervaluesof therandommatrix By arerelatedto thoseof the deterministianatrix D,{‘,.

Let thediagonalentriesof D} betheset{)\ECR’N), k=0,---,N— 1}, whoseasymptotigorop-



ertieswerestudiedin Section3.1. Then,thedesiredresultis establishedy shaving thatVk > 0,
suchthat)\,(cR’“) > 0, A,(CBN) corvergesalmostsurelyto )\ECR’OO). In (12), the numberof nonzero
entriesin the diagonalmatrix DE is fz(N); therefore the numberof nonzeroeigervaluesof By
in (12)is notlargerthan f (V). Let By denotethe fz(N) x fz(N) randommatrix

1

A 1/2
BN - N

(D) xn Xk (DF)', (13)
whereDZE isa fr(N) x fr(N) diagonamatrixwith diagonalentriesequalto thenonzeradiagonal
entriesof D& in the sameorder and X is the fz(N) x N randommatrix with i.i.d elements
distributedas N (0, 1). Hence the fz(NN) eigervalues(in decreasingrder)of By in (13) arethe
sameasthosefirst fr(V) eigervaluesof By in (12),i.e. )\,fN = AkBN,k =0,---,fr(N) — 1. In
[12], it hasbeenshawn thatfor a matrix of theform of By in (13), thefollowing inequalityholds:

xt

1 xt 1%
)\(R’N)AJ%IXNXIIT < )‘I?N < )\ECR,N))\(;{/XN N (14)

k fr(N)-
LXyxl, LXnxy, .
wherek =0, ---, fr(N) — 1, and/\fR(N)f1 and )} arethe smallestandthe largesteigen-
valuesof therandommatrix % X y X, respectiely. As statedn Section3.1,\{*") — A{*> for

ary k suchthat)\,(cR’o") > 0. Sincefr(N)/N — ¢ =0, it canbeshowvn that[13],

1 %t
A AR (14 /0) = 1, (15)
and
LxyXl as. 2
AT oy (1-ve) =1. (16)

Thereforejt canbeconcludedhatthethenumberof nonzerceigervaluesof By is fr(N) aswell
for large N, andthey corvergeto thenonzerceigevaluesof 1% (x, ) pointwisely with probability

one,asN — oo.

4 Asymptotic Analysisof Mutual Information Iy

4.1 Asymptotic Analysisof Iy x with Fixed Total Received Signal Power

In Section2, themotivatingequationsverewritten for the casewhenthetotal transmittedooweris

p afternormalizingthe varianceof the additive noise.For the caseof afixedtotal receved power,
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the modificationis obtainedmathematicallypy furtherscalingthetransmittecpowerby 1/N, thus

makingthe correlationmatrix @ in (2) equalto - Iy [7].

4.1.1 Fixed Length Linear Array at the Receiver Side Only

In this section,it will beassumedhatas N — oo, ¥7 canbe maintainedasy. However, atthe
recever side,the antennasvill needto befit into a fixed-lengthlineararray This scenarias the
casewhenthebasestationcanafford alargearray while themobile unit cannotdueto its physical
constraintsin suchascenariotheasymptoticcharacteristicsf Iy, x, whichis now

Inn = log, det(IN -l (DE)"*ww' (DE)" 2) , (17)
will be investigatedwhere D% is definedin (5). Basedon the assumptionstatedabove, the
authorsn [7] amguedthatif thereexistsonly one-sidedtorrelationcausedy thereceve antennas,
E Iy ] (i.e. theaverageof Iy y in (2) ) corvemgesto a constant.In this section,by employing
theresultsof Section3, a strongerresultwill be shovn. In particular with a fixed lengthlinear
arrayonthereceverside,aswell asthetotal recevedsignalpowerfixed,theinstantaneousutual
informationIy y will beshowvn to converge almostsurelyto a deterministicconstanasN — oo.
Thatconstantanbedeterminedy {/\;R’C"’) } thenonzerceigervaluesof % (x, y).

By thedefinitionof def(-), (17) becomes
-1
Iy = 3 logy (1+ A7), (18)

where By is definedin (12), andwhere)\,gBN) is the (k + 1)st largesteigervalue of the random
matrix By. Recallfrom Section3 thatthe numberof non-zerceigervalues)\(?~) is almostsurely

fr(N), thenumberof non-zerceigervaluesof DE/N. Thus,almostsurely

fr(N)-1 G\ p O e %
Inn = Z logQ( + pA; N) <13 Z A )\0 X =1 2/\0 , (19)
k=0

whereBy is definedn (13), theinequalityis dueto (14) andln(l—i—x) <u, andthesecondequality
is becaus@ﬁ’;(oN )1 A;R’N ) = 1. In (15), it hasheenshown that)\N KXy corvergesto 1 almost

surely Therefore [y x in (19)is upperboundedy p/ In 2 with probabilityone,as N — oc.
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As shavn in Section3.2, {ASCBN)} corverge pointwiselyto the nonzeroeigervalues{ Ay}

of ¢ %(z, y), with probability one,which resultsin the following theorem.

