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Abstract

This paper presents an approach for designing stable MIMO H., and Hs controllers by di-
rectly computing the norm constrained stable transfer matrices @ in the H., and Hy suboptimal
controller parameterizations. This is done by first converting the Hs and Ho, strong stabilization
problems into some nonlinear unconstrained optimization problems through explicit parameter-
ization of the norm constrained @’s for any fixed order. Then, a two-stage numerical search
is carried out by using a combination of a genetic algorithm and a quasi-Newton algorithm in
order to reach an optimal solution. The effectiveness of the proposed algorithms is illustrated
through some benchmark numerical examples.

Keywords: Strong Stabilization, Ho, Control, Hs Control, Genetic Algorithm

1 Introduction

Over the last four decades, the development of modern control theory and design techniques has
made it possible for control engineers, at least theoretically, to design sophisticated and high per-
formance robust controllers for highly complicated interconnected systems. For practical consid-
erations, it is always desirable and in many cases necessary to make sure that the controllers are
stable themselves without sacrificing much of the desired performance since unstable controllers
tend to be highly sensitive to model uncertainties, unmodelled nonlinearities and sensor/actuator
faults. However, there is no guarantee from the current state of the art design techniques that
the controllers obtained through these techniques are stable themselves. A necessary and sufficient
condition for the existence of a stable stabilizing (strong stabilizing) controller for a given plant
is the so-called parity interlacing property (p.i.p.) and procedures for designing strong stabilizing
controllers are outlined in Vidyasagar (1985) and Youla et al. (1974). However, integrating these
strong stabilization procedures into the state of the art robust control design techniques seems to
be very difficult.
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It is well-known that the controllers obtained from Hs/LQG optimal control theory are not guar-
anteed to be stable themselves. In Arelhi et al. (1997), Halevi (1994), and Wang and Bernstein
(1993), this problem has been analyzed and alternative algorithms have been proposed. The Ho
strong stabilization problem has also been addressed in Barabanov (1995) and Ozbay (1995). Since
the Hso suboptimal controller is in general not unique, it is reasonable to expect that even if the
Hoo central controller is unstable, there might still be a stable controller that could satisfy the
Hoo norm bound when the p.i.p. condition is satisfied. In Zeren and Ozbay (1997, 1999, 2000)
and Choi et al. (2000), an approach for designing stable Ho, controller has been suggested based
on the parameterization of all suboptimal H, controllers. This approach converts conservatively
the stable H, controller design problem into another 2-block standard H, problem. Recently, in
Campos-Delgado and Zhou (2001) a method to alleviate this conservativeness has been suggested
by introducing some weighting functions.

In this paper, a new method is explored by using the direct optimization of the free transfer matrices
in the suboptimal H,, and Ho controller parameterizations. Since the free transfer matrices are
norm constrained and can be of any order, the direct optimization can be extremely difficult.
This obstacle is removed by explicitly parameterizing the norm constrained transfer matrices in
state space. To avoid to be trapped in the local minima during the optimization process, a two-
stage optimization scheme is employed where a genetic algorithm is used in conjunction with a
gradient-based approach. The basic principles of genetic algorithms were first proposed by Holland
(1975) and since then many successful applications of these algorithms in various fields have been
reported. For example, some reported applications in control include active noise control (Tang et
al., 1995), systems model reduction (Li et al., 1997), weighting function design for H, loop-shaping
(Whidborne et al., 1995), etc. Genetic algorithms along with many other evolutionary schemes are
inspired by the natural selection criteria where the stronger organisms are likely to survive after
generations. Thus, a parallelism can be drawn with an optimization problem where the evolution
period is considered as the optimization time and the most fitted organism in the population will
represent the optimal solution. Genetic algorithms present two main characteristics: a multi-
directional (random) search and an information exchange among best solutions. These properties
can generate new search directions in order to avoid local minima.

The rest of the paper is organized as follows. First, the notation used in the paper is presented
in Section 2. Next, in Section 3 a description of the H,, strong stabilization problem and the
equivalent optimization problem are outlined. Similarly, the characterization of the Ho strong
stabilization problem is detailed in Section 4. Section 5 presents some numerical examples and in
Section 6 some conclusions are drawn.

2 Notation

All notations used in this paper are fairly standard. In particular, let G(s) be an MIMO proper
transfer matrix with a state-space realization (A, B,C, D). Then this realization will be denoted

by
G(s) = [%}i] .

The set of all proper, rational and stable transfer matrix will be denoted by RH, and the Hoo
norm is defined by

[Glloo = sup a[G(s)] = sup 7[G(jw)].
Re(s)>0 weR



Let RH> denote the space of all rational, strictly proper and stable transfer matrices. The Ho
norm is defined as

IGIB = 5- | TracelG* (j)Gje)lde.
T J—00

The Hs norm of a stable rational transfer matrix can be calculated using state space represen-
tation. For example, suppose G(s) is a stable transfer matrix with a state space realization

G(s) = [%’%] Then

where P and @) are the controllability and observability Gramians which can be obtained by solving
the following Lyapunov equations

|G| = Trace(B*QB) = Trace(CPC*) (1)

AP+ PA*+BB*=0 A*Q+ QA+ C*C=0. (2)

Consider a feedback system described by the block diagram in Figure 1 where the generalized plant
G and the controller K are assumed to be real-rational and proper with y(t) € RP? and u(t) € R™2.
Let G be partitioned accordingly as

A| B B
G G
G=|Ci| D D2 | = l Gi G;z] (3)
Co | Do Do
< Z LW
G

L

Figure 1: LF'T Representation

Then the transfer function from w to z is given by
Tow = Fi (G, K) = G11 + G12K(I — G K)'Gy

and Fj () is called a lower linear fractional transformation.

3 'H Strong Stabilization

3.1 H, Strong Stabilization

Consider a feedback system described in Figure 1. Then the following are two well known standard
Hoo control problems:

e Optimal H, control: find all internally stabilizing controllers K(s) such that ||F; (G, K) ||
18 minimized.

e Suboptimal Hs, control: given v > 0, find all internally stabilizing controllers K(s), if there
is any, such that || F; (G, K) ||co < 7.



It should be noted that the optimal H, controller is unique for SISO systems (i.e. p2 = mg = 1).
However, this is in general not true for MIMO systems in both optimal and suboptimal cases. It
has been shown in Doyle et al. (1989) that all stabilizing controllers K (s) satisfying the suboptimal
condition can be parameterized by @ € RHwo, ||Q|lcc < 7 such that K = F; (Ms, Q) with

A ‘ B, B
M M
My = q& Dy Dy | = l Mi MZ] (4)
Cy | D1 Do

where @ is an mg X py transfer matrix and My, is an (p2 + ma) X (p2 + mg) transfer matrix
constructed from the solutions of two Riccati equations (Doyle et al., 1989; Zhou et al., 1996). In
the case of Q = 0, the solution, K = M1, is called the central controller. Note that the central
controller could be unstable itself since there is no guarantee that M, is itself stable even though
the closed-loop stability is maintained.

From practical considerations, it is always desirable to have stable controllers in any closed-loop
control systems. A strong stabilization problem is to design a stabilizing controller K € RH, such
that some performance specifications are satisfied. Consequently, if the performance specifications
can be measured in terms of some H,, norms, the corresponding strong stabilization problem is
called the H, strong stabilization problem.

o H. Strong Stabilization: given v > 0, find a stabilizing controller K € R'Hy if possible such
that || F1 (G, K) [leo < 7-

It can be seen from the parameterization of all suboptimal H, controllers that in order to find a
stable stabilizing K, it is enough to find a @ € RH with ||Q|lcc < v such that @ stabilizes M.
Al By

It is not hard to see that this can be achieved if and only if Q) stabilizes Moy = 1D
2 22

] . This

gives the next result.

Lemma 1 Assume that a solution to the suboptimal Hoo control problem exists for a given v > 0,
i.e., there ezists a K = Fj (Mx, Q) with Q € RHoo and ||Qlloc < v such that [|F; (G, K) ||oo < 7-

Then, the Hoo Strong Stabilization is solvable if and only if there is a QQ = [ él,q gq 1 of some
q| g
suitable order, with ||Q|lec < 7y, such that

. A + BQR_quOQ BQR_qu ] (5)

AL = N A « Z
* B,R1C; Ay + B,R Dy,
1s stable where R =1 — Dqﬁgg and R=1T — ﬁgqu.

