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ABSTRACT

GPUsarea classof specializecparallelarchitecturesvith tremen-
douscomputationapower. The new ComputeUni ed Device Ar-

chitecture(CUDA) programmingmodelfrom NVIDIA facilitates
programmingpf generapurposeapplicationontheirGPUs.How-

ever, manualdevelopmentof high-performancearallel code for

GPUsis still very challenging. In this paper a numberof issues
are addressedowardsthe goal of developing a compiler frame-
work for automaticparallelizationand performanceoptimization
of afne loop nestson GPGPUs:1) approactto programtransfor

mationfor ef cient dataaccesfrom GPU global memory using
a polyhedralcompiler model of datadependencabstractionand
programtransformation2) determinatiorof optimal paddingfac-

tors for con ict-minimal dataaccesd§rom GPU sharedmemory;
and3) model-drvenempiricalsearcho determineoptimal param-
etersfor unrolling andtiling. Experimentatesultson a numberof

kernelsdemonstrat¢he effectiveneswof the compileroptimization
approachesdeveloped.

Categoriesand Subject Descriptors: D.3.4[ProgrammingLan-
guages]Processors— Compilers,Optimization

General Terms: Algorithms, Design,Performance

Keywords: GPU, PolyhedralModel, Memory AccessOptimiza-
tion, Empirical Tuning

1. INTRODUCTION

GraphicsProcessingnits (GPUs)arenow amongthemostpow-
erful computationakystemson a chip. For example,the NVIDIA
GeForce 8800 GTX GPU chip usesover 680 million transistors
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andhasa peakperformanceof over 350 GFLOPS[19]. In addi-
tion to the primary useof GPUsin acceleratinggraphicsrendef
ing operationstherehasbeenconsiderablénterestin GeneralPur
posecomputationon GPUs(GPGPU)[8, 13, 12]. Until very re-
cently general-purposeomputation®n GPUswereperformedby
transformingmatrix operationsnto specializedgraphicsprocess-
ing, suchas texture operations. The introduction of the CUDA
(ComputeUni ed Device Architecture) programmingmodel by
NVIDIA providedageneral-purposmulti-threadedsIMD/MIMD
architecturamodelfor implementatiorof general-purposeompu-
tationson GPUs. Although more convenientthanprevious graph-
ics programmingAPIs for developing GPGPUcodes the manual
developmentof high-performanceodeswith the CUDA modelis
still muchmorecomplicatedhanthe useof parallelprogramming
modelssuchas OpenMPfor general-purposenulti-core systems.
It is thereforeof greatinterest,for enhancegrogrammeiproduc-
tivity andfor software quality, to develop compilersupportto fa-
cilitate the automatictransformatiorof sequentiainput programs
into ef cient parallel CUDA programs.

There hasbeensigni cant progressover the last two decades
in the developmentof powerful compiler framewvorks for depen-
denceanalysisandtransformatiorof loop computationsvith af ne
boundsandarrayaccessunctions[1, 22,16, 14,9, 23,21, 3]. For
suchregularprogramsgcompile-timeoptimizationapproachebave
beendevelopedusing af ne schedulingfunctionswith a polyhe-
dral abstractiorof programsanddatadependenciesAlthoughthe
polyhedralmodel of dependencabstractionand programtrans-
formation is much more powerful than the traditional model of
datadependenciesurrently usedin productionoptimizing com-
pilers, early polyhedralapproachesvere not practically ef cient.
Recentadwancesin dependencanalysisandcodegeneratior23,
3, 28] have addressednary of theseissues,resultingin polyhe-
dral techniqueseingappliedto coderepresentatie of real appli-
cationssuchas the spec2000fphenchmarks.CLooG [3, 7] is a
powerful state-of-the-artodegeneratothatcapturesnostof these
adwancesBuilding onthesedevelopmentswe have recentlydevel-
opedthe PLuTo compilerframevork thatenablesnd-to-endauto-
matic parallelizationandlocality optimizationof afne programs
for general-purposmulti-coretargets[4, 5, 20]. Theeffectiveness
of thetransformatiorsystemhasbeendemonstratednanumberof



non-trivial applicationkernelsfor multi-coreprocessorsHowever,

building sucha framework for GPUsrequiresattentionto several
additionalissues. In this paperwe identify and characterizekey

factorsthataffect GPGPUperformanceand develop compile-time
transformatiorapproachefor GPGPUoptimization.