Theorem 1.
frR(N)—-1 5 as frR(N)—1 o
S logy (1+pA) 2% 0% g, (1+A™)), asN w0 (20)
k=0 k=0

Theproofof (20)is accomplishedhy Lemmasl and2, which arestatedandprovenin Appendix
A. Hence,if thefixedlengthlineararrayis locatedat the recever side,as N approachegfinity,
Iy n in (18) convergesalmostsurely

s A1 o)
Iny 23 Y log, (1+pA™), (21)
k=0

which is upperboundedby a finite numberp/In2. Theoreml is a more precisestatemenbf

Lemmaz2 of theindependenivork [21], which emplgys a quite differentprooftechnique.

4.1.2 Fixed Length Linear Array at Both Sides

In this section,the casewith fixed length linear arrayslocatedat both the transmitterand re-
cever will be investigated. In this case,let /%(r) and¢"(r) be the spatial correlationfunc-
tions causedoy the receve andtransmitantennasandlet Ly and L bethe lengthof the linear
arrays. By following the sameapproachtaken above, it can be concludedthat the numberof
nonzeroeigervaluesof matrices¥®/N and ¥”' /N will bein the orderof o(V), which canbe
representedy fr(N) and fr(N), respectiely, with fr(N)/N — 0 and fr(N)/N — 0, as
N — oco. Lettheseeigervalues(in decreasingrder)bethe diagonalentriesof the diagonalma-
trix DF = diag{\{®",i=0,..., fa(N) — 1} and DT = diag{\"",i =0,..., fr(V) — 1},

respectiely. Thereforewith Q@ = % Iy, (5) becomes:
P N .
vy 2 log, det (IN + mDJEWDW/T) 2 log, det(Ijyw) + pDEYNDLEYE)  (22)

whereYy is a fr(N) x fr(N) randommatrix, whoseentriesarei.i.d anddistributedas N (0, 1).
As N — oo, ANy o) AN 3 (100) “\where A and A" arethe kth largest
nonzeroeigervaluesof 1%(x, y), andy’ (z,y), respectiely, which aredeterminedy thereceve

andtransmitspatialcorrelationfunctionin the sameway asthatin (8).
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As onemight expect,it canbe shavn, usingHadamards inequality Theoreml, andLemma
2 (see[22]) thatthe expectedvalueof Iy x in (22) canbe upperboundedby Iy y with the fixed
lengthlinear array at the recever endonly. As more antennasre putin this MEA system,the
ergodiccapacitywill be non-decreasingnderthe conditionsassumedhroughouthis work; thus,
sinceFE [Iy ] hasafinite upperbound,it canbeconcludedhatE [Iy y] — C, which agreeswith
whatis claimedin [7] for the meancapacity andC' is a finite constantthat will dependon the

spectrunof theHermitianoperatorsy f(z, y) andy’ (z,y) , respectiely.

4.2 Asymptotic Analysisof Iy with Fixed Total Transmit Signal Power
4.2.1 Linear Array of Fixed Length at Receiver Side Only

Following Section3.2, Iy v in (5) will have the sameasymptoticcharacteristicas

fr(N)-1 ,
. L oN1/2 s s A\ 1/2
Inn = log, det<IfR(N) +p (Dzlx?i) Xy X% (Dﬁ) ) = > log (1 + Np)\l(CBN)> , (23)
k=0

asN — oo, whereBy andDZE aredefinedin (13).

In this caseof fixed total transmitpower, we are unableto geta resultsimilar to almostsure
convergenceto a deterministicconstantas that in Theoreml for the casewith the fixed total
receved power. This is directly attributedto the extra factor V in (23), and can be explained
intuitively by noticingthatas V increasesthe total receved power will beincreasedccordingly
which will make the mutualinformation Iy grow aswell. Thus, in this section,two results
thataremuchwealer thanthe precisealmostsureconvergencein Theoreml areestablishedlIn
particular it will be showvn that, for the caseof fixed total transmitpower: (1) the normalized
mutualinformationcorvergesalmostsurelyto zero,and(2) the meancapacityis upperbounded
by an expressiorthatis analogougo that on theright sideof Theoreml. Much strongerresults
(analogoudo Theoreml) canbe justified by exploiting propertiesof specificspatialcorrelation
functions,aswill bediscussedn Sectior4.3.

First,it will beshavn thatthenormalizedmutualinformation]y y/N corvergesto zeroalmost
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surely

Fon | fa)-1 o)
> _ N
N - N kz‘; log, (1 + NpA, >
fr(N) NPT )
< log, [ 1+ oY
N 2 fr(N) kZ::o ‘
fr(N) N R (R,N) & Xn X}
< log, | 1+ Ay NN
N g2 fR(N) I;) P k 0
_ fr(V) N 1xxx)) as.
= N log, | 1+ TN PAS —0, (24)

wherethe first inequalityis becausef the concaity of the functionlog,(z), andthe secondn-
equalityis becausef thatin (14). Thelastequalityis the consequencef ¥/2(V) = AN —
Finally, the almostsurecorvergences basedn thea.s.convegencen (15), fz(N)/N — 0, and
zlog, (1 + ax) — 0, asx — 0, wherea > 0.

Next, theupperboundof theemodiccapacityF Iy, x| canbeshavn, similarly to thatof Section

4.1.2that[22]

frR(N)—1
ElIyy] < Y log, (14 NpA{™")) forall N. (25)
k=0

4.2.2 Fixed SizeLinear Array at Transmitter and Receiver

If thetransmittingantennasrealsospatiallydense(i.e. with fixedlengthlineararrayslocatedat

boththe basestationandmobile),and@ = £ I, thentheanalogto (22) with fixedtotal transmit

power becomes
Ivy = log,det(Ip, ) + NpDRYyDRYY). (26)
By takingthe sameapproachasthatin Section4.1.2,it canbe shavn aswell that[22]
fr(N)—1 BN
Ellyy] < Y log, (14 NpA{™™), forall N. (27)
k=0

wherethe right handside of (27) canbe approximatedas Y55 " log, (1 + Np)\fcR""))), for large
N, whichis thetight upperbound(25) of the ergodic capacityof the N x N MIMO systemwith
afixedlengthlinear arrayat the recever sideonly, whenthe spatialcorrelationfunctionssatisfy

certainconditionsdiscussedn Section4.3.
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4.3 Exploiting Properties of Common Correlation Functions

In Sectiord.1and4.2,attentionhasbeerrestrictedo agenerabpatialcorrelationfunctiony (z, y)
andto resultsthat canbe provenvery formally. In this section,propertiesof the eigervaluesre-
sulting from commonspatialcorrelationfunctionsare studiedto assistin the evaluationof the
quantitiesderivedin Sectiord.1and4.2 andto developsomewell-justified (althoughlessformal)
approximationgor theasymptoticdbehaior of themutualinformation.In particular a resultsimi-
lar to Theoreml for the caseof fixedtotal transmitpower is developed andconsideratioris given
to how the expressiondor the asymptoticmutual informationin all casescan be approximated
very simply from propertiesof the power spectraldensitycorrespondindo the spatialcorrelation
function.

Significantsimplificationsare obtainedby approximatinghe numberof non-zeroeigervalues
in {/\(R N)} for large IV, asafinite constantV, for a broadclassof spatialcorrelationfunctions.
First, considerfr(N) for the caseof a bandlimitedspatialcorrelationfunction, which is truein
mary applicationg5] [4, p. 134]. Let Fz(Q2) bethepowerspectrabensitycorrespondingo 1/ %(r),
andassumehesupportof F(Q) is ontheintenal [-QF, QF]. Let {A\{"*") k. =0,...,N -1} be
theeigevaluesof U2 /N. Basedon Toeplitzmatrixtheory[9], by takingthesameapproactasthat
in our work on power control[10], it canbe shovn thatas N — oo, {)\,SR’N)} is asymptotically
equallydistributedwith { £©*) (w; = £2), k=0,1,...,N — 1} [22]. Letw; = QxLg/N, and
thusQy, = kr/Lg. Then, () (w;) = f(>)(Q,) canbedeterminedasfollows,

1 [L ,
f(OO) (Q) = lim — Z YR <N R1> e_le|wk:QkLR/N (28)

N—)oo I=—N+1

wheref()(Q) = & [XF 4r(r)e " dr. ThereforeasN — oo, eigervaluesof the large matrix
UR/N behae the sameas the samplingpoints of the power spectraldensity determinedfrom
(28) in an averagesense.What this indicatesis that for a given linear array of fixed length, if
more and more antennasare allocatedwithin this array the samesegmentof fading correlation
function of ¥%(r) over [-Lg, L] is sampledwith higher and higher spatialfrequeng. Since
Y% (r) is bandlimited,the numberof samplingpointslying in the nonzeropart of £(>) () will

be approximatedas N,, which resultsin the dominantN, nonzeroeigervaluesof the Toeplitz
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Hermitianmatrix W2 /N, if N is sufiiciently large,andall othereigervaluesof it will fall outside
thenonzeroregion of f(>) ().

Sincef(*)(Q) is theFouriertransformof thespatialcorrelationfunctiontruncatedto [~ Lz, Lz,
thestrictly bandlimitednatureof Fj(£2) impliesthat (=) () is not bandlimited. However, aswill
be showvn below, the numericalresultssuggesthat a bandlimitedapproximationto suchis quite
usefulfor numbersf antennalementf interest.In particular the power spectradensitydecays
rapidly outsideof a transitionregion. Thus,while the {/\SCR’N)} areconverging point-wiselyto the
point spectrum{ /\,(CR’(’O)} of the Hermitianand Toeplitz operatorspecifiedin (8), the numberof
nonzeroeigervaluesfr(N) canbe approximatedasa finite numberN,. It shouldbe notedthat
any non-zeroeigervaluewill eventually (/V large enough)have a significantabsoluteimpacton
thecapacityin thecasewhenthetotal averagetransmitpoweris fixed( i.e. in (30) below), but this
doesnot happeruntil N approacheshe inverseof thateigervalue,andthusthe thresholdbelow
whicha sampleof the power spectradensityis ignoredcanbe chosersmallenoughto placethose
N beyondthevaluesof interest.Numericalresultswill firmly supportthis approach.

Evenif the spatialcorrelationfunctionis not bandlimited,the approximationof f(N) &~ N,
canstill be obtainedif v(r) satisfiescertainanalytic properties. As notedin [17], for a kernel
W (z,y) likethatin (8), if ¥ (z,y) is ananalyticfunctionin y onthewholeseggment|0, 1] including
the endpointsuniformly in z, then |)\,(€R’°°)‘ < exp (—ak — B), wherea and 3 arepositive con-
stantsandit canbeinferredthat )\,(CR’(’O) is decreasingdo zerovery fast. Sincethe nonzero)\,(CR’N )
convergesto the nonzerceigervalue ™ asN — oo, for k > Ny, A\Y*") canbeapproximated
aszero.Hence|n thiscasethe fz(N) canbeapproximate@sN, aswell, whichwill beillustrated
in the simulationresults.

Thereforejf thespatialcorrelationfunctions)(r) is bandlimitedor 1 (z—y) satisfiesheanalytic
propertiesstatedabove, as N — oo, the diagonalmatrix f)ﬁ, in (23) canbe approximatedasa
diagonalmatrix whose N, upperleft diagonalentriesare positive, and all otherentrieswill be
vanishing. Hence for large N, the mutualinformationfor the caseof fixed transmitpower (23)
becomes:

Tnw & Ty w = log, det(INO +p (DE)* Wit (DE)" 2) , (29)
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whereDE is a N, x N, diagonalmatrix with diagonalentriesas {\{*")}, andW is a Ny x N
randommatrix, whoseentriesare circularly symmetriccomplex Gaussiarrandomvariables: ~
i.i.d N(0,1).
_ L (ARY2 vt (FR) Y2 . , . . . .

Let By = « (DN) ww (DN) , Which is a Wishartmatrix of dimensionVy x Ny. It is
trivial to shaw that/\EfN) convergesto /\,(CR’OO), fork =0,---, Ny — 1, almostsurely where)\,(CBN)
isthe (k + 1)th largesteigervalueof therandommatrix By . Thereforethefollowing convergence
resultconcerninghemutualinformatioanO,N in (29) will hold:

. Np—1
lim (INO,N — Z 10g2 (1 + Np)\ERaOO))> =0, a.s, (30)

N—o0 i—0

which canbe provenby employing the resultsthat)\ffN) — /\,(CR’C"’), as.k=0,---,Ny—1,and
Ny < oo [13]. Thus,thedesiredanalogto Theoreml for the caseof fixedtotal transmitpoweris

obtained.Furtherinterpretatiorof (30) canbefoundin [8].

5 Simulation Results

The key to the applicability of the resultsof Section4 is how well they hold for large but finite
N. The parametergmployed are asfollows: linear array lengthsat the mobile unit of length
Lr = 5) or A\, where) is the carrierwavelength andsignal-to-noiseatios(SNR) of p = —5 dB,
or p = 22 dB. Considerthe correlationfunctiony{{(r) = sinc(2r/\), which hasbandlimited
powerspectradensity;it is obtainedor uniformanglesof arrival in boththeazimuthandelevation
planes.A spatialcorrelationfunctionthatis not bandlimited % (r) = e=1/22m720/3* [20], where
oy = 0.25, is alsotaken asoneof the examples.Finally, the artificial exampley(r) = e~Irl/dx,
whered,, = ), is consideredo demonstrat@analyticrequirementsgor % (r). For the casewith a
fixedlengthlineararrayattransmitterandrecever, let % (r) = T (r).
Figure2 shavsthediscreteFouriertransform
1

fMw) =5
l

N-1 ZLR )
on () e @D
:z]\;ﬂ N -1

for N = 200 andLg = 5, with thecorrespondingetof dominanteigewalues{A,gR’N)} of Uk/N
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in increasingprder If ¥2(r) = sinc(2r/)), thenthenumberof dominanteigervaluesis choseras
Ngr =15for L = 5\, Np =6for Lz = ).

Almost surecornvergenceis demonstratedhrougha combinationof two approachesFirst, a
numberof randomlygeneratedealizationsof Iy y are shown to behae as expected. Second,
histogramsaregeneratedo demonstrateonvergencein distribution of Iy , whichis, of course,
implied by almostsurecorvergence Figures3, 4, 5 and6 shav thecharacteristicsf instantaneous
mutualinformationy y of a (N, N) MEA systemversusN, with the normalizedtotal average
receved power, for variousspatialcorrelationfunctions. In the casewith a fixedlengtharray at
the recever sideonly, Iy x is corveming to the analyticalresultsas N grows large asclaimed
in Theoreml (20). In the caseof the fixed length arraysput at both sides,more randomness
is obsered, asexpected. In addition, the meanvalue of Iy x is demonstratedo corverge to a
constanthatis smallerthanthelimit if fixedlengthlineararrayexistsatonly oneside.

For spatialcorrelationfunction£(r), sincee~"/* doesnot have derivative atr = 0, andthus
doesnot satisfythe analyticalconditionsstatedin Section4.2.1,the decreasingate of /\,(CR""’) is
only of the orderof k=2 for large k [18]. However, the conditionsrequiredby Theorem1 are
still satisfiedfor 4% (r). Thereforewhenthetotal receize power is fixed, the similar corvergence
conclusionganstill be dravn asclaimedby Theoreml andverifiedin Figure6, but with slower
convergenceaspredictedn proofsof Lemmal and2 thanthatin Figures3 and4.

In Figures7 and8, histogramsf Iy x agreewith theresultsobtainedn Figure5, becaus¢he
PDFsof I,y arebecomingmoreconcentratedrounds>{"") ™" log, (1 + pA{*") = 0.4419, as
N increase$rom 40to 200,whenthefixedlengtharrayis putat only oneside;the PDF doesnot
show ary corvegenceasN increasesvhensucharraysareputatbothsides but themeanof Iy y
showslittle variationwith theincreasingof V.

Figuresl, 9, 10 and11 demonstratéhe performanceof the instantaneoumutualinformation
Iy y of a (N, N) MEA systemversusN with the fixed total averagetransmitpower. It canbe
obsered that the sumtermin (30) is a very accurateapproximationfor Iy y if thereexists a
fixedlengthlineararrayat onesidewith spatialcorrelationfunctionsbeingbandlimitedor having

nice analytical propertiesas that of 4Z(r). Therefore the upperboundof the ergodic capacity
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E Iy n]in (25)is tightin this scenarioIf therearefixedlengthlineararraysat bothsides,/y v,
indicatedby the dash-dotinesin thosefigures,doesnot shov convergence which is asexpected
from analysis andthe averagevalueis upperboundedby the asymptoticvalueof Iy y whenthe

fixedlengtharrayis usedat onesideonly, asgivenin (27).

6 Conclusion

In this paper the corvergenceof the instantaneousnutual information Iy of a (N, N) MEA
systemis investigatedanalyticallyandtestedthroughsimulations for the casewhenspatialcor
relationsare causedy therestrictionthatthe elementf the arraymustoccuyy afixedlengthat
eitherthemobileunit or atbothsides(seeTablel). Themaincontribution of this paperis thatthe
almostsurecorvergenceof the mutualinformationy y undercertainconditionshasbeenshowvn
in Theoreml by exploiting the relationshipsbetweerthe eigervaluesof the randommatrix By
andthe eigervaluesof thelinearoperator)®(z, v). In addition,for thosecommonspatialcorrela-
tion functionsdescribedn Section4.3, somesimpleapproximationf Iy y canbe achiesed for
the casewith total fixed transmitpower. This impliesthat, whenthe fixed lengtharrayis put at
the recever sideonly, and N is large, Iy y canbe approximatedvell by a deterministicfigure,
which only relieson afinite numberof non-zerceigervaluesdeterminedy the spatialcorrelation
function. Similar resultscanbe obtainedin a straightforvard way in the casewhenan arbitrary
2-D antennaarray is usedat either the recever side or both sidesby exploiting the Hermitian

characteristiof the covariancematrix &% and o7 [22].
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A Proofsof Resultsfrom Section 4.1.1

Lemma l:
fr(N)-1
> [log2 (1 + p)\,(CBN)) — log, (1 + p/\gcR’N))] a3, (32)
k=0
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Proof: Let ) be the setof outcomesof the underlyingprobability space[14], andlet w referto
T
anoutcomein €. Slnce)\éV Ak and)\N N)Xl in (14) corvegeto 1 almostsurely 3 a set A,
w ~ w t w
P(A) = 1, suchthatfor w € A, /\0 @@ — 1, and)\ﬁ(jvv)(_ix”( ) 5 1. Therefore for ary

1> 6> 0,w € A, thereexists Ny (w, §), suchthatwhenN > Ny (w, §), | Ay FX X ) _

<9,
/\JJXR(N))’{XN(M) — 1| < §,andfor ary 0 < k£ < fr(N), by inequalityin (14), thefollowing bound
of A"¥) canbeobtained,

(1= OAEY < APYED < (14 )AL, (33)

BN UJ)

By substitutingthe boundsof A, in (33)into I y, andemploying thetwo inequalities,
In(l4+z+¢€) <In(1+z)+e¢ In(l4+z—¢€ >In(l+z)—e¢

forany z > 0, e > 0 andz > ¢, we have thefollowing boundsconcernindog, (1 + p)\(BN(“))),

log, (1 + pAL™™Y) — lp SO < o, (14 pA™ ) < log, (14 ™) + ]p SO,
(34)

By summinguptheinequalityin (34)from Oto fz(IV), andtakingachantageof S/~ \UBN) —

1, it yields
IOt (By (w)) (R,N) p
kEZO [log2 (1 + pA; ) log, (1 + pA; )] < ) 2(5, (35)

whichis truefor ary w € A, and0 < ¢ < 1. RecallingP(A) = 1, Lemmal is shown.

Lemma 2:
fr(N)-1 (BN) (R,00)

> [log2 (1 + pA ) — log, (1 + pA )] — 0. (36)

k=0
Proof: Usingthe uniform upperboun(#)\(RN (Rvoo)‘ < C/N, for all k, asstatedn Section3.1
yields

p\/r(V) V)1 (BN) (F.00) p\ /=)

log, (1 — N) < Z [log2 (1 + pA; ) — log, (1 + pA; )] < log, (1 + N) .

k=0

(37)

)fR(N)

Note (1 — %)fR(N) —~e?=1,and (1 + £ — €% =1, sincefr(N)/N — 0 [14, pp. 80].
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Fixedlengthlineararrayatthe RX only FixedLengthlineararrayat TX andRX
Section4.1.1: Section4.1.2:

Fixed | In n cornvergesalmostsurely E [Iy n] corvergesto aconstantCy,
total | toadeterministicconstantC;, asN — oo, whichis upperboundedoy thelimit C;.
RX | Oy =2V log, (1+ pu™), fa(N)/N — 0,
Power | whichis upperboundedy p/ In 2. See(20).
Fixed Section4.2.1: Section4.2.2:
total | Iy n & I No,N» S€€(29). The differencebetween’ NoN | EINN]
TX | andy: oy log, (1+ NpA™™) is smallerthanthatwith fixedlength
Pawver | cornvergesalmostsurelyto zero.See(30). arrayatRX only. See(27).

Table 1: The main resultsof the paper whereIy x is the instantaneousnutualinformation of

a(N,N) MEA systemandE [Iy, y]| is its expectedvaluefor varioustransmit(TX) andreceve

(RX) assumptionsThe variablep representshe total receved power in thefirst row (fixed total

RX power), and the receved SNR at eachantennain the secondrow (fixed total TX power),

respectrely. {A(R’O")} is the setof nonzeroeigervaluesof the Hermitian operatory®(z, y), as

determinedn (8), andC, andC aredeterministicconstants.
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Figurel: Instantaneousmutualinformationy y of a (N, N) MEA systemversusN, with fixed
total averagetransmitpower. Simulationresultsare obtainedthroughgeneratingonerealization
of randomvariable Iy y for eachN in termsof the first equationin (5), whereLz = A, p =
22 dB. For thecasewhenthefixedlengthlineararrayis putatthereceversideonly, 5 realizations
sinc(2r/\),
= Iy. For the casewhenthe fixed length linear arraysare put at both the transmitterand

UT aredetermineddy o7 (r) =

are generatedor each N, andthe Toeplitz matrix % is determinedby % (r)
‘I;T

recever side,2 realizationsaregeneratedor eachN, and¥® =
YE(r) = sinc(2r/)). Analytical resultsare obtainedby the sumtermin (30), where f(N) is
approximatedas Ny = 6 andeigervalues{)\iR’N)} arelistedin thefigure. It canbe obsenedthat
for eachrealizationin thecasewith afixedlengtharrayatthereceversideonly, Iy v is corverging
rapidly for large NV, andthe upperboundin (252%5 tight. The caseof afixedlengtharraylocated

atbothsidesis indicatedby the dash-dotines,andmorerandomnesss obseredasexpected.
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Figure3: Instantaneousmutualinformationy y of a (N, N) MEA systemversusN, with fixed
total averagereceved power, suchthat@Q = % Iy in (2). Simulationresultsareobtainedthrough
generatingone realizationof randomvariable Iy  for eachN, whereL; = 5), p = 22dB.
For the casewhenthe fixed lengthlinear arrayis put at the recever sideonly, 5 realizationsare
generatedor eachN, andthe Toeplitz matrix ¥# is determinedoy v%(r) = sinc(2r/\), ¥7 =
Iy. For the casewhenthe fixed lengthlinear arraysare put at both the transmitterand recever
side,2 realizationsaregeneratedor eachN, and¥? = U7 aredeterminedy " (r) = f(r) =
sinc(2r/)). Analyticalresultsareobtainedoy thesumtermin (21),wherefr(N) is approximated
asNp =15 andelgen/alues{ A N)} areobtainedn Figure2, and "= " log, (1 + pAiR’N)) =
44.1497. It canbe obsenredthatfor eachrealizationin the casewith a fixed lengtharrayat the
recever sideonly, Iy y is conveming to the agglytical resultas N grows large. The caseof a
fixedlengtharraylocatedat both sidesis indicatedby the dash-dotines,andmorerandomnesg

obsenedasexpected.
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Figure4: Instantaneousmutualinformation/y y of a (N, N) MEA systemversusN, with fixed

total averagereceved power, suchthat@Q = % Iy in (2). Simulationresultsareobtainedthrough

generatingone realizationof randomvariable Iy  for eachN, whereL; = 5), p = 22dB.
For the casewhenthe fixed lengthlinear arrayis put at the recever sideonly, 5 realizationsare
generatedfor each N, and the Toeplitz matrix U# is determinedby %(r) = e~1/22rroa/N)’,
Ut = 0.25. For the casewhenthe fixed length linear arraysare put at both
the transmitterand recever side, 2 realizationsare generatedor each N, and ¥® = U7 are
determineddy o7 (r) = f(r) =
termin (21), wherethe eigervalues{)\,(CR’N)} are obtainedthroughnumericalcomputationsand

It canbe obseredthatfor eachrealizationin the case

In, Whereogy =

e~1/2(2mro6/N? - Analytical resultsare obtainedby the first sum

SIEG0 log, (1+ pAL™Y)) = 30.8435.
with a fixed lengtharray at the recever side oglg/, Iy n Is conveming to the analyticalresultas

N grows large. The caseof afixedlengtharraylocatedat both sidesis indicatedby the dash-dot

lines,andmorerandomnesg obsenedasexpected.
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Figure5: Instantaneousmutualinformation/y y of a (N, N) MEA systemversusN, with fixed
total averagereceved power, suchthat@Q = % Iy in (2). Simulationresultsareobtainedthrough
generatingone realizationof randomvariable Iy v for eachN, whereLr = 5\, p = —5dB.
For the casewhenthe fixed lengthlinear arrayis put at the recever sideonly, 5 realizationsare
generatedfor each N, and the Toeplitz matrix U# is determinedby %(r) = e~1/22rroa/N)’,
UT = Iy, whereoy = 0.25. For the casewhenthe fixed length linear arraysare put at both
the transmitterand recever side, 2 realizationsare generatedor each N, and ¥® = U7 are
determinedby 47 (r) = ¥®(r) = e Y/22moe/N*  Analytical resultsare obtainedby the sum
termin (21), where elgervalues{ AEs N)} are obtainedthrough numerical computations,and
SIEG"0 og, (14 pAL™Y) = 0.4419. It canbe obseredthat for eachrealizationin the case
with a fixed lengtharray at the recever side oglél, Iy n Is conveming to the analyticalresultas
N grows large. The caseof afixedlengtharraylocatedat both sidesis indicatedby the dash-dot

lines,morerandomnesss obsenedasexpected.
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Figure6: Instantaneoumutualinformationy y of a (N, N) MEA systemversusN, with fixed
total averagereceve power, suchthat@ = %Iy in (2). Simulationresultsare obtainedthrough
generatingone realizationof randomvariable Iy y for eachN, whereLr = 5\, p = 22dB.
For the casewhenthe fixed lengthlinear arrayis put at the recever sideonly, 5 realizationsare
generatedor eachN, andthe Toeplitz matrix ¥¥ is determinedoy 9% (r) = e~ "/}, ¥ = Iy.
For the casewhenthefixedlengthlineararraysareput at boththe transmitterandrecever side, 2
realizationsaregeneratedor eachN, andU? = U7 aredeterminedy 47 (r) = % (r) = eI/,
Analytical resultsareobtainedby thesumtermin (21), with ' log, (1 + pA(R N)) = 52.0460.
It canbe obsened that for eachrealizationin the casewith a fixed length array at the recever
sideonly, Iy v is conveming to theanalyticalresultas N grows large. The caseof a fixedlength
arraylocatedat both sidesis indicatedby the d@sh-dotines,andmorerandomnessgs obseredas

expected.
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Figure 7. With the sameparametersasthosein Fig. 5, the threefiguresshavn above arethe
histogramf Iy n, whenthetotal recevedsignalpower is fixed,andthefixedlengtharrayis put
attherecever sideonly. The histogramsare obtainedthroughgeneratinglO0 independent v x

sampledor N = 40, 80, 200, respectiely. It canbe obsenedthatas NV is becominglarger, the
probability densityfunction (PDF) of Iy x is becomingmore concentratediroundthe constant
0.4419.
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Figure 8: With the sameparametersasthosein Fig. 5, the threefiguresshavn above arethe
histogramsof Iy, whenthe total receved signal power is fixed, andthe fixed length arrayis
put at boththe transmitterandthe recever side. The histogramsare obtainedthroughgenerating
100independenty, y sampledor N = 40, 80, 200, respectrely. It canbe obseredthatasN is

becominglarger, theredoesnot exist the tendeng of the more concentratiorof the PDF of Iy,
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Figure9: Instantaneousiutualinformationly, y of a(V, N) MEA systenversusV, with thefixed
total averagetransmitpower. Simulationresultsareobtainedhroughgeneratingpnerealizationof
randomvariablely » for eachN in termsof thefirst equationn (5), whereL, = 5, p = 22dB.
For the casewhenthe fixed lengthlinear arrayis put at the recever sideonly, 5 realizationsare
generatedor eachN, andthe Toeplitz matrix ¥# is determinedoy v%(r) = sinc(2r/\), ¥7 =
Iy. For the casewhenthe fixed lengthlinear arraysare put at both the transmitterand recever
side,2 realizationsaregeneratedor eachN, and¥? = U7 aredeterminedy " (r) = f(r) =
sinc(2r/)). Analyticalresultsareobtainedoy thesumtermin (30),wheref(N) is approximated
asNg =15 andelgervalues{ AR N)} areobtainedrom Figure2. It canbeobsenedthatfor each
realizationin thecasewith afixedlengtharrayatthereceversideonly, I v is corverging rapidly
for large V, andthe upperboundin (25) is tigh?EOThe caseof afixedlengtharraylocatedat both

sidesis indicatedby the dash-dotines,andmorerandomness obseredasexpected.
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Figure10: Instantaneoumutualinformation/y, y of a (N, N) MEA systemversusN, with fixed
total averagetransmitpower, suchthat@ = %Iy in (2). Simulationresultsareobtainedthrough
generatingnerealizationof randomvariablel v y for eachV, whereL, = 5\, p = 22dB. Forthe
casewhenthefixedlengthlineararrayis putattherecever sideonly, 5 realizationsaregenerated
for each N, andthe Toeplitz matrix U* is determinedby % (r) = e~1/2Cmoo/N QT = [y
whereoy, = 0.25. For the casewhenthe fixed lengthlinear arraysare put at both the transmitter
and recever side, 2 realizationsare generatedor each N, and ¥ = ¥ are determinedby
WT(r) = R(r) = e 1/2@m9s/N - Analytical resultsareobtainedoy the sumtermin (30), where
fr(N) is approximatedis Np = 15. It canbeobsenedthatfor eachrealizationin the casewith a
fixedlengtharrayatthereceversideonly, Iy, y is well approximatedy theanalyticalresult,and
theupperboundin (25)is tight, as NV grows Iar%%. Thecaseof afixedlengtharraylocatedat both

sidesis indicatedby the dash-dotines,andmorerandomness obseredasexpected.
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Figure11: Instantaneoumutualinformationy y of a (N, N) MEA systemversusN, with fixed
total averagetransmitpower, suchthat@ = &Iy in (2). Simulationresultsareobtainedthrough
generatingnerealizationof randomvariablel y y for eachV, whereLy = 5, p = 22 dB. Forthe
casewhenthefixedlengthlineararrayis putattherecever sideonly, 5 realizationsaregenerated
for eachV, andthe Toeplitzmatrix ¥ is determineddy % (r) = e~ I"//*, ¥T = Iy. For thecase
whenthefixedlengthlineararraysare put at both the transmitterandrecever side,2 realizations
aregeneratedor eachN, andU# = U7 aredetermineddy o7 (r) = %(r) = e”I"l/*. Analytical
resultsare obtainedby the sumtermin (25), where fz(/N) canno longer be approximatedas

(R,N)
k

Ny becausef the slow decreasingate of A . It canbe obsenedthatfor eachrealizationin

the casewith afixedlengtharray at the recever sideonly, Iy y cannotbe approximateddy the
analyticalresult,andthe upperboundin (25) is32comindooser as N grows large. The caseof a

fixedlengtharraylocatedat both sidesis indicatedby the dash-dotines, which agreeswith what

is expectedbasecddn (27).
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