Hence, the H, strong stabilization problem becomes of finding a @@ € RHs, such that

L Qoo <1,
2. A, is stable.

3.2 State Space Parameterization of () € RH with ||Q|_ <~

In general, it is very difficult to find a @ to satisfy both conditions described in the last section
since () can have any dimension. Thus any approach to obtain ) directly must deal with the



infinite dimensionality problem. However, from a practical point of view, it is very desirable to
keep the dimension of ) to be as low as possible. In order to find a suitable lower order @) € RH
with ||@Q]|,, < 7, it is desirable to have more explicit characterization of this transfer matrix. In
Steinbuch and Bosgra (1991), a parameterization for an H,, norm bounded strictly proper and
stable transfer matrix is presented. Now, the result is extended to the proper case in the following
lemma.

Lemma 2 Let v > 0 and let Q be a stable transfer matriz of degree ng and ||Q|lcc < 7, then Q

can be represented as QQ = l é,q gq ] with Aqg = Aq, + Aq,, for some Ay = —A; € R"M*"a,
a | g
B, € R"*P2 Cp € R™*"a, D, € R™*P2 and

1
Ay, = 5[-BR'D;C,~ C;D,R By~ B,R By~ Ci(I+ D,RT'D)C,|  (6)
a(Dy) < v (7)

where R = 2T — DyD,.

Aq | B
Cq | Dq
v, then according with the Bounded Real Lemma (Zhou et al., 1996; Zhou and Doyle, 1998),
7(Dy) < v and Y > 0 such that

Proof. Assume that @ = l € RHs is a ngh order observable realization and [|Q]/c <

Y(Ag+ BR'D;Cy) + (A + BRI D;Cy)'Y + YB,R'BLY + Ci(I + DyRD;)Cy =0 (8)

where R = 721 — DyD,. Since Y > 0, there exists a Cholesky factorization of Y =T"T. Now T is
invertible and can be used as a similarity transformation on @)

0= TA,T~' | TB, _. Ay | By
¢, ' | D,

Thus, the Riccati equation in (8) becomes
Ag+ Ab+ BgR™'D;Cy + C;DyR™ "B} + ByR™'B} + C; (I + D4R™'D;)Cy = 0 (9)

Furthermore, A, can be decomposed into a symmetric part A, and a skew symmetric part A,
where

Ag, = (Ag +49)/2 Ay = (Ag = Ag)/2

Consequently, the skew symmetric part Ay, disappears from equation (9) and the symmetric part
is given in equation (6). O

Note that when D, = 0, we have (Steinbuch and Bosgra, 1991)
1
Ag, = —5(BeBy/7* + C{Cy) (10)

Using the previous parameterization, the H, strong stabilization problem can be converted to an
optimization problem where the matrices Ay, , By, C; and D, are free parameters.



3.3 Optimization Problem

The corresponding optimization problem is then defined as

— : max{real[A(Ag)]}
Lopt Aqk,JrBI}II,Icl‘q,Dq P(Dy) e (11)

where
_ C &(Dq) >
P(Dq) = { 1 otherwise

A, is constructed following the result of Lemma 2, and C' > 1 is a chosen constant. Note that the
proposed optimization problem has a positive cost function for any combination of parameters and
the Hoo strong stabilization problem is solved if /,,; < 1. In the optimization algorithm, predefined
ranges of variations for the elements of A, , B, and C; are first established. These intervals are
chosen according with the maximum and minimum elements of the corresponding generalized plant
G. However, it is usually hard to establish a range of variation for the elements of D, in order to
satisfy (7). Therefore, it is decided to limit the elements of D, to be only < v and include a penalty
function P(-) to discard the combinations that violate (7). Note that C' must be chosen sufficiently
large to avoid the possibility of having lo, < 1 and a(Dy,) > 7.

Assume that the degree of @ is predefined to ng, then according with the dimensions of the gen-
eralized plant (3) in the original Hs problem, the number of variables of each component of @ is
(ng—1)nq for

2

0 a2 aiz - Qip,
—ay2 0 asz - a2p,
A = | —a3  —ags 0 - asy,
Ok
| —Qlng —02n, —A3n, " 0 ]

ng X pa for By, ma X ng for Cy, and ma X pa for D,. Since ) is an mg X p transfer matrix, the
total number of variables in the optimization scheme will be (ng —1)nq/2+nymsa +ngp2 +mops. In
order to implement the optimization in a systematic scheme, the variables are aligned into a vector
format

T
X:[all a2 v Qpg—1)m, 011ttt bngpy €11t Cmgng din e dmng}

Consequently, the optimization in (11) is carried out with respect to the variables vector X.

4 'H, Strong Stabilization

4.1 'H, Strong Stabilization

Similar to the Ho, strong stabilization, if the performance criterion is now measured in terms of
some Ho norms of some closed-loop transfer matrices, then the corresponding strong stabilization
problem is called the Ho Strong Stabilization problem. More specifically, without loss of generality,
consider the feedback system in Figure 1 with D11 = 0 and D9y = 0. The Ho strong stabilization
is stated as follows:

e Hy Strong Stabilization: find a stabilizing K € RHoo that minimizes || Ty ||y



It is well known that all stabilizing controllers for the generalized plant G can be written as K =

Ay | -Ly By
My=|"F | 0 I (12)
—Cy| T 0

where Ag = A+ ByFy + LyCy and Fy and Lg can be constructed from the solutions of two related
Riccati equations. It is then clear that the closed-loop Ho norm is given by

ITowl3 = 1GeBil3 + 172G 113 + QI3

where the transfer matrices G- and Gy together with the two Riccati equations are defined in Zhou
et al. (1996) or Zhou and Doyle (1998). Consequently, @) = 0 represents the optimal solution to
the standard Hs problem. As in the H,, parameterization, My and @ are (pa + ma) X (p2 + ma)
and mg X py transfer matrices respectively. Let 72, = ||GeBi||5 4 [[F2aGy||3. Then for any v > yopr,
all suboptimal Hy controllers satisfying ||1.,||2 < v can be parameterized as K = F; (M», Q) with
Q € RHz and [|Q[3 < 7? — 75

Now it is clear that the Hy strong stabilization problem can be stated as

omin (1@l
such that .
Ay BCy | . .
l _B,Cy A, is Hurwitz (13)
— Aq Bq : A NgXn, NgXp2 maXn R
where Q = C, 10 with 4, € R"*", B, € R"*P?2 and C; € R ¢. The condition (13)

is needed since  must stabilize M. To find a suitable Q € RHy with [[Ql, < /7% =72, it
is desirable to have more explicit characterizations of these Hs norm bounded analytic functions.
Using the definition of the Hy norm given by (1) and (2), a parameterization for all Q € RH,
follows.

Lemma 3 Assume that Q € RHa has degree ng, then Q can be written in the following canonical
form

_ | 4| By
with Ay = Ag, + Ay, for some A, = —A; € R"*" and Ay, = —%C;C’q such that A, is stable.

Furthermore,
QI3 = Trace(B; By).

A, | B . o
Cq Oq € RHs is a nf]h order observable realization, then the
q

observability Gramian L, satisfies the following equation

AfLo+ LoAg + CCy =0

Proof. Assume that Q =

Since L, > 0, there exists a Cholesky factorization of L, = T*T. Now T is invertible and can be
used as a similarity transformation on Q)

0= TA,T'| TB, _ Al B
cIt] oo G0

7



Thus, the Lyapunov equation becomes
Ag+ A, +CC =0

Furthermore, A, can be decomposed into a symmetric part A, and a skew symmetric part A,
where

Ag, = (Ag +49)/2 Ay = (Ag— Ag)/2

Consequently, the symmetric part is given by A,, = —%C’; C4 and the Ha norm of @) is given by
QI3 = Trace(B;‘Bq). O

Using the previous result, the Hs strong stabilization problem is now formulated as

min Trace(B*B 14

min,, Tracc(B;B,) (149
such that A

A2 BQCq . .

1s Hurwitz

—B,Cs —%C’;Cq + A,

4.2 Optimization Problem

Comparing to the Ho, formulation, the Hs strong stabilization problem involves more constraints
since Hs minimization is now incorporated in addition to the controller stability. So, the optimiza-
tion scheme becomes more complex. In order to solve (14), the following optimization scheme is
proposed:

lopt = min  Trace(ByBy) + J(Ay) (15)
L) CI7CC1
where {reallM41)]}
| MemaxireaMA} max{real[A\(Ag)]} > 0
J(Ap) = { 0 otherwise
and

A | A ByC,
FT =BGy L0, + Ay,

Here, the constant M must be chosen sufficiently large such that M > Trace(B;‘Bq) is true at
all time. Therefore, l,; < M means that the strong stabilization condition is satisfied. In this
formulation, a discontinuous penalty function J(-) is introduced in order to enforce the strong
stabilization restriction over the minimization of the Hs norm. Similar to the H,, case, intervals
of variations are set for the elements of the matrices A,,, B, and C,. These intervals are chosen
according with the elements of the corresponding matrices in the generalized plant G. The number
of variables to be optimized in (15) will be (ny — 1)ng/2 + ngmsa + ngpz which is smaller than in
the H case since @ is now strictly proper.

5 Numerical Examples

The optimization problems (11) and (15) are highly nonlinear and present multi-modal charac-
teristics. Therefore, it was decided to use a gradient-based algorithm in conjunction with an
evolutionary optimization such as a genetic algorithm to solve these problems. In this way, the



genetic algorithm was applied first to search the whole parameters space and find a minimum so-
lution. The best solution coming from the genetic algorithm was used then as a starting point for
the gradient-based search which was carried out by using the Optimization Toolbox of MATLAB
(Grace, 1992). Therefore, a local search was established to obtain the optimal solution. This two-
stage optimization outperformed the use of each one of the algorithms separately. The solutions to
the optimization problems (11) and (15) for the following numerical examples are computed with
a Sun Microsystems Ultra 5 workstation. The constants C' and M in (11) and (15) are given the
values 1 x 10% and 1 x 10° respectively.

5.1 Example 1

This example is taken from Zeren and Ozbay (1999) where a SISO mixed sensitivity minimization
problem is considered. The generalized plant G is given by

Wl W1P
G=| 0 W,
I P
where (s+5)(s—1)(s—5) 1
(3) - (8+48+5)(8—20)(3_30)7 Wl(s) = (STI)’ Wg(s) =0.2

The plant P is unstable and non-minimum phase, but the p.i.p. condition is satisfied. The Ho
optimal performance is 34.24 and the optimal controller has a right half plane pole at 0.1791. The
optimization for the Ho, strong stabilization (11) is carried out. The results are summarized in
Table 1. A 1% order Q is used to achieve strong stabilization. (Actually, a constant Q can also
achieve strong stabilization in this case as shown in the table.) Thus, the optimization (11) involves
only 3 parameters. The optimization takes on an average 51.19 sec. and 4.255 x 107 flops. The
evolution of the cost function during the genetic optimization is shown in Figure 2. In the first
stage, the minimum cost achieved is 1.0001. After the local search, the cost is optimized to 0.9974.
Thus, a stable controller is obtained. Figure 3 shows the frequency response of the stable controller
obtained through the optimization. Note that the low and high frequency gains are raised by the
stable controller compared to the optimal one. During the optimization, the degree of @ is also
increased but no improvements are observed. The result using the proposed optimization (11) is
close to the optimal performance and a clear advantage is seen comparing to the result previously
published in Zeren and Ozbay (1999).

Optimal | Proposed Optimization Result in
0t order @ | 1% order Q | Zeren and Ozbay (1999)
ot 34.24 44.3 34.44 42.5

Table 1: The smallest v achieved H, strong stabilization for Example 1

Order of @
Optimal | 1% ond 3rd 4th
IT.wll2 | 98.358 |98.366 98.367 98.390 98.470

Table 2: Closed-loop performance for Hy strong stabilization in Example 1

Now, if the penalty in the control signal is reduced, i.e. Wa(s) = 0.1, the Hy optimal controller
is unstable with a real pole at 0.1137. The optimization scheme (15) is run and the results are



presented in Table 2. The degree of @ is varied from 1%¢ to 4", for these four cases the strong
stabilization condition is preserved and the closed-loop Hz norm is maintained extremely close to
the optimal. On an average, 53.33 sec and 7.45 x 107 flops are needed to obtain a solution to (15).
The evolution of the cost function in the first stage and the frequency response of the optimal stable
controller are shown for a 2" order @ in Figures 4 and 5 respectively. From Figure 4, it is noticed
that the initial population already provided a stable controller and the genetic optimization is able
to reduce the cost function to 198.52. The gradient-based optimization reduces this cost further to
192.90.

It should be intuitive that as the order of @) is increased the Hy performance of the closed-loop
system should improve or at least should not be deteriorated. However, the results in Table 2 show
the opposite. Note that for Q of 4" order, the number of parameters in the optimization is 14. In
this case, the parameter space is very large and it is highly probable that the optimization could get
trapped in a local minima. In order to verify this analysis, the population size and mutation rate
are increased in the genetic algorithm. Then, for Q of 4" order the optimal performance is almost
the same as that achieved by the 1%¢ order ). As it is expected, the algorithm now takes longer time
and more flops to reach a solution. In summary, the optimization problem becomes very complex
when more than 10 parameters are involved and the probability to reach only a local minimum
increases. The same observations hold for the next example as well as many other examples we
have experimented .

5.2 Example 2

A benchmark problem in Hs strong stabilization was taken from Ganesh and Pearson (1989) in
order to compare the performance of the suggested algorithm with the existing ones. The realization
of the generalized plant G is given by

a5 1] m=[ 58] me[ ]

52.915 8.944 00 0

Co=[2 1] Du=[0 1] Dyn=1]

The generalized plant is stable, so the p.i.p. condition is obviously satisfied. The optimal Hs
performance is 493.8 and the optimal controller has a unstable pole at 18.7. In Ganesh and Pearson
(1989), the optimum Hs performance with a stable controller (4" order) was computed as 622.73.
The resulting optimal controller has two poles at the origin, but if the stability boundary is moved
back to s = —0.5 (i.e. suboptimal controller), the Ha cost is now 628.40. The best Ha performance
with a stable controller obtained in Kapila and Haddad (1995) is 803.91. In Corrado et al. (1997),
new results were reported for this example. The closed-loop Hs cost was 627.31 and 622.20 for a
second and fourth order controllers respectively. Table 3 shows the results obtained by running the
Ho optimization algorithm (15) with a 1! order Q (i.e. 3" order controller). An average of 26.59
sec and 1.94 x 107 flops were needed to reach a solution. Numerical calculation also shows that
increasing the order of () does not seem to improve the result.

6 Conclusions

Optimization schemes are presented to solve the Ho, and Hso strong stabilization problems. Pa-
rameterizations of norm bounded H, and Hsy functions are used to limit the number of variables

10



Order of @ | Ganesh and | Corrado | Kapila and
Optimal 15t Pearson et al. Haddad
IT.wll2 | 493.8 627.36 622.73 622.20 803.91

Table 3: Closed-loop performance for Hs strong stabilization in Example 3

and restrict the optimizations. The resulting schemes are highly nonlinear and present multi-modal
characteristics. For this reason, a two-stage algorithm is used in the optimization process. Numer-
ical examples show the success of the optimization schemes to design stable controllers. In many
cases, the stable controllers achieve closed-loop performance close to the optimal. However, it is
not possible to establish the achievable performance with these techniques and this issue has to
be explored iteratively. It is noted that only low order ()s are needed in the numerical examples.
Thus, the orders of resulting controllers are comparable to those of the generalized plants. More
numerical examples can be found in a conference version of this paper (Campos-Delgado and Zhou,
2002).
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Figure 2: Evolution

of Cost Function During Optimization for H,, Design in Example 1
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