The paperis organizedasfollows. In Section2, we provide a
brief overview of theNVIDIA GeForce8800GTX GPU.Section3
developsan empirical characterizationpertainingto threesigni -
cantperformancassues:ef cient globalmemoryaccessef cient
sharednemoryaccessandreductionof dynamicinstructioncount
by enhancinglatareusein registers.In the next threesectionswe
discusompilationtechnique$or GPGPUghatsystematicallyad-
dresstheseperformance-criticaissues. Section7 presentexper
imental performanceaesultsthat demonstratéhe effectivenessof
the developedtechniquesRelatedwork is discussedn Section8.
We concludein Section9.

2. OVERVIEW OF GPU ARCHITECTURE
AND CUDA PROGRAMMING

The NVIDIA GeForce8800GTX has16 multiprocessounits,
eachconsistingof 8 processorcoresthat executein SIMD man-
ner The processor{SIMD units) within a multiprocessomnit
communicatehroughafaston-chipshaed memorywhile the dif-
ferentmultiprocessounitscommunicatehrougha slower off-chip
DRAM, alsocalledglobal memory Eachmultiprocessounit also
hasa x ednumberof registers. The GPU codeis launchedor ex-
ecutionin the GPU device by the CPU (host). The hosttransfers
datato andfrom GPU's globalmemory

ProgrammingGPUsfor general-purposepplicationds enabled
throughan easy-to-use€ interfaceexposedby the NVIDIA Com-
puteUni ed Device Architecture(lCUDA) model[18]. The CUDA
programmingnodelabstractsheprocessospaceasagrid of thread
blocks (that are mappedto multiprocessorsn the GPU device),
whereeachthreadblock is a grid of threads(that are mappedto
SIMD unitswithin a multiprocessor) More thanonethreadblock
canbe mappedo a multiprocessounit, andmorethanonethread
canbemappedo a SIMD unitin amultiprocessorThreadswithin
a threadblock canef ciently sharedatathroughthe faston-chip
sharedmemoryandcansynchronizetheir executionto coordinate
memoryaccessesachthreadin athreadblockis uniquelyidenti-
ed by its threadblockid andthreadid. A grid of threadblocksis
executedonthe GPUby runningoneor morethreadblocksoneach
multiprocessor Threadsin a threadblock aredivided into SIMD
groupscalledwarps(the size of a warp for the NVIDIA GeForce
8800GTX is 32 threads)yndperiodicswitchingbetweenwarpsis
doneto maximizeresourceutilization.

The sharedmemoryand the register bankin a multiprocessor
aredynamicallypartitionedamongthe active threadblockson that
multiprocessorThe GeForce8800GTX GPUhas16 KB of shared
memoryand8192registerspermultiprocessorlf thesharednem-
ory usageper threadblock is 8 KB or the register usageis 4096,
at most2 threadblockscanbe concurrentlyactive on a multipro-
cessar Whenary of the two threadblocks completeexecution,
anotherthreadblock canbecomeactive on the multiprocessarin
general,in a multiprocessounit of a GPU device thathasR reg-
istersandM KB sharedmemory if the numberof registersused
perthreadis r, the sharedmemoryrequiredperthreadblock is m
KB, andthe numberof threadgperthreadblockis p, themaximum
numberof active concurrenthreadblocksin the multiprocessoat
ary time cannotexceedmin(bp—Rr c;bMe).

The variousmemoriesavailablein GPUsfor a programmeiare
asfollows: (1) off-chip globalmemory(768MB onthe8800GTX),

[ M ] Block(GBps) | Cyclic (GBps) |

2048 4.11 22.91
4096 4.78 37.98
8192 5.11 48.20
16384 5.34 56.50
32768 6.43 68.51

Table 1: Global memory bandwidth for block and cyclic access
patterns

(2) off-chip local memory (3) on-chipsharedmemory(16KB per
multiprocessoin 8800GTX), (4) off-chip constantmemorywith
on-chipcachg(64KB in 8800GTX), and(5) off-chip texturemem-
ory with on-chipcache.

3. PERFORMANCE CHARACTERIZATION
OF GPGPU

In this section,micro-benchmarksire usedto characterizekey
factorsthat affect GPGPU performanceand the implications for
compileroptimizationarediscussed.

3.1 Global Memory Access

Theoff-chip DRAM in theGPUdevice (i.e.,theglobalmemory)
haslatenciesof hundred=f cycles. While maximizingdatareuse
helpsto improve the performancef programswith temporalocal-
ity, reducingthe lateng in accessinglatafrom global memoryis
critical for goodperformance.

Thecostof globalmemoryaccessvascharacterizethy measur
ing the memoryreadbandwidthachieved for differentdatasizes,
for blocked and cyclic distribution of computationamongstthe
threadsln themicro-benchmarkisedfor bandwidthmeasurement,
a one-dimensionaérray of sizeM (whereM = 16 N) wasac-
cessedrom global memoryby 16 threadblocks (one mappedto
eachmultiprocessounit), whereeachthreadblock wasa grid of T
threads.Eachthreadin a threadblock accessed=T elementf
thearray (N waschoserasa multiple of T). Two differentaccess
patternswere compared: (1) blocked accesswherethreadO ac-
cesseshe rst N=T elementsthreadl accessethenext setof N=T
elements;::, andthreadT 1accessethelastN=T elementsand
(2) cyclic accesswherethreadO accesseslement0, threadl ac-
cesseglementl,:::, threadT 1accesseslemenfl 1,andthe
threadscyclically repeatthe sameaccesgattern. The bandwidth
achievedis shawvn in Table 1. Althoughthethreadsin both cases
accessethe samenumberof elementdrom globalmemory cyclic
accesgesultedin signi cantly highermemorybandwidth— up to
68:5GBps, improvementby a factor of 10, comparedo blocked
access.

The signi cant differencein performanceof thetwo versionsis
dueto ahardwareoptimization—globalmemoryaccessoalescing
Accesse$rom adjacenthreadsn ahalf-warpto adjacentocations
(that arealignedto 4, 8, or 16 bytes)in global memoryare coa-
lescednto asinglecontiguousalignedmemoryaccessinterleaved
accesgo globalmemoryby threadsn athreadblockis essentiato
exploit this architecturafeature.

Usingcyclic dataaccesdy threadstheeffectonachiesedmem-
ory bandwidthwasevaluatedfor differentnumbersof threadsper
threadblock. In addition, the impact of strided dataaccesson
memoryperformancewnas evaluated. The stride of accessacross
threadswasvariedfrom 1 through64, andthe numberof threads
perthreadblock wasvariedfrom 32through512. Theresultsfrom
thisexperimentareshavn in Figurel. It maybeobsenedthatnon-
unit stridesacrosghreaddeadto signi cant degradationin perfor
mance. This is becauseglobal memory coalescingonly happens
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Figure1: Global memory bandwidth for differ entaccesstrides
for varying number of thr eadsper thr eadblock

with unit strideaccesscrosghreads With non-unitaccesstrides,
all accessesareissuedindividually to memory resultingin poor
performanceWith unit accesstride,asthe numberof threadsper
threadblock is increasedanincreasan the memorybandwidthis
obsered, with the maximumbandwidthachieved for 512 threads.
Thisis dueto betterability to maskglobalmemoryaccessatencies
with increasean the numberof warpspermultiprocessor

The signi cant performancebene ts dueto coalescedccesof
memorymake it oneof the mostimportantoptimizationsto been-
abledby acompilerframevork for GPGPUsAlso, thehighlatengy
of globalmemoryaccessighlightstheimportanceof reducingthe
numberof globalmemoryloads/stores.

3.2 Shared Memory Access

Thesharednemoryis afaston-chipsoftware-managethemory
spacehatcanbeaccessety all threadswithin athreadblock. The
sharednemoryspacds dividedinto equal-sizednemorymodules
called banks,which canbe accessedh parallel. In the NVIDIA
GeForce8800GTX, the sharedmemoryis divided into 16 banks.
Successie 32-bitwordsareassignedo successie banks.Hence,
if the sharedmemoryaddresseaccessetby a half-warp (i.e., the

rst 16 threadsor the next 16 threadsof a warp) mapto different
banks,thereareno con icting accessegesultingin 16 timesthe

bandwidthof onebank.Howeverif nthreadf a half-warpaccess
the samebankat a time, thereis ann-way bankcon ict, resulting

in n sequentiabccesseto the sharedmemory In our further dis-

cussionwe referto thenumberof simultaneousequestdo a bank

asdggreeof bankcon icts. Hencek degreeof bankcon icts means
ak-waybankcon ict and1 degreeof bankcon icts meansiobank

con icts (sincethereis only onesimultaneousequesto a bank).

The bandwidthof sharedmemoryaccesss inverselyproportional
to the degreeof bankcon icts.

We conductedan experimentto study the effect of bank con-

icts, by measuringthe sharedmemoryaccesgime for different
accesstrides(stridesfrom 0 to 16) acrosshreads.32 threadsper
threadblockwereusedfor theexperimentandeachthreadaccessed
100 dataelementg100 32-bitwords). Whenaccesstrideis 0, all
threadsaccesghe sameword. When accessstrideis 1, succes-
sive threadsin a threadblock accesssuccessie wordsin shared
memory which fall in differentbanks. Hencethereare no bank
con icts betweerthethreadaccessesWhenaccesstrideis 2, the
rst threadaccesseaword from banki, thesecondhreadaccesses
aword from banki + 2 andsoon. Thusthereis a 2-way con ict,
i.e.,conict betweernthe accessesf thread0 andthread8, thread

Average Clock Cycles per Word

0 2 4 6 8 10 12 14 16
Access Stride

Figure 2: Shared memory accesstime for different access
strides acrossthr eads

1 andthread9, :::, thread7 andthreadl5. Figure2 shawvs the ob-
senedbehaior. Therearenobankcon icts whentheaccesstride
is oddandhencethe obsenedaccesgime is fastesfor oddaccess
strides.FromFigure2, we clearly obsere thatsharednmemoryac-
cesstime depend®n the degreeof bankcon icts andaccesgime
is almostthe samefor accesstridesthatleadto the samedegreeof
bankcon icts. FromFigure2, we alsoobsene thattheaccessgime
whenall threadsaccesshe sameword is asfastasthatwhenthere
arenobankcon icts. Thisis dueto a hardwareoptimizationin the
sharedmemorythat enablesbroadcastof a 32-bit word to several
threadssimultaneouslyvhenservicingonememoryreadrequest.

Theimportanceof the faston-chipsharednemoryspacehatis
introducedn GPUarchitecturesoimprovethememoryaccesper
formanceelucidateghe factthat minimizing sharednemorybank
con icts is animportantoptimizationto be handledby a compiler
framework for GPGPUs.

3.3 Degreeof Parallelism vsRegisterPressue

Oneof theimportantoptimizationso beperformedn thethread-
level computatiorcodeis to reducethenumberof dynamicinstruc-
tionsin therun-timeexecution. Loop unrolling is oneof thetech-
niquesthat reducedoop overheadandincreaseghe computation
per loop iteration. Also, registerlevel tiling throughunroll-and-
jam to reducenumberof loads/storegper computationis a well
known programoptimizationwhenthereis sufcient reusein the
dataaccessed.Thoughloop unrolling reducesdynamicinstruc-
tions andregistertiling reducesthe numberof loads/storesthey
increaseregister usage. The numberof threadsthat can be con-
currentlyactive in amultiprocessounit depend®n theavailability
of resourcesuchassharednemoryandregisters.A threadblock
of threadscanbe launchedn a multiprocessounit only whenthe
numberof registersrequiredby its threadsandthe amountof re-
quiredsharednemoryareavailablein the multiprocessorClearly,
increasedegisterpressurenayreducetheactive numberof threads
in thesystem.

For codefor which performancas limited by memoryaccess,
having more threadscan ef ciently maskglobal memoryaccess
lateng. Figure 1 clearly illustratesthe impactof parallelismon
the bandwidthof globalmemoryaccessHencea memory-access-
boundcoderequiresmorethreaddo ef ciently overcometheglobal
memoryaccesgateng.

Puttingthe issuestogether a computationthat haslarge global
memoryaccesoverheadrequireshigherconcurreng andalsode-
mandsmoreregistersto enablethe bene ts of loop unrolling such
as loop overheadreductionand reductionof numberof loads/s-



tores. Hencethereis a clear trade-of betweennumberof active
concurrentthreadsand numberof registersavailable for a thread
in athreadblock to exploit the abore bene ts. Dueto suchatight
couplingof GPUresourcesanempiricalevaluationbecomesec-
essaryto selectan optimal choiceof programparametersuchas
unroll factorsandtile sizes,andsystemparametersuchasnumber
of threadsandthreadblocks.

Having identi ed the key performance-in uencingcharacteris-
tics of GPUs,we now discussthe compile-timeoptimizationap-
proacheslevelopedto addressheseissuestowardsthegoalof de-
veloping a compiler framewvork for automaticparallelizationand
performanceptimizationof af ne loop nestson GPGPUs.

4. OPTIMIZING GLOBAL MEMORY
ACCESS

In this section,we developanapproactor performingprogram
transformationghat enableinterleared accesgo global memory
by threadsin a threadblock which is necessaryo facilitate coa-
lescedglobal memoryaccesseandtherebyimprove globalmem-
ory acceserformance The approachs basedon the polyhedral
model,a powerful algebraicframewvork for representingrrograms
andtransformation$17, 21]. Thefocusis onloop-basedomputa-
tionswhereloop boundsareaf ne functionsof outerloop indices
andglobalparameterge.g.,problemsizes).Similarly, arrayaccess
functionsare also assumedo be af ne functionsof loop indices
and global parameters.Such code plays a critical role in mary
computation-intense programsandhasbeenthe targetof a con-
siderablebody of compilerresearch.

4.1 Background

A statementS surroundecby m loopsis representedyy an m-
dimensionalpolytope, referredto as an iteration spacepolytope.
Thecoordinate®f a pointin thepolytope(calledtheiterationvec-
tor xs) correspondo thevaluesof theloop indicesof thesurround-
ing loops,startingfrom the outermosbne. Eachpoint of the poly-
topecorrespond$o aninstanceof statemenS in programexecu-
tion. Theiterationspacepolytopeis de ned by a systemof af ne
inequalitiesDg(xs) 0, derivedfrom theboundsof theloopssur
roundingS. Using matrix representatiom homaeneousform to
expresssystemaf af ne inequalities the iterationspacepolytope
is equivalentlyrepresenteds

1

xs
DS:@ 7 A L]
1

whereDg is a matrix representingoop boundconstraintsands is
avectorof globalparameterg¢e.g.,problemsizes).
Af ne arrayaccessunctionsarealsorepresentedsingmatrices.
If Fuas(xs) representtheaccessunctionof thek!h referenceo an
arrayA in statemensg, then
0 1

%s
Fras(®s) = Fas @ 1 A
1

where Fas is a matrix representingan af ne mappingfrom the
iterationspaceof statemen§to thedataspaceof arrayA. Eachrow
in thematrix de nesamappingcorrespondingo onedimensionof
thedataspace.

Whenthe rank of the accesanatrix of anarrayreferences less
thanthe iteration spacedimensionalityof the statementn which
it is accessedthe arrayis saidto have an orderof magnitude(or
higherorder) reusedueto the reference. Thus, the condition for

mv kernel: tmv kernel :
for (i=0;i<n;i++) {
P: x[i]=0;
for (j=0;j<n;j++)

Q: x[il+=ali][j] ¥[il;

for (i=0;i<n;i++){
S: x[i]=0;
for (j=0jj<n;j++)

Tox[il+=alj1li] ylil;
Figure 3: mv and tmv kernels

higherorder reuseof an array A dueto a referenceFyag(xs) is:
rank(Fag) < dim(xs). Loopswhoseiteratorsdo not occurin the
afne accesgunctionof areferencaresaidto beredundantoops
for thereference.

Given an iteration spacepolytopel and a setof array access

spacethesetof arrayelementsaccesseh theiterationspacgfur-
therreferredto asaccessedataspace is givenby
[k
DS= Fil
j=1

whereF;l is the imageof the iteration spacepolytopel formed
by the afne accesdunction F; andit givesthe setof elements
accessetly thereferencd=j in | .

Considerthe Matrix Vector(mv) multiply andTransposéMatrix
Vector(tmv) Multiply kernelsin Figure3. Theiterationspacepoly-
topeof statemen® isde nedbyfi;jjO i n 12 0 |
n 1g. Theaccessunctionof thereferenceo arraya in statement
T isrepresenteds

0 1
0 0
1 0 @ n A

o o

1
Fiat(x7) = 0

[

wherext = ! is theiteration vector of statemenfl. The rank
of the accessmatrix is 2 andthe iterationspacedimensionalityis
2, indicating that the array hasno higherorder reusedueto this
reference.

Af ne transformationof a statementS is de ned as an afne
mappingthat mapsan instanceof Sin the original programto an
instancen thetransformecdprogram.The af ne mappingfunction
of astatemenSis givenby

0 1
x5
fs(xg) = G @ 1; A

WhenGsis arow vector theaf ne mappind sisaone-dimensional
mapping.An m-dimensionamappingcanberepresentedsacom-
binationof m (linearlyindependentpne-dimensionahappingsin
which caseGs is a matrix with m rows. In further discussionywe
use(s to denoteaf ne time mapping(to time points) and ps to
denoteaf ne spacamapping(to virtual processors).
Therehasbeenmuchwork on dependencanalysisin the poly-
hedralmodel[9, 22]. Feautrief10, 11] de nesafne time sched-
ule, which is one-dimensionalsinglesequentialoop in thetrans-
formedprogram)or multi-dimensionalnestedsequentialoopsin
theprogram).Theschedulassociateatimestampwith eachstate-
mentinstance.Statemeninstancesare executedin increasingor-
der of timestampsgo presere datadependenciesTwo statement
instanceshathave the sametimestampcanbe executedn parallel.
The time scheduleconstaint in Feautriers frameavork, neededo



presere adatadependences asfollows.
8% 2 Dg; 8y 2 D¢ s.t. 3 depend®n %s; qi(yt) gs(%) > 0

Using such constraints,one can de ne a systemthat character
izesthe time schedulecoefcients, takinginto accountall depen-
dencies. The systemis thensolvedto nd the legal time sched-
ules. Therehasbeena signi cant body of work (e.g.,[10, 16]) on
the procedureto solve a systemof constraintSor afne partition
mappings,usingthe afne form of Farkas' Lemmaand Fourier
Motzkin projectionalgorithm.

4.2 Global Memory AccessCoalescing

In GPUs, executionof a programproceedsy distributing the
computationgcrosghreadblocksandacrosghreadswithin athread
block. In a threadblock, datarequiredfor computationcan be
eitheraccessedlirectly from global memoryor copiedto shared
memoryandthen accessed We focus on the codeexecutedin a
threadblockto optimizefor globalmemoryaccessWe developthe
globalmemoryacces®ptimizationapproactontopof PLuTo [20],
aneffective automatidransformatiorframewvork. PLuTo optimizes
sequencesf imperfectly nestedloops, simultaneouslyfor paral-
lelism andlocality, throughtiling transformationsWe usePLuTo
to generatdiling transformationgo distribute tiles acrossthread
blocksandatile (with iterationspacede ned by the shapeof the
tile) is given asinput to the global memoryaccessoptimization
approach.

We rst determinearrayreferencesvhoseaccessediataspace
have eitherhigherorderreuseor sufcient constanteuseandmark
themascandidateghat have to be copiedfrom globalmemoryto
sharedmemoryfor ef cient performanceArray referencesvhose
accessedataspacehave no reusearecandidatedor directaccess
from globalmemory But inef cient accesdo globalmemorymay
degradethe performancesillustratedin Section3.1. We nd pro-
gramtransformationghatcanleadto ef cient directglobalmem-
ory acces®f asmary “candidate'arrayreferencesaspossible. If
aresultingprogramtransformatiordoesnot optimizeacces®f an
arrayreferencethenthe dataaccessedy the references copied
(efciently) to sharedmemory

To enableglobalmemorycoalescindor anarrayreferencen a
statementiterationsaccessingdjacenelementgalongthe fastest
varyingdimension)f thearraydueto thereferencéave to beexe-
cutedsimultaneouslyin time) by distinctvirtual processorthatare
consecutie in processospace Thisis enforcedby thetimesded-
ule adjacencyconstaint which enforcestwo statementnstances
thataccesadjacenelementof anarrayto beexecutedatthetime
instance. The time scheduleadjacencyconstaint is de ned (as-
sumingrow majorstorageof arrays)as:

8XS 2 Ds, 8y5 2 DS S.t. FI"ZS(XS) + (0 . 1)T = Frziys);
0s(%s) = ds(¥s) (1)
In additionto the above constraint,iterationsaccessingadjacent
dataelementof anarrayhave to bein adjacenspacepartitionsso
that they are accessedby adjacentvirtual processors.This is en-
forcedby the spacepartition adjacencyconstaint which enforces
two statementnstanceghat accessadjacentlementof anarray

to be executedby adjacenprocessorin the processospace.The
spacepartition adjacencyconstaint is de ned as:

8% 2 Dg;8ys 2 Ds s.t. Frag%s) + (0:::1)T = Fragys);
Ps(¥s) = Ps(xs) + 1 (2

The spaceadjaceny constraintalsoenforcescyclic distribution of
virtual processorso physicalprocessorasblock distribution may

nullify the effect of optimizationachieved by the transformation
satisfyingspaceadjaceng constraint.

We now explain the procedureusedto determinetransforma-
tions,thatenableinterleaved globalmemoryaccesdy threadsfor
codeexecutedin a threadblock. In our approachwe solwe for a
time schedulgfor eachstatementjhatpreseresall dependencies
andsatis estimesdeduleadjacencyconstaint (Equationt) for all
candidatearrayreferencesvhoseaccessedataspacedo not have
enoughreusein the program.If theredoesnot exist a solution,we
try all subset®f thosearrayreferencesindgenerate¢ime schedules
that satisfythe time scheduleadjacencyconstaint andpotentially
generatespacepartitionsthat satisfythe spacepartition adjacency
constaint (Equation2). Onceat dimensionatime schedulés de-
terminedfor a statemenwith m loops surroundingit, we nd a
m t dimensionalspacepartition mappingsuchthat eachof the
m t mappingsarelinearlyindependentf eachotherandthetime
scheduleandoneof the spacemappinggqtreatedastheinnermost
spacepartition) satis esthe spacepartition adjacencyconstaint.
If thereis no valid space-timdransformatiorsatisfyingdependen-
cies and adjaceng constraints,for all statementsfor ary non-
emptysubsebf arrayreferencesonsideredthenwe usePLuTo-
generatediling transformation(space-timeransformatiorgener
atedwithout enforcingadjaceng constraints¥or eachstatement.
Theprocedurés summarizedn Algorithm 1. All valid transforma-
tions that aredeterminecby the procedureare consideredas can-
didatetransformationgor an empirical search(discussedn Sec-
tion 6).

Algorithm 1 Finding transformationsnablingcoalescedylobal
memoryaccess

Input Setof statements S, IterationSpacePolytopesof all state-
mentslg;s2 S, Array referencegwhoseaccessedataspace
donothave reuse) f Fr,, Setof DependenciesR

1: for all non-emptysubsetss of arrayreferenceslo
2:  Find atime scheduleq for eachstatemens that preseres
all dependenciem R andsatis estime scheduleadjacency
constaint (1) for all referencesn G.
3: for eachstatemens (with dimensionalityof iterationspace
beingm anddimensionalityof time schedulébeingt) do
4: Find a spacepartition p; thatis linearly independento
g and satis es spacepartition adjacencyconstaint (2)
for all referencesn G. Mark this spacepartition asthe
innermostspacepartition.
5: Findm t 1 spacepartitionsthatarelinearly indepen-
dentto eachotherandalsoto p; andg.

end for

: endfor

8: if no valid space-timetransformation(satisfying adjaceng
constraints)kxists for all statementsfor ary non-emptysub-
setof arrayreferencesonsideredhen

9.  Usetiling transformatior{space-timéransformationpener

atedby PLuTo without enforcingadjaceng constraintsfor
eachstatement.

10: endif

Output Transformationsnablingcoalescedylobal memory ac-
cessalongwith markingof reference$or which copy to shared
memoryis needed

No

4.3 Examples

Considerthekernelsin Figure3. Array ain mv andtmv kernels
hasno reuseandis consideredor direct global memoryaccess.
Without applyingthe constraintdle ned by Equationsl and2, we



getthefollowing valid time scheduleandspacepartition mapping
for statemen@ in mv kernelandstatement in tmv kernel.

do(xQ) = | and po(xg) = |

ar(xr) = j and pr(xr) = i
wherexg= ' andxr = !

Applying adjacenyg constraintSor the mv kernel (in a system
with row major storage)yields no valid transformation.Adjacent
global memoryaccesdy distinct threadsis possibleonly across
different j-loop iterationsof ani-loop iteration. Hencethe time
scheduleadjaceny constraintresultsin atime scheduleo(xg) =
i, which doesnot dismissall dependencieddencethereis novalid
transformatiorpossiblethat canenablecoalescedjlobal memory
access.Hencethe transformationtime scheduleand spaceparti-
tion mapping)obtainedwithout applying adjaceng constraintss
usedandarraya in mv kernelis copiedto sharednmemoryandac-
cessedbut not accessedirectly from globalmemory

On the other hand, applying adjaceng constraintsfor the tmv
kernel,yieldsatime scheduleyt (x7) = j (asadjacenglobalmem-
ory accessby distinct threadsis possibleacrossdifferenti-loop
iterationsof an j-loop iteration) and a spacepartition mapping
pt (%) = i, which presere datadependenciesand henceresults
in avalid transformatiorthatcanenablecoalescedjlobalmemory
access.

4.4 Effective Useof Registerand Non-register
Memories

Theapproachmot only makesdecisionon whatdataneedso be
moved to sharedmemoryandwhat needsto be accessedlirectly
from global memory but also makes decisionson effectively us-
ing registermemoryand non-reyister memoriessuchas constant
memory and therebyreducesthe numberof global memoryac-
cesses.Constantmemoryhasan on-chip portion in the form of
cachewhich can be effectively utilized to reduceglobal memory
accessAccessto constantmemoryis usefulwhena smallportion
of datais accessedby threadsin sucha fashionthatall threadsin
a warp accesgshe samevalue simultaneously Whenthreadsin a
warpaccesglifferentvaluesin constanmemory thentherequests
areserialized.

We determinearraysthat are read-onlyandwhoseaccesgunc-
tion doesnot vary with respectto the loop iteratorscorrespond-
ing to the parallelloopsthatareusedfor distributing computation
acrosghreadsandconsidethemascandidategor storingin con-
stantmemory Similarly arrayswhoseaccesgunctionvariesonly
with respecto theloopiteratorscorrespondingo theparallelloops
areconsiderediscandidategor storingin registersin eachthread.

4.5 Optimized Copy from Global Memory to
Shared Memory

Array referencesghat have sufcient reuseandarrayreferences
thatare marked to be copiedto sharedmemorybecausef infea-
sible transformatiorfor coalescedjlobal memoryaccesshave to
beefciently copiedfrom/tosharednemory A detaileddiscussion
on the approachto determineaccessedataspaceof arrayrefer
ences,automaticallyallocatestoragespacein the form of arrays
in sharedmemory andgenerateodeto move databetweerglobal
andsharedmemoriess presentedn oneof our earlierworks[2].
Theloop structureof the datamovementcode(copy code)is aper
fect nestof n loops,wheren is the dimensionalityof the accessed
dataspace. By usinga cyclic distribution of the innermostloop
acrossthreadsof a warp, we enableinterleared accessf global
memoryby threads.

4.6 Model to Estimate Memory Traf c

In thissubsectionwe discussa modelