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Abstract

Previous authorshave shown that the asymptoticcapacityof a multiple elementantenna

(MEA) systemwith � transmitand � receive antennas(termedan �������	� MEA) grows

linearly with � if, for all 
 , the correlationof the fading for two antennaelementswhose

indicesdiffer by 
 remainsfixed as antennasareaddedto the array. However, in practice,

thetotal sizeof thearrayis oftenfixed,andthusthecorrelationof thefadingfor two elements

separatedin index by somevalue 
 will changeasthenumberof antennaelementsis increased.

In thispaper, undertheconditionthatthesizeof anarrayof antennasisfixed,andassumingthat

thetransmitterdoesnot have accessto thechannelstateinformation(CSI) while thereceiver

hasperfectCSI, the asymptoticpropertiesof the instantaneousmutual information �
��� � of

an �������	� MEA wirelesssystemin a quasi-staticfadingchannelarederivedanalyticallyand

testedfor accuracy for finite � throughsimulations.For many channelcorrelationstructures,

it is demonstratedthattheasymptoticperformanceconvergesalmostsurely, implying thatsuch

MEA systemshaveacertainstrongrobustnessto theinstantiationof thechannelfadingvalues.�
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1 Introduction

Multiple elementantenna(MEA) wirelesssystemshave demonstratedthe theoretical[1, 2] and

practical [3] potential to increasesystembandwidthefficiencieswell beyond thosepreviously

imagined.In thispaper, theinstantaneousmutualinformationbetweenthetransmitterandreceiver

in an ������������� MEA system,with ��� transmitantennasand ��� receive antennas,is considered.

Earlywork in thisarea,whichmotivatedmuchof theMEA work to follow, assumedthatthefading

betweendifferentelementpairswasindependentlyandidentically distributed(i.i.d). Underthis

assumption,it hasbeenshown [1, 2] that,evenif thetransmitterhasno knowledgeof thechannel

fadingvalues,the capacitydivided by �� � min ��� ���!���"� approachesa non-zeroconstantfor a

fixedaveragetransmitpower, as ��$# % .

Theaforementionedassumptionof an i.i.d distribution of channelpathgainscanoftenbevio-

lateddueto theinsufficientspacingof antennasand/ortheabsenceof arich scatteringenvironment

aroundthetransmitterand/orreceiver. For example,for agivenangularspreadingof theincoming

waves,thespatialcorrelationof thesignalsreceivedat two pointswill generallyincreasewith de-

creasingdistancebetweenthepoints[4]. Electromagneticmutualcouplingbetweentheelements

will alsochangethecorrelationbetweenthe signalsreceived from adjacentpoints. Recentwork

investigatingtheimpactof correlatedfadingon thecapacityof MEA systemscanbefoundin [5]

and[6]. In [6], a ���&���'� MEA wirelesssystemis assumed,andantennasarearrangedin a regular

grid, thetotalsizeof whichscalesupwardwith thenumberof antennas,thuspreservingtherelative

positionof adjacentantennas.Underthisassumption,[6] employedrandommatrix theoryto show

that,as � approachesinfinity, the instantaneousmutualinformation ( �)� � of suchMEA systems

still increaseslinearly, albeitwith asmallerratethanin thei.i.d fadingcase.

In practice,themaximumphysicalsizeof theantennaarrayis fixeddueto physicalconstraints

imposedby the application(e.g. on a mobile unit). In this work, the asymptoticcharacteristics

of ( ��� � areinvestigatedin a scenariowherethe lengthof a linear arrayis fixed,andno channel

stateinformation(CSI) is availableto thetransmitterwhile thereceiver hastheperfectCSI. Two

differentsetsof assumptionsfor the signal-to-noiseratio will be considered.In onecase,it is

assumedthat thetotal averagetransmitpower from the � � antennaswill befixed,which implies
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thattheaveragereceiver power grows linearly with �*� . This setof assumptionswould apply, for

example,if a systemsengineerwereconsideringaddingsmall dipolesto a sparselinear arrayat

the receiver, in which casethe total effective areaof the receive arraywould scalewith ��� . In

contrast,[7] independentlyhasconsideredasymptoticmeancapacityfor antennaarraysof fixed

sizehasbeenconsideredassumingthatthetotalaveragereceivedpower is fixed,therebyimplying

thatthetotal effectiveareaof thereceiveantennasdoesnotgrow with ��� . In this case,theresults

will indicatethegainasRFchainsareaddedat thereceiver.

Traditionalinformationtheoryfor fadingchannelshasoftenbeendevotedto finding themean

capacityfor agivenchannel,asis investigatedin [7]. However, recentwork in informationtheory

for fadingchannels,particularlyfor multipleantennaelementsystems,hasbeendevotedto outage

capacity(e.g.[1]); thatis, it is oftenof interestto know how oftenthecapacityof asystemwill be

above somerequiredrate. By demonstratingalmostsureconvergenceof theasymptoticcapacity

of fixed-sizelineararrays,themeanandoutagecapacitiesarebothaddressed.In particular, almost

sureconvergenceto a limiting expressionimplies: (1) the meancapacityconvergesto the same

expression,and(2) thesystemwill almostalwaysbein outagefor desiredratesabove thederived

capacityandalmostneverbein outagefor ratesbelow thederivedcapacity.

To understandthepracticalsignificanceof almostsureconvergenceof themutualinformation

of ���&���'� MIMO systems,contrastsuchresultswith thosefor asymptoticmeancapacity(e.g.

[7]). For a given type of propagationenvironmentcharacterizedby the correlationpropertiesof

thechannelfadingmatrix, themeancapacitycharacterizeshow well asystemdoesonaveragebut

sayslittle abouthow thesystemwouldoperatein any singleenvironment,thusgreatlycomplicating

wirelessnetwork planning. The demonstrationof almostsureconvergencefor the samesystem

for a givenchannelcorrelationstructureimplies that thesystemwill operatereliably - regardless

(almostsurely)of theactualinstantiationof thechannelfadingvaluesthatareencountered.Figure

1 showsarepresentativeexampleof theresultsderivedhere.For thecasewith afixedsizearrayat

thereceiverendonly (e.g.abase-to-mobilecommunication),theuppersetof curvesdemonstrates

that the mutual information undereachof the instantiationsof the fading convergesrapidly to

the meancapacity, thusdemonstratingthe robustnessof the performanceof the MEA systemto
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the specificinstantiationof the fadingvalues.The lower setof curvesof Figure1 shows results

when thereare fixed size arraysat both the transmitterand receiver (e.g. a mobile-to-mobile

communication),wheremeanconvergenceoccursbut almostsureconvergencedoesnotoccur.

Themainresultsof thiswork areshown in Table1. In Section2, thesystemmodelis presented,

which follows thatin [6]. Notethattheapproachestakenin [6] cannotbeemployedhere.Instead,

theasymptoticcharacteristicsof eigenvaluesof Hermitianmatricesandthestatisticalcharacteris-

ticsof eigenvaluesof largesamplecovariancematricesareinvestigatedin Section3.1andSection

3.2, respectively. Section4 appliestheresultsto theanalysisof themutualinformationof MEA

systems.Simulationresultsarepresentedin Section5, andconclusionsaredrawn in Section6.

2 System Model

Throughoutthepaper, thefollowing notationswill beused: ( � for the �,+-� identity matrix, .0/
for transposeconjugateof thematrix . , .21 for conjugateof thematrix . , det�3.2� for determinant

of thesquarematrix . , .54 for transposeof thematrix . , and 6 for columnvector.

A single-user, point-to-point,narrowbandwirelesscommunicationsystemwith � transmitan-

tennasand � receiveantennasis assumed.Thecasewherethenumberof transmitantennasandthe

numberof receiveantennasdiffer canbeconsideredin ananalogousmanner. Let 7 bethe �8+9�
channelfadingmatrix,whose�;:<�>=?� th entry 7A@ � B is thecomplex pathgainbetweentransmitter= and

receiver : . Then,thediscrete-timeequivalentsystemmodelis givenby:C �D7&6 EGF (1)

where6 is an �H+JI vectorwhose= th componentrepresentsthesignaltransmittedby the = th an-

tenna.Similarly, thereceivedsignalandreceivednoisearerepresentedby �K+&I complex vectors,C
and F , respectively. The noisevector F is an additive white Gaussianrandomvector, whose

entriesLMFN@O�<:P�QIR�TSTSTSU�!�WV arei.i.d circularly symmetriccomplex Gaussianrandomvariableswith

meanzero,where FN@ is theadditive noisein the : th receiver. Let X�YZ bethevarianceof FN@ , which

will be normalizedto one. Thus, F[@]\ ^�J��_`�TIa� , where \ ^�b�;cN��X Y � indicatesa randomvariable

possessesacircularlysymmetriccomplex Gaussiandistributionwith meanc andvarianceX Y .
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As notedin the Section1, two differentassumptionsregardingthe total averagetransmitand

receiver power will be consideredin this work: (1) the total averagereceive power is fixed,and

(2) the total averagetransmitpower is fixed. For the reminderof this section,quantitieswill be

written only for the secondcaseto make the expositionsmoother, but they areeasilymodified

for the first caseasshown in Section4.1. Let the total averagepower transmittedacrossthe �
transmitantennasbe dfehg �i!jlk)m 6 i m Y<n �po , regardlessof � . Entriesof thechannelfadingmatrix7 areassumedto be circularly symmetriccomplex Gaussianrandomvariableswith zeromean

and d9q m 7r@ � B m Y<st�uI , andthusa Rayleighfadingchannelis beingassumed.Therefore,theaverage

signal-to-noiseratio (SNR) at a singlereceive antennais o for the secondcaseasstatedabove.

In this work, 7 will be treatedasquasi-static,which meansentriesof 7 areconstantduring a

dataframeandvary from frameto frame.It is assumedthatthetransmitterhasneitherknowledge

of theentriesof 7 nor knowledgeof thecorrelationstatisticsof theentries,but that the receiver

hasperfectknowledgeof the entriesof 7 (i.e. no transmitterchannelstateinformation (CSI)

is assumed,but perfectreceiver CSI is assumed).Hence,as in [2], if the input vector 6 is a

propercomplex Gaussianrandomvector, whosecovariancematrix is dvq 6 wa6 / sx�zy , themutual

information ( ��� � of this MEA system(conditionedon 7 ) is( ��� � �|{~}R� Y det �<( � E�7�wTy�w�7 /O� bps/Hz (2)

Sincethereis no CSI nor knowledgeof thecorrelationof theentriesof 7 availableat the trans-

mitter, a reasonabley is �� ( � [2], which implies transmittingdataindependentlywith the same

averagepower o?��� acrosseachof the � antennas.Then,(2) simplifiesto( ��� � �|{~}R� Y det ��( � E o� 7�w�7 /�� bps/HzS (3)

It is assumedthatthecovariancematrix of therandomvariables7A@ � B hasthefollowing general

covariancestructure,asdescribedin [6]:d9q�7A@ � i 7 1B�� � s���� �i � � � �@ � B � (4)

where� � and � � are ��+�� covariancematricesgeneratedby thetransmitandreceiveantennas,

respectively. In [6], it was assumedthat as � was increased,the relative position of adjacent
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antennasis fixedfor someregulararrays,suchassquareor lineargrids,implying thatthetotalsize

of the arraygrows with � . In contrastto [6], assumethat the total lengthof the linear arrayat

thereceiver (mobileunit) sideis fixed. Thelengthof the lineararrayat thetransmitterside(base

station)will beassumedto beeither:(1) fixed,or (2) largeenoughto make � � �D( � .

As in [6], matrix 7 canbefactorizedin theform 7���8�<� � �P���� �!� � � 4 �� , wheretheentriesof�
arei.i.d with ^�b�3_`�TI�� , and � ���� meansrandomvariables� and � have thesamedistribution.

In orderto analyzetheasymptoticperformanceof (3), as ��# % , theunitary transformationof

matricesyields( ��� � ���{~}R� Y det ��( � E o� � � � �!� � � 4 � /�� ��|{~}�� Y det ��( � E o�G� �� � � �� � /�� � (5)

where � �� and � �� arediagonalmatrices,whosediagonalentriesaretheeigenvaluesof � � and� � , respectively, in descendingorderof their magnitudes:i.e., � �� ��IR�TI�� ��wawaw¡� � �� �����!�'� and� �� ��IR��I��¢�£wawaw¤� � �� �3�&�!�¥� .
3 Asymptotic Analysis of Eigenvalues of Large Matrices

From(5), it is clearthattheeigenvaluesof therandommatrix
k� � �� � � �� � / determinethechar-

acteristicsof ( �)� � . First, in Section3.1, theasymptoticbehavior of thedeterministiccovariance

matrix � � is considered.Next, in Section3.2, theasymptoticbehavior of eigenvaluesof theran-

dommatrix
k� � � �� � k�¦ Y �z� / � � �� � k�¦ Y is studied.

3.1 Characteristics of Eigenvalues of Large Covariance Matrices

In this section,interestis in the numberof nonzeroeigenvaluesof � � andthe rateat which the

eigenvaluesconvergeto their limiting values.Without lossof generality, let ^§ � �3¨�� bethenormal-

ized( ^§ � �3_©�ª�pI ) spatialcorrelationfunctionat thereceiver endfor a lineararrayof fixedlength,

suchthat � �@ � B � ^§ � � :x«¬=�8«­I`® � � �¡:<�O=A�¯IR��STSTS°�!�J� (6)
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where® � is thetotal lengthof thelineararray. Therefore,� � is anon-negativedefiniteHermitian

andToeplitz matrix. As notedin [7], theeigenvaluesof thematrix � � ��� will beconverging to

thepoint spectrum(i.e. eigenvaluesin this case)±?²"³ � � ´ µi ¶ of thenon-negativedefiniteHermitian

operator
§ � �·�)���¤� � ^§ � q¸�·�9«¹�`� ® �ºs on theHilbert space® Y q»_`�TI�s [15], where �)���J¼�q�_½�TI�s . The

operator
§ � �·�)���¤� is completelycontinuousandsquaresummableover q»_`�TI�s�+¾q�_½�TI�s [15],¿ kZ ¿ kZ|ÀÀÀ § � �·�)���¤� ÀÀÀ Y0Á � Á ��Â�%ÃS (7)

EigenvaluesLM² ³ � � ´ µi V of
§ � �;�)�<�¤� canbedeterminedby¿ kZ ^§ � q¸�·�9«¹�`� ® �ºs�Ä ³ � µi �3�`� Á �A�Ã² ³ � � ´Åµi Ä ³ � µi �;�l�
�lÆ��D_`�TIR�Twawaw°�
%Ã� (8)

where �Ç¼zq»_`�TIUs , and ±ÈÄ�³ � µi �·�l� ¶ aretheeigen-functionsof theoperator
§ � �;�)���`� . From[15, pp.

365],zerois theonly limit pointof thespectrumof
§ � �·�)���`� . In addition,thenonzeroeigenvalues

of
§ � �;�)�<�¤� have finite multiplicity andform a sequencetendingto zeroif they aredenumerable

infinite in number[15, pp. 233].

First,considertherateatwhich theeigenvaluesof � � ��� convergeto their limiting values.Let±©² ³ � � �Pµi ¶ betheeigenvaluesof the �,+-� matrix � � �����D. � listedin decreasingorder. Then,�ÊÉ kËi!j Z ²�³ � � �tµi � tr Ì � ��ÎÍ �¯IR� for all �Ï� (9)

wheretr �;. � is thetraceof matrix . . From(6) and(8), observe that theeigenvalues ± ² ³ � � �tµi ¶ are

obtainedfrom the quadraturemethodusing the rectanglerule [11, pp. 107] to approximatethe

eigenvaluesof thehomogeneousFredholm’s integral equationof thesecondkind in (8). Thus,as��# % , thenonzeroeigenvalue ² ³ � � �tµi convergesto thecorrespondingeigenvalue ² ³ � � ´ µi of the

linearoperatorin (8) [11, pp. 248]. Regardingtherateof such,thereexistsa uniformerrorbound

suchthat ÀÀÀ ²�³ � � �tµi «¾²�³ � � ´ µi ÀÀÀÈÐ�Ñ ��� , for any Æ Ð � , where Ñ is a positiveconstant[11, pp. 270].

Next, it will beshown thatthenumberof nonzeroeigenvaluesof � � ��� is in theorderof Ò`�3�'� ,
for large � . For any matrix . with real eigenvalues,let Ó�Ô denotethe empirical distribution

function(i.e. e.d.f)of theeigenvaluesof . ; if . is Õ¬+'Õ , thenÓ Ô �·�l�Ö� IÕ � numberof eigenvaluesof . Ð ���lS (10)
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Therefore,thereexistsa sequenceof cumulativedistribution functions(CDF) ± Ó�Ô¤× ¶ definedac-

cordinglyto (10) for each. � . Dueto thenon-negativedefinitenessof . � and(9), it canbeeasily

observedthat ²"³ � � �Pµi ¼Dq�_½�TI�s . Hence,Ó Ô × is concentratedon q»_`�TI�s . Let the Æ th momentof Ó Ô ×
bedefinedas d �Ge � i n � g �[É ki!j Z e ² ³ � � �tµi n i� � ¿ kZ � i Ó Ô¤× L Á �xVÈS (11)

If ÆpØ�Ù_ , then d �Ge � i n # _ as � # % ; if Æ|�Ú_ , Û kZ Ó�Ô¤×NL Á �xV¹� I , for any � . This im-

plies that thesequenceof the Æ th momentof ÓÜÔ`× converges(in � ) to a numberÝ i (in this case,

0 or 1) for each Æ . Sucha convergenceof the momentsimplies that the sequence±©Ó Ô`× ¶ con-

vergesto a PDF Ó Z in distribution [16, pp. 251] (i.e. ÓÜÔ`× �«l# Ó Z ) with Û kZ ��Ó Z L Á �xV|� _ ,
and this implies that Ó Z ��L�_?VM�Ï� I [19, pp. 51]. Let the supportof a e.d.f definedlike that

in (10) be the setof all eigenvalues. Therefore,the supportof Ó�Ô¤× is the setof ± ² ³ � � �tµi ¶ , and

the supportof Ó Z over positive valuescorrespondsto the non-zeroeigenvaluesof the operator§ � �;�)���`� . Thus, an eigenvalue ² ³ � � ´ µi is zero almostsurelywhenmeasuredby Ó Z . In another

word, Ó�Ô¤×v�>L�²¥Þ?²&ß­_?V��<# _ , as � # % . It can be concludedthat àM�P���'� , the numberof

nonzerovaluesin ±©² ³ � � �tµi �!Æ��|_`�Twawaw��K«­I ¶ , satisfiesàM�t���¥�<��� # _ as � approachesinfinity.

The speedof àM�P���¥�<��� # _ dependson smoothnessof the kernel ^§ � �;¨R� in (8) in the senseof

continuousdifferentiabilityof variousorders[17], with smoother ^§ � �3¨�� correspondingto a faster

convergenceof àM�t���'�á���$# _ , aswill beshown in thesimulationresults.

3.2 Eigenvalues of Large Dimensional Sample Covariance Matrices

In this section,convergenceissuesregardingtheeigenvaluesof (random)samplecovariancema-

tricesof theform â � � I� � ^� �� � k�¦ Y 6 � 6 /� � ^� �� � k�¦ Y � (12)

areaddressed,where ^� �� � � �� ��� , and 6 � is a �Ù+-� randommatrix with entriesthatarei.i.d

complex Gaussianrandomvariablesdistributedas ^�b�3_`�TI�� . In particular, it is establishedthat the

eigenvaluesof therandommatrix

â � arerelatedto thoseof thedeterministicmatrix ^� �� .

Let thediagonalentriesof ^� �� betheset ± ² ³ � � �Pµi �
Æã�Ã_`�Twawaw°�!�K«­I ¶ , whoseasymptoticprop-
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ertieswerestudiedin Section3.1. Then,thedesiredresultis establishedby showing that ä�Æ&��_ ,
suchthat ² ³ � � ´ µi ßå_ , ² ³çæ × µi convergesalmostsurelyto ² ³ � � ´ µi . In (12), the numberof nonzero

entriesin thediagonalmatrix ^� �� is à��N���¥� ; therefore,thenumberof nonzeroeigenvaluesof

â �
in (12) is not largerthan àM�t���'� . Let �â � denotethe à��P�3�'�]+¬àM�t���¥� randommatrix�â � � I� � �� �� � k�¦ Y �6 �D�6 /� � �� �� � k�¦ Y � (13)

where �� �� is a à��N���¥�º+�àM�[�3�'� diagonalmatrixwith diagonalentriesequalto thenonzerodiagonal

entriesof ^� �� in the sameorder, and �6 � is the à��N���¥�Ü+¾� randommatrix with i.i.d elements

distributedas ^�¹��_½�TI�� . Hence,the àM�P���'� eigenvalues(in decreasingorder)of �â � in (13) arethe

sameasthosefirst àM�P���'� eigenvaluesof

â � in (12), i.e. ² æ ×i ��²Üèæ ×i �
Æé��_½�TwawawU�!àM�t���'�Ê«�I . In

[12], it hasbeenshown thatfor amatrixof theform of �â � in (13), thefollowing inequalityholds:² ³ � � �tµi ² �× èê × èê[ë×ìOí ³ �Pµ�É k Ð ² æ ×i Ð ² ³ � � �Pµi ² �× èê × èê[ë×Z � (14)

where Æ'�p_`�Twawaw°�
à��N���¥�Ö«DI , and ² �× èê × èê ë×ìOí ³ �Pµ�É k and ² �× èê × èê ë×Z arethesmallestandthe largesteigen-

valuesof therandommatrix
k� �6 � �6 /� , respectively. As statedin Section3.1, ² ³ � � �tµi # ² ³ � � ´ µi , for

any Æ suchthat ² ³ � � ´ µi ßÇ_ . Since à��P�3�'�á���$# î]�Ã_ , it canbeshown that[13],² �× èê × èê ë×Z a.s.«l# � IïEÇð î � Y �¯I�� (15)

and ² �× èê × èê[ë×ì�í ³ �tµ·É k a.s.«l# ��I « ð î � Y �QI�S (16)

Therefore,it canbeconcludedthatthethenumberof nonzeroeigenvaluesof

â � is àM�P���¥� aswell

for large � , andthey convergeto thenonzeroeigenvaluesof
§ � �;�)���`� pointwisely, with probability

one,as �ñ# % .

4 Asymptotic Analysis of Mutual Information ò ���ó�
4.1 Asymptotic Analysis of ôÈõ ö õ with Fixed Total Received Signal Power

In Section2, themotivatingequationswerewrittenfor thecasewhenthetotal transmittedpoweriso afternormalizingthevarianceof theadditivenoise.For thecaseof a fixedtotal receivedpower,
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themodificationis obtainedmathematicallyby furtherscalingthetransmittedpowerby I���� , thus

makingthecorrelationmatrix y in (2) equalto �� � ( � [7].

4.1.1 Fixed Length Linear Array at the Receiver Side Only

In this section,it will beassumedthatas �Ú# % , � � canbemaintainedas ( � . However, at the

receiver side,theantennaswill needto befit into a fixed-lengthlineararray. This scenariois the

casewhenthebasestationcanafford a largearray, while themobileunit cannotdueto its physical

constraints.In suchascenario,theasymptoticcharacteristicsof ( ��� � , which is now( �)� � �D{~}�� Y det ��( � E o� Y � � �� � k�¦ Y �z� / � � �� � k�¦ Y � � (17)

will be investigated,where � �� is definedin (5). Basedon the assumptionsstatedabove, the

authorsin [7] arguedthatif thereexistsonly one-sidedcorrelationcausedby thereceiveantennas,dÇq�( �)� � s (i.e. theaverageof ( ��� � in (2) ) convergesto a constant.In this section,by employing

the resultsof Section3, a strongerresultwill be shown. In particular, with a fixed lengthlinear

arrayonthereceiverside,aswell asthetotal receivedsignalpowerfixed,theinstantaneousmutual

information ( ��� � will beshown to convergealmostsurelyto a deterministicconstantas �Î# % .

Thatconstantcanbedeterminedby ±©² ³ � � ´ µi ¶ , thenonzeroeigenvaluesof
§ � �;�)���`� .

By thedefinitionof det��wç� , (17)becomes( ��� � � �[É kËi!j Z {¸}R� Y � IïE�o?² ³çæ × µi � � (18)

where

â � is definedin (12), andwhere ² ³÷æ × µi is the ��ÆãEzI�� st largesteigenvalueof the random

matrix

â � . Recallfrom Section3 thatthenumberof non-zeroeigenvalues² ³çæ × µ is almostsurelyà��N�3�'� , thenumberof non-zeroeigenvaluesof � �� ��� . Thus,almostsurely,

( ��� � � ì�í ³ �tµ·É kËi!j Z {~}R� Y � IïE�o?²"³ èæ × µi � Ð o{~øÅù ìOí ³ �Pµ�É kËi!j Z ²�³ � � �tµi ² �× èê × èê ë×Z � o{~øÅù ² �× èê × èê ë×Z � (19)

where �â � is definedin (13),theinequalityis dueto (14)and {¸øx��IÈE��l� Ð � , andthesecondequality

is becauseg ì í ³ �Pµ�É ki!j Z ²"³ � � �Pµi �8I . In (15), it hasbeenshown that ² �× èê × èê[ë×Z convergesto 1 almost

surely. Therefore,( ��� � in (19) is upper-boundedby o?�[{¸øÅù with probabilityone,as �ñ# % .
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As shown in Section3.2, ú�² ³ èæ × µi û convergepointwiselyto thenonzeroeigenvalues ±?² ³ � � ´ µi ¶
of
§ � �;�)�<�¤� , with probabilityone,which resultsin thefollowing theorem.

Theorem 1:ìOí ³ �Pµ�É kËi!j Z {¸}R� Y �UIïE�o?² ³çæ × µi � a.s.«l# ìOí ³ �tµ·É kËi!j Z {~}R� Y �°I¢E¾o?² ³ � � ´ µi � � as �ñ# % (20)

Theproofof (20) is accomplishedby Lemmas1 and2, whicharestatedandprovenin Appendix

A. Hence,if thefixedlengthlineararrayis locatedat thereceiver side,as � approachesinfinity,( ��� � in (18) convergesalmostsurely,( ��� � a.s.«l# ìOí ³ �Pµ�É kËi!j Z {¸}R� Y � IïE�o?² ³ � � ´ µi � � (21)

which is upperboundedby a finite number o?�N{~øÅù . Theorem1 is a more precisestatementof

Lemma2 of theindependentwork [21], whichemploysaquitedifferentproof technique.

4.1.2 Fixed Length Linear Array at Both Sides

In this section,the casewith fixed length linear arrayslocatedat both the transmitterand re-

ceiver will be investigated. In this case,let
§ � �3¨�� and

§ � �;¨R� be the spatialcorrelationfunc-

tionscausedby the receive andtransmitantennas,andlet ® � and ® � be the lengthof the linear

arrays. By following the sameapproachtaken above, it can be concludedthat the numberof

nonzeroeigenvaluesof matrices � � �U� and � � ��� will be in the orderof Ò`�3�'� , which canbe

representedby à��N���¥� and àa�P�3�'� , respectively, with àT�[�3�'�á��� # _ and àM�P���¥�<��� # _ , as�Ù# % . Let theseeigenvalues(in decreasingorder)bethediagonalentriesof thediagonalma-

trix �� �� � diag ± ²"³ � � �Pµ@ ��:��Ã_`�TS�STSU�!àM�N�3�'�P«­I ¶ and �� �� � diag ± ²"³ � � �tµ@ ��:t�|_`�TSTSTSU�
àa�P�3�'�P«­I ¶ ,
respectively. Therefore,with yz� �� � ( � , (5) becomes:( ��� � ��|{¸}R� Y det ��( � E o� Y � �� � � �� � /O� ��D{¸}R� Y det �<( ìOí ³ �tµ E�o �� �� C �ü�� �� C /� � (22)

where
C � is a àM�N�3�'�Å+ÏàT�P���¥� randommatrix, whoseentriesarei.i.d anddistributedas ^�¹��_`��I�� .

As � # % , ² ³ � � �Pµi # ² ³ � � ´ µi , ² ³ � � �tµi # ² ³ � � ´Åµi , where ² ³ � � ´Åµi and ² ³ � � ´ µi are the Æ th largest

nonzeroeigenvaluesof
§ � �;�)���`� , and

§ � �·�)���`� , respectively, which aredeterminedby thereceive

andtransmitspatialcorrelationfunctionin thesamewayasthatin (8).
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As onemight expect,it canbe shown, usingHadamard’s inequality, Theorem1, andLemma

2 (see[22]) that theexpectedvalueof ( ��� � in (22) canbeupperboundedby ( �)� � with thefixed

length linear arrayat the receiver endonly. As moreantennasareput in this MEA system,the

ergodiccapacitywill benon-decreasingundertheconditionsassumedthroughoutthis work; thus,

sinced�q»( ��� � s hasafinite upperbound,it canbeconcludedthat d�q»( ��� � sl# Ñ , whichagreeswith

what is claimedin [7] for the meancapacity, and Ñ is a finite constantthat will dependon the

spectrumof theHermitianoperators,
§ � �;�)���`� and

§ � �·�)���`� , respectively.

4.2 Asymptotic Analysis of ôÈõ ö õ with Fixed Total Transmit Signal Power

4.2.1 Linear Array of Fixed Length at Receiver Side Only

Following Section3.2, ( ��� � in (5) will have thesameasymptoticcharacteristicsas

�( ��� � �D{¸}R� Y det ��( ì í ³ �tµ E�o � �� �� � k�¦ Y �6 �Ã�6 /� � �� �� � k�¦ Y � � ìOí ³ �Pµ�É kËi!j Z {¸}R� Y �ÈI¢E��&o?² ³ èæ × µi � � (23)

as �$# % , where �â � and �� �� aredefinedin (13).

In this caseof fixed total transmitpower, we areunableto get a resultsimilar to almostsure

convergenceto a deterministicconstantas that in Theorem1 for the casewith the fixed total

received power. This is directly attributed to the extra factor � in (23), and can be explained

intuitively by noticingthatas � increases,thetotal receivedpower will beincreasedaccordingly,

which will make the mutual information ( �)� � grow aswell. Thus, in this section,two results

thataremuchweaker thantheprecisealmostsureconvergencein Theorem1 areestablished.In

particular, it will be shown that, for the caseof fixed total transmitpower: (1) the normalized

mutualinformationconvergesalmostsurelyto zero,and(2) themeancapacityis upperbounded

by anexpressionthat is analogousto thaton theright sideof Theorem1. Much strongerresults

(analogousto Theorem1) canbe justified by exploiting propertiesof specificspatialcorrelation

functions,aswill bediscussedin Section4.3.

First, it will beshown thatthenormalizedmutualinformation �( ��� � ��� convergesto zeroalmost

11



surely. �( �)� �� � I� ìOí ³ �tµ·É kËi!j Z {~}R� Y � IïEü��o?² ³ èæ × µi �
Ð àM�N�3�'�� {¸}R� YÜýþ IÖE �àM�N�3�'� ìOí ³ �Pµ�É kËi!j Z o?² ³ èæ × µi ÿ�
Ð àM�N�3�'�� {¸}R� YÜýþ IÖE �àM�N�3�'� ìOí ³ �Pµ�É kËi!j Z o?² ³ � � �Pµi ² �× èê × èê ë×Z ÿ�
� àM�N�3�'�� {¸}R� Y Ì I¢E �àM�t���¥� o?² �× èê × èê ë×Z Í a.s.«l# _`� (24)

wherethe first inequalityis becauseof the concavity of the function {~}R� Y �·�l� , andthesecondin-

equalityis becauseof that in (14). The lastequalityis theconsequenceof g ìOí ³ �Pµ�É ki!j Z ² ³ � � �Pµi ��I .
Finally, thealmostsureconvergenceis basedon thea.s.convergencein (15), à��N���¥�<��� # _ , and�5{~}�� Y ��IïE��R�l�Ê# _ , as �é# _ , where�9ßÇ_ .

Next, theupperboundof theergodiccapacityd�q ( �)� � s canbeshown,similarly to thatof Section

4.1.2that[22] d�q ( �)� � s Ð
ìOí ³ �Pµ�É kËi!j Z {¸}R� Y � IïEü��o?²�³ � � �tµi � � for all �ÏS (25)

4.2.2 Fixed Size Linear Array at Transmitter and Receiver

If thetransmittingantennasarealsospatiallydense(i.e. with fixedlengthlineararrayslocatedat

boththebasestationandmobile),and yf� �� ( � , thentheanalogto (22) with fixedtotal transmit

powerbecomes ( ��� � � {~}�� Y det �á( ì�í ³ �Pµ Eü�&o �� �� C �ü�� �� C /� � S (26)

By takingthesameapproachasthatin Section4.1.2,it canbeshown aswell that[22]d�q ( �)� � s Ð
ìOí ³ �Pµ�É kËi!j Z {¸}R� Y ��IïEü��o?² ³ � � �tµi � � for all �ÏS (27)

wherethe right handsideof (27) canbe approximatedas g ���áÉ ki!j Z {~}R� Y ��IïEü��o?² ³ � � ´ µi � , for large� , which is thetight upper-bound(25) of theergodiccapacityof the �Ù+¬� MIMO systemwith

a fixed lengthlineararrayat the receiver sideonly, whenthespatialcorrelationfunctionssatisfy

certainconditionsdiscussedin Section4.3.
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4.3 Exploiting Properties of Common Correlation Functions

In Section4.1and4.2,attentionhasbeenrestrictedto ageneralspatialcorrelationfunction
§ � �;�)���`�

andto resultsthat canbe provenvery formally. In this section,propertiesof theeigenvaluesre-

sulting from commonspatialcorrelationfunctionsare studiedto assistin the evaluationof the

quantitiesderivedin Section4.1and4.2andto developsomewell-justified(althoughlessformal)

approximationsfor theasymptoticbehavior of themutualinformation.In particular, a resultsimi-

lar to Theorem1 for thecaseof fixedtotal transmitpower is developed,andconsiderationis given

to how the expressionsfor the asymptoticmutual information in all casescanbe approximated

very simply from propertiesof thepower spectraldensitycorrespondingto thespatialcorrelation

function.

Significantsimplificationsareobtainedby approximatingthenumberof non-zeroeigenvalues

in ± ² ³ � � �Pµi ¶ , for large � , asa finite constant� Z for a broadclassof spatialcorrelationfunctions.

First, considerà��N�3�'� for the caseof a bandlimitedspatialcorrelationfunction, which is true in

many applications[5] [4, p. 134]. Let ÓP�P��� � bethepowerspectraldensitycorrespondingto
§ � �3¨�� ,

andassumethesupportof Ót�N��� � is on theinterval q÷«�� �Z �	� �Z s . Let LM² ³ � � �Pµi �
Æ��D_`�TS�STS��!� «¾I�V be

theeigenvaluesof � � �U� . BasedonToeplitzmatrixtheory[9], by takingthesameapproachasthat

in our work on power control [10], it canbeshown thatas � # % , LM²�³ � � �tµi V is asymptotically

equallydistributedwith ± à ³ ´Åµ ��
 i � i
�� � , Æ��D_`�TI��TSTSTS°�!�8«ÇI�V [22]. Let 
 i ��� i ® �x�U� , and

thus � i �ÃÆ���� ® � . Then, à ³ ´ µ � 
 i �Ê�Ãà ³ ´ µ ��� i � canbedeterminedasfollows,

à ³ ´Åµ ��� i �Ú� {������� ´ I� �[É kË� j É½��� k § � Ì�� ® ��K«­I Í�� ÉMB���� m ��� j! ��" í ¦ � (28)

where à ³ ´ µ ��� �Ö� k" í Û " íÉ#" í § �N�;¨R� � ÉMB  %$ Á ¨ . Therefore,as �Î# % , eigenvaluesof thelargematrix� � ��� behave the sameas the samplingpoints of the power spectraldensitydeterminedfrom

(28) in an averagesense.What this indicatesis that for a given linear arrayof fixed length, if

moreandmoreantennasareallocatedwithin this array, the samesegmentof fadingcorrelation

function of
§ � �3¨�� over q÷« ® �t� ® ��s is sampledwith higher and higher spatialfrequency. Since§ � �3¨�� is bandlimited,the numberof samplingpoints lying in the nonzeropart of à ³ ´ µ ��� � will

be approximatedas � Z , which resultsin the dominant � Z nonzeroeigenvaluesof the Toeplitz
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Hermitianmatrix � � ��� , if � is sufficiently large,andall othereigenvaluesof it will fall outside

thenonzeroregionof à ³ ´Åµ ��� � .
Sinceà ³ ´Åµ ��� � is theFouriertransformof thespatialcorrelationfunctiontruncatedto q÷« ® �t� ® ��s ,

thestrictly bandlimitednatureof ÓP�N��� � impliesthat à ³ ´ µ ��� � is notbandlimited.However, aswill

be shown below, thenumericalresultssuggestthat a bandlimitedapproximationto suchis quite

usefulfor numbersof antennaelementsof interest.In particular, thepowerspectraldensitydecays

rapidlyoutsideof a transitionregion. Thus,while the ± ² ³ � � �Pµi ¶ areconvergingpoint-wiselyto the

point spectrum± ² ³ � � ´Åµi ¶ of the HermitianandToeplitz operatorspecifiedin (8), the numberof

nonzeroeigenvalues àM�P���'� canbe approximatedasa finite number � Z . It shouldbe notedthat

any non-zeroeigenvaluewill eventually( � large enough)have a significantabsoluteimpacton

thecapacityin thecasewhenthetotalaveragetransmitpower is fixed( i.e. in (30)below), but this

doesnot happenuntil � approachesthe inverseof thateigenvalue,andthusthe thresholdbelow

whichasampleof thepowerspectraldensityis ignoredcanbechosensmallenoughto placethose� beyondthevaluesof interest.Numericalresultswill firmly supportthis approach.

Even if thespatialcorrelationfunction is not bandlimited,theapproximationof àM�P���¥�'&u� Z
canstill be obtainedif ^§ �3¨�� satisfiescertainanalyticproperties. As notedin [17], for a kernel§ �;�)�<�¤� like thatin (8), if

§ �;�)�<�¤� is ananalyticfunctionin � on thewholesegment q�_`��I�s including

theendpoints,uniformly in � , then ÀÀÀ ² ³ � � ´ µi ÀÀÀ Â)(+*-,���«/.NÆA«10t� , where . and 0 arepositive con-

stants,andit canbe inferredthat ² ³ � � ´ µi is decreasingto zerovery fast. Sincethenonzero² ³ � � �tµi
convergesto thenonzeroeigenvalue ²"³ � � ´ µi , as � # % , for Æ�ß|� Z , ²�³ � � �tµi canbeapproximated

aszero.Hence,in thiscasethe à��P�3�'� canbeapproximatedas � Z aswell, whichwill beillustrated

in thesimulationresults.

Therefore,if thespatialcorrelationfunction ^§ �3¨�� is bandlimitedor
§ �;�P« �¤� satisfiestheanalytic

propertiesstatedabove, as � # % , the diagonalmatrix �� �� in (23) canbe approximatedasa

diagonalmatrix whose � Z upperleft diagonalentriesarepositive, andall otherentrieswill be

vanishing.Hence,for large � , the mutualinformationfor the caseof fixed transmitpower (23)

becomes: ( ��� � & �( � � � � �|{~}R� Y det ��( � � E¾oA�32� �� � k�¦ Y �� �� / �42� �� � k�¦ Y � � (29)
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where 2� �� is a � Z +b� Z diagonalmatrix with diagonalentriesas LM²�³ � � �tµi V , and �� is a � Z +J�
randommatrix, whoseentriesarecircularly symmetriccomplex Gaussianrandomvariables: \
i.i.d ^�J��_`��I�� .

Let 2
â � � k� �42� �� � k�¦ Y �� �� / �52� �� � k�¦ Y , which is a Wishartmatrix of dimension� Z +Ï� Z . It is

trivial to show that ² ³+6æ × µi convergesto ² ³ � � ´ µi , for Æé�z_`�Twawaw°�!� Z «�I , almostsurely, where ² ³ èæ × µi
is the ��Æ¢EbI�� th largesteigenvalueof therandommatrix �â � . Therefore,thefollowing convergence

resultconcerningthemutualinformation �( � � � � in (29)will hold:

{������� ´ ýþ �( � � � � « � � É kË@ j Z {¸}R� Y � IïEü��o?² ³ � � ´ µ@ � ÿ� �|_`� a.s.� (30)

which canbeprovenby employing theresultsthat ² ³ 6æ × µi # ² ³ � � ´ µi � a.s., Æ���_`�Twawaw°�!� Z «|I , and� Z Â�% [13]. Thus,thedesiredanalogto Theorem1 for thecaseof fixedtotal transmitpower is

obtained.Furtherinterpretationof (30) canbefoundin [8].

5 Simulation Results

The key to the applicability of the resultsof Section4 is how well they hold for large but finite� . The parametersemployed are as follows: linear array lengthsat the mobile unit of length® �&�87R² or ² , where ² is thecarrierwavelength,andsignal-to-noiseratios(SNR)of o���«�7 dB,

or oü�,ùRù dB. Considerthe correlationfunction
§ �k �3¨��9� sinc ��ùM¨��R²l� , which hasbandlimited

powerspectraldensity;it is obtainedfor uniformanglesof arrival in boththeazimuthandelevation

planes.A spatialcorrelationfunctionthat is not bandlimited,
§ �Y �;¨R�ï� � É k�¦ Y ³ Y �9$;:	<<¦;= µ � [20], whereX�> � _½Sçù?7 , is alsotakenasoneof theexamples.Finally, theartificial example

§ �@ �3¨��Å� � ÉBA $ A ¦;CED ,
where Á = �¯² , is consideredto demonstrateanalyticrequirementsfor

§ � �;¨R� . For thecasewith a

fixedlengthlineararrayat transmitterandreceiver, let
§ � �3¨��[� § � �3¨�� .

Figure2 showsthediscreteFouriertransformà ³ �Pµ � 
 �[� I� �[É kË� j É½�F� k § � Ì � ® ���«­I ÍG� ÉMB���� � (31)

for �$��ù�_R_ and ® ���H7R² , with thecorrespondingsetof dominanteigenvalues±È² ³ � � �Pµi ¶ of � � ���
15



in increasingorder. If
§ � �3¨��Ê� sinc ��ùM¨��R²�� , thenthenumberof dominanteigenvaluesis chosenas�*�é�¯II7 for ® ���J7R² , �*�&�LK for ® �&�D² .

Almost sureconvergenceis demonstratedthrougha combinationof two approaches.First, a

numberof randomlygeneratedrealizationsof ( ��� � are shown to behave as expected. Second,

histogramsaregeneratedto demonstrateconvergencein distribution of ( �)� � , which is, of course,

impliedby almostsureconvergence.Figures3,4, 5 and6 show thecharacteristicsof instantaneous

mutual information ( ��� � of a �����!�'� MEA systemversus� , with the normalizedtotal average

receivedpower, for variousspatialcorrelationfunctions. In the casewith a fixed lengtharrayat

the receiver sideonly, ( ��� � is converging to the analyticalresultsas � grows large asclaimed

in Theorem1 (20). In the caseof the fixed length arraysput at both sides,more randomness

is observed, asexpected. In addition, the meanvalueof ( �)� � is demonstratedto converge to a

constantthatis smallerthanthelimit if fixedlengthlineararrayexistsat only oneside.

For spatialcorrelationfunction
§ �@ �3¨�� , since � ÉBA $ A ¦;= doesnot have derivativeat ¨��£_ , andthus

doesnot satisfythe analyticalconditionsstatedin Section4.2.1,thedecreasingrateof ² ³ � � ´ µi is

only of the orderof Æ É Y for large Æ [18]. However, the conditionsrequiredby Theorem1 are

still satisfiedfor
§ �@ �3¨�� . Therefore,whenthetotal receive power is fixed,thesimilar convergence

conclusionscanstill bedrawn asclaimedby Theorem1 andverifiedin Figure6, but with slower

convergenceaspredictedin proofsof Lemma1 and2 thanthatin Figures3 and4.

In Figures7 and8, histogramsof ( ��� � agreewith theresultsobtainedin Figure5, becausethe

PDFsof ( ��� � arebecomingmoreconcentratedaroundg ì í ³ �tµ·É ki!j Z {~}�� Y � IïE�o?²"³ � � �Pµi � �z_½SNM?M`IPO , as� increasesfrom 40 to 200,whenthefixedlengtharrayis put at only oneside;thePDFdoesnot

show any convergenceas � increaseswhensucharraysareputatbothsides,but themeanof ( ��� �
shows little variationwith theincreasingof � .

Figures1, 9, 10 and11 demonstratetheperformanceof the instantaneousmutualinformation( ��� � of a �3�&�!�¥� MEA systemversus� with the fixed total averagetransmitpower. It canbe

observed that the sum term in (30) is a very accurateapproximationfor ( ��� � if thereexists a

fixedlengthlineararrayat onesidewith spatialcorrelationfunctionsbeingbandlimitedor having

nice analyticalpropertiesas that of
§ �Y �;¨R� . Therefore,the upper-boundof the ergodic capacity
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dÇq�( �)� � s in (25) is tight in this scenario.If therearefixedlengthlineararraysat bothsides,( ��� � ,

indicatedby thedash-dotlines in thosefigures,doesnot show convergence,which is asexpected

from analysis,andtheaveragevalueis upperboundedby theasymptoticvalueof ( ��� � whenthe

fixedlengtharrayis usedat onesideonly, asgivenin (27).

6 Conclusion

In this paper, the convergenceof the instantaneousmutual information ( �)� � of a �����!�'� MEA

systemis investigatedanalyticallyandtestedthroughsimulations,for the casewhenspatialcor-

relationsarecausedby therestrictionthattheelementsof thearraymustoccupy a fixedlengthat

eitherthemobileunit or atbothsides(seeTable1). Themaincontributionof this paperis thatthe

almostsureconvergenceof themutualinformation ( �)� � undercertainconditionshasbeenshown

in Theorem1 by exploiting the relationshipsbetweenthe eigenvaluesof the randommatrix

â �
andtheeigenvaluesof thelinearoperator

§ � �·�)���`� . In addition,for thosecommonspatialcorrela-

tion functionsdescribedin Section4.3,somesimpleapproximationsof ( ��� � canbeachievedfor

the casewith total fixed transmitpower. This implies that, whenthe fixed lengtharrayis put at

the receiver sideonly, and � is large, ( ��� � canbe approximatedwell by a deterministicfigure,

whichonly reliesonafinite numberof non-zeroeigenvaluesdeterminedby thespatialcorrelation

function. Similar resultscanbe obtainedin a straightforward way in the casewhenan arbitrary

2-D antennaarray is usedat either the receiver side or both sidesby exploiting the Hermitian

characteristicof thecovariancematrix � � and � � [22].
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A Proofs of Results from Section 4.1.1

Lemma 1: ì í ³ �tµ·É kËi!j Z eç{~}�� Y � I¢E¾o?² ³çæ × µi � «¹{~}�� Y � IïE�o?² ³ � � �Pµi � n a.s.«l# _`S (32)
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Proof: Let � be the setof outcomesof the underlyingprobability space[14], andlet 
 refer to

an outcomein � . Since ² �× èê × èê ë×Z and ² �× èê × èê ë×ìOí ³ �Pµ�É k in (14) converge to 1 almostsurely, Q a set . ,R �3.2�ª�uI , suchthat for 
 ¼b. , ² �× èê × ³ ��µ èê ë× ³ �RµZ # I , and ² �× èê × ³ ��µ èê ë× ³ �RµìOí ³ �Pµ�É k # I . Therefore,for anyI�ßTS*ß­_ , 
 ¼'. , thereexists � Z � 
 �USM� , suchthatwhen �,ßÇ� Z � 
 �USM� , ÀÀÀÀ ² �× èê ³ ��µ × èê ë× ³ ��µZ «ÇI ÀÀÀÀ ÂTS ,ÀÀÀÀ ² �× èê ³ ��µ × èê ë× ³ ��µìOí ³ �tµ·É k «­I ÀÀÀÀ ÂLS , andfor any _ Ð Æ Ð à��N���¥� , by inequalityin (14), thefollowing bound

of ² ³çæ × µi canbeobtained, ��I]«VS��á² ³ � � �tµi Ð ² ³çæ × ³ ��µ µi Ð ��IïE�SM�<² ³ � � �Pµi S (33)

By substitutingtheboundsof ²�³çæ × ³ ��µ µi in (33) into ( ��� � , andemploying thetwo inequalities,{¸ø)��IÖE¹�ãEXW!� Ð {~øx��IïE¾�l�)E�W {¸øx��IïE¹�v«1W!�ª��{~ø���IïE¾�l�P«VW
for any �'ß­_ , WÅßÇ_ and �-ßYW , wehave thefollowing boundsconcerning{¸}R� Y �UIïE�o?² ³çæ × ³ ��µ¸µi � ,{¸}R� Y � IïE�o?²"³ � � �Pµi � « o{~øÅù SM²�³ � � �tµi Ð {~}R� Y � I¢E¾o?²�³çæ × ³ ��µ µi � Ð {~}R� Y � IïE�o?²"³ � � �Pµi � E o{~øÅù S�²"³ � � �Pµi S

(34)

By summinguptheinequalityin (34)from0 to à��N�3�'� , andtakingadvantageof g ìOí ³ �Pµ�É ki!j Z ² ³ � � �tµi �I , it yields ÀÀÀÀÀÀ
ìOí ³ �Pµ�É kËi!j Z e {~}R� Y �UIïE¾o?² ³çæ × ³ ��µ¸µi � «¹{~}R� Y ��IïE�o?² ³ � � �Pµi � n ÀÀÀÀÀÀ Ð o{¸øÅù Sa� (35)

which is truefor any 
 ¼¥. , and _ãÂZSAÂÃI . Recalling
R �3.2�[�¯I , Lemma1 is shown.

Lemma 2: ìOí ³ �Pµ�É kËi�j Z eç{¸}R� Y � IïE�o?² ³ � � �Pµi � «b{¸}R� Y � IïE�o?² ³ � � ´ µi � n «l# _`S (36)

Proof:UsingtheuniformupperboundÀÀÀ ² ³ � � �Pµi «¹² ³ � � ´ µ ÀÀÀRÐDÑ ��� , for all Æ , asstatedin Section3.1

yields{¸}R� Y �ÈI « o� � ì í ³ �Pµ Ð
ìOí ³ �Pµ�É kËi!j Z e {¸}R� Y ��IïE�o?² ³ � � �Pµi � «¹{¸}R� Y �UIïE�o?² ³ � � ´ µi � n Ð {~}�� Y �?IïE o� � ì í ³ �tµ S

(37)

Note � I « �� � ìOí ³ �Pµ # �
Z �zI , and � IïE �� � ìOí ³ �Pµ # �

Z �QI , since àM�P���¥�<���$# _ [14, pp. 80].
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Fixedlengthlineararrayat theRX only FixedLengthlineararrayatTX andRX

Section4.1.1: Section4.1.2:

Fixed ( ��� � convergesalmostsurely d�q ( ��� � s convergesto aconstantÑ Z ,total to adeterministicconstantÑ k , as � # % , which is upperboundedby thelimit Ñ k .RX Ñ k � g ìOí ³ �Pµ�É ki!j Z {~}R� Y ��IïE�o©c ³ � � ´Åµi � , à��N���¥�<����# _ ,
Power which is upperboundedby o?�N{~ø ù . See(20).

Fixed Section4.2.1: Section4.2.2:

total ( ��� � & �( � � � � , see(29). Thedifferencebetween �( � � � � d�q ( ��� � s
TX and g �[�<É k@ j Z {¸}R� Y � IïEü��o?² ³ � � ´ µ@ � is smallerthanthatwith fixedlength

Power convergesalmostsurelyto zero.See(30). arrayat RX only. See(27).

Table1: The main resultsof the paper, where ( ��� � is the instantaneousmutual informationof

a �3�&�!�¥� MEA system,and d�q ( ��� � s is its expectedvaluefor varioustransmit(TX) andreceive

(RX) assumptions.Thevariable o representsthe total receivedpower in thefirst row (fixed total

RX power), and the received SNR at eachantennain the secondrow (fixed total TX power),

respectively. ± ² ³ � � ´ µ ¶ is the setof nonzeroeigenvaluesof the Hermitianoperator
§ � �;�)���`� , as

determinedin (8), and Ñ Z and Ñ k aredeterministicconstants.
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simulation results with ψT(r)=ψR(r), 2 realizations for each N

Figure1: Instantaneousmutualinformation ( ��� � of a �����!�'� MEA systemversus� , with fixed

total averagetransmitpower. Simulationresultsareobtainedthroughgeneratingonerealization

of randomvariable ( ��� � for each � in termsof the first equationin (5), where ® �z��² , oG�ù�ù dB. For thecasewhenthefixedlengthlineararrayis putat thereceiversideonly, 7 realizations

are generatedfor each � , and the Toeplitz matrix � � is determinedby
§ � �3¨��&� sinc ��ùM¨��R²�� ,� � �H( � . For the casewhen the fixed length linear arraysareput at both the transmitterand

receiver side, ù realizationsaregeneratedfor each� , and � � �f� � aredeterminedby
§ � �3¨�� �§ � �3¨���� sinc ��ùM¨��R²l� . Analytical resultsareobtainedby the sumterm in (30), where à��N�3�'� is

approximatedas �*�&�JK andeigenvalues± ² ³ � � �Pµi ¶ arelistedin thefigure. It canbeobservedthat

for eachrealizationin thecasewith afixedlengtharrayatthereceiversideonly, ( �)� � is converging

rapidly for large � , andtheupper-boundin (25) is tight. Thecaseof a fixedlengtharraylocated

at bothsidesis indicatedby thedash-dotlines,andmorerandomnessis observedasexpected.
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Figure2: DiscreteFouriertransformof thefirst columnandthefirst row of thecovariancematrix� � ��� asdeterminedin (31),where� � is determinedby (6), and �$��ù�_R_ , § � �3¨��[� sinc ��ùM¨��R²�� ,® �z�\7R² . The numberof dominanteigenvaluesof � � ��� is �*�£� IP7 , and they are listed in

increasingorder.
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Figure3: Instantaneousmutualinformation ( ��� � of a �����!�'� MEA systemversus� , with fixed

total averagereceivedpower, suchthat yf� �� � ( � in (2). Simulationresultsareobtainedthrough

generatingone realizationof randomvariable ( ��� � for each � , where ® �p� 7R² , o|� ùRù dB.

For the casewhenthe fixed lengthlinear arrayis put at the receiver sideonly, 7 realizationsare

generatedfor each� , andtheToeplitzmatrix � � is determinedby
§ � �;¨R�2� sinc ��ùM¨��R²�� , � � �( � . For the casewhenthe fixed length linear arraysareput at both the transmitterandreceiver

side, ù realizationsaregeneratedfor each� , and � � �£� � aredeterminedby
§ � �3¨��ï� § � �3¨��Ö�

sinc ��ù�¨R�R²�� . Analytical resultsareobtainedby thesumtermin (21),whereàM�t���¥� is approximated

as ���-�fII7 andeigenvalues ± ² ³ � � �Pµi ¶ areobtainedin Figure2, and g � í É ki!j Z {¸}R� Y � IïE�o?² ³ � � �Pµi � �
M]M¤S¸I9M%O%^ . It canbe observed that for eachrealizationin the casewith a fixed lengtharrayat the

receiver sideonly, ( �)� � is converging to the analyticalresult as � grows large. The caseof a

fixedlengtharraylocatedat bothsidesis indicatedby thedash-dotlines,andmorerandomnessis

observedasexpected.
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simulation results with ψT(r)=ψR(r), 2 realizations for each N

ψR(r) = e−1/2(2π r/λ σ
θ
)
2

 
σθ = 0.25, L

R
=5λ, ρ=22dB          

Figure4: Instantaneousmutualinformation ( ��� � of a �����!�'� MEA systemversus� , with fixed

total averagereceivedpower, suchthat yf� �� � ( � in (2). Simulationresultsareobtainedthrough

generatingone realizationof randomvariable ( ��� � for each � , where ® �p� 7R² , o|� ùRù dB.

For the casewhenthe fixed lengthlinear arrayis put at the receiver sideonly, 7 realizationsare

generatedfor each � , and the Toeplitz matrix � � is determinedby
§ � �3¨��J� � É k�¦ Y ³ Y �_$`: < ¦;= µ � ,� � �Ù( � , where X�>'��_`Sóù?7 . For the casewhen the fixed length linear arraysareput at both

the transmitterand receiver side, ù realizationsare generatedfor each � , and � � � � � are

determinedby
§ � �3¨��Å� § � �3¨��5� � É k�¦ Y ³ Y �_$`:	<�¦;= µ � . Analytical resultsareobtainedby thefirst sum

term in (21), wherethe eigenvalues ± ² ³ � � �tµi ¶ areobtainedthroughnumericalcomputations,andg ìOí ³ Y Z>Z µ·É ki!j Z {~}R� Y ��IïE¾o?² ³ � � �tµi � �)a�_`ScbdM%a%7 . It canbeobservedthat for eachrealizationin thecase

with a fixed lengtharrayat the receiver sideonly, ( �)� � is converging to the analyticalresultas� grows large. Thecaseof a fixedlengtharraylocatedat bothsidesis indicatedby thedash-dot

lines,andmorerandomnessis observedasexpected.
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simulation results with ψT(r)=ψR(r), 2 realizations for each N

ψR(r) = e−1/2(2π r/λ σ
θ
)
2
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R
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Figure5: Instantaneousmutualinformation ( ��� � of a �����!�'� MEA systemversus� , with fixed

total averagereceivedpower, suchthat yf� �� � ( � in (2). Simulationresultsareobtainedthrough

generatingonerealizationof randomvariable ( ��� � for each � , where ® �Q�e7�² , o­� «�7 dB.

For the casewhenthe fixed lengthlinear arrayis put at the receiver sideonly, 7 realizationsare

generatedfor each � , and the Toeplitz matrix � � is determinedby
§ � �3¨��J� � É k�¦ Y ³ Y �_$`: < ¦;= µ � ,� � �Ù( � , where X�>'��_`Sóù?7 . For the casewhen the fixed length linear arraysareput at both

the transmitterand receiver side, ù realizationsare generatedfor each � , and � � � � � are

determinedby
§ � �3¨��-� § � �;¨R�¬� � É k�¦ Y ³ Y �9$`:	<�¦;= µ � . Analytical resultsare obtainedby the sum

term in (21), where eigenvalues ± ² ³ � � �Pµi ¶ are obtainedthrough numericalcomputations,andg ìOí ³ Y Z>Z µ·É ki!j Z {~}R� Y ��IïE¾o?² ³ � � �tµi � �8_`SfM?M¤IgO . It canbe observed that for eachrealizationin the case

with a fixed lengtharrayat the receiver sideonly, ( �)� � is converging to the analyticalresultas� grows large. Thecaseof a fixedlengtharraylocatedat bothsidesis indicatedby thedash-dot

lines,morerandomnessis observedasexpected.
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analytical result with ΨT=I
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simulation results with ΨT=ΨR, 2 realizations for each N
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ρ=22dB, limit= 52.0450                   

Figure6: Instantaneousmutualinformation ( ��� � of a �����!�'� MEA systemversus� , with fixed

total averagereceive power, suchthat yu� �� � ( � in (2). Simulationresultsareobtainedthrough

generatingone realizationof randomvariable ( ��� � for each � , where ® �p� 7R² , o|� ùRù dB.

For the casewhenthe fixed lengthlinear arrayis put at the receiver sideonly, 7 realizationsare

generatedfor each � , andtheToeplitz matrix � � is determinedby
§ � �3¨��*� � ÉBA $ A ¦;= , � � �å( � .

For thecasewhenthefixedlengthlineararraysareput at boththetransmitterandreceiver side, ù
realizationsaregeneratedfor each� , and � � ��� � aredeterminedby

§ � �3¨��[� § � �3¨��[� � ÉBA $ A ¦;= .
Analytical resultsareobtainedby thesumtermin (21),with g �ÊÉ ki!j Z {¸}R� Y � IïE�o?² ³ � � �Pµi � �h7�ù½Só_dM%KR_ .
It canbe observed that for eachrealizationin the casewith a fixed lengtharrayat the receiver

sideonly, ( ��� � is converging to theanalyticalresultas � grows large. Thecaseof a fixedlength

arraylocatedat bothsidesis indicatedby thedash-dotlines,andmorerandomnessis observedas

expected.

27



0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

10

20

30

I
N,N

 (bps/Hz)

H
is

to
gr

am
 o

f I
N

,N

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

10

20

30

I
N,N

 (bps/Hz)

H
is

to
gr

am
 o

f I
N

,N

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

10

20

30

I
N,N

 (bps/Hz)

H
is

to
gr

am
 o

f I
N

,N

N=40                                                 

  
N=80   

     
N=200 

Figure7: With the sameparametersas thosein Fig. 5, the threefiguresshown above are the

histogramsof i9jlk j , whenthetotal receivedsignalpower is fixed,andthefixedlengtharrayis put

at the receiver sideonly. The histogramsareobtainedthroughgenerating100 independenti9jlk j
samplesfor m npo%qsrUt?q-rvu]q?q , respectively. It canbe observed that as m is becominglarger, the

probability densityfunction (PDF) of igjlk j is becomingmoreconcentratedaroundthe constant

0.4419.
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Figure8: With the sameparametersas thosein Fig. 5, the threefiguresshown above are the

histogramsof igjlk j , whenthe total received signalpower is fixed, andthe fixed lengtharray is

put at both the transmitterandthereceiver side. Thehistogramsareobtainedthroughgenerating

100 independentigjlk j samplesfor menwo%qsrUt?q-rvu]q?q , respectively. It canbeobservedthatas m is

becominglarger, theredoesnot exist thetendency of themoreconcentrationof thePDFof i9jlk j ,

asexpected.
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Figure9: Instantaneousmutualinformationigjxk j of a y�mzrUm|{ MEA systemversusm , with thefixed

totalaveragetransmitpower. Simulationresultsareobtainedthroughgeneratingonerealizationof

randomvariableigjlk j for eachm in termsof thefirst equationin (5), where }4~zn��?� , ��nhu?u dB.

For the casewhenthe fixed lengthlinear arrayis put at the receiver sideonly, � realizationsare

generatedfor eachm , andtheToeplitzmatrix � ~ is determinedby � ~ y��?{�n sinc y�ud�]�?�B{ , �/��n
i9j . For the casewhenthe fixed length linear arraysareput at both the transmitterandreceiver

side, u realizationsaregeneratedfor eachm , and � ~ n�� � aredeterminedby � � y��]{�nJ� ~ y��]{�n
sinc y�u��?�?�B{ . Analytical resultsareobtainedby thesumtermin (30),where�d~Fy�m|{ is approximated

as m�~�n��I� andeigenvalues�%��� ~�k j��� � areobtainedfrom Figure2. It canbeobservedthatfor each

realizationin thecasewith afixedlengtharrayat thereceiversideonly, igjxk j is convergingrapidly

for large m , andtheupper-boundin (25) is tight. Thecaseof a fixedlengtharraylocatedat both

sidesis indicatedby thedash-dotlines,andmorerandomnessis observedasexpected.
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Figure10: Instantaneousmutualinformation igjlk j of a y�m�rUm�{ MEA systemversusm , with fixed

total averagetransmitpower, suchthat ��n �j i9j in (2). Simulationresultsareobtainedthrough

generatingonerealizationof randomvariableigjxk j for eachm , where}�~�nJ�]� , ��nhu?u dB. For the

casewhenthefixedlengthlineararrayis put at thereceiver sideonly, � realizationsaregenerated

for each m , and the Toeplitz matrix � ~ is determinedby � ~ y��]{�n �d¡�¢�£;¤ � ¤;¥_¦`§	¨©£;ª ��« , �/�¬nei9j ,

where ­�®¯n°qs±²u]� . For thecasewhenthefixed lengthlineararraysareput at both the transmitter

and receiver side, u realizationsare generatedfor each m , and � ~ n � � are determinedby

� � y��]{³n¬� ~ y��?{³n¬� ¡�¢�£;¤ � ¤;¥9¦;§ ¨ £;ª � « . Analytical resultsareobtainedby thesumtermin (30), where

��~3y�m�{ is approximatedas m�~�n8�I� . It canbeobservedthatfor eachrealizationin thecasewith a

fixedlengtharrayat thereceiver sideonly, igjxk j is well approximatedby theanalyticalresult,and

theupper-boundin (25) is tight, as m grows large.Thecaseof afixedlengtharraylocatedat both

sidesis indicatedby thedash-dotlines,andmorerandomnessis observedasexpected.
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Figure11: Instantaneousmutualinformation igjlk j of a y�m�rUm�{ MEA systemversusm , with fixed

total averagetransmitpower, suchthat ��n �j i9j in (2). Simulationresultsareobtainedthrough

generatingonerealizationof randomvariableigjxk j for eachm , where}�~�nJ�]� , ��nhu?u dB. For the

casewhenthefixedlengthlineararrayis put at thereceiver sideonly, � realizationsaregenerated

for eachm , andtheToeplitzmatrix � ~ is determinedby � ~ y��?{�n�� ¡B´ ¦U´ £;ª , � � nJigj . For thecase

whenthefixedlengthlineararraysareput at boththetransmitterandreceiver side, u realizations

aregeneratedfor eachm , and � ~ n¬�/� aredeterminedby �4��y��?{�n8� ~ y��?{�n��d¡B´ ¦	´ £;ª . Analytical

resultsare obtainedby the sum term in (25), where ��~3y�m|{ can no longer be approximatedas

m¯µ becauseof the slow decreasingrateof �¶� ~[k jF�� . It canbe observed that for eachrealizationin

the casewith a fixed lengtharrayat the receiver sideonly, i9jlk j cannotbe approximatedby the

analyticalresult,andtheupper-boundin (25) is becominglooser, as m grows large.Thecaseof a

fixedlengtharraylocatedat bothsidesis indicatedby thedash-dotlines,which agreeswith what

is expectedbasedon (27).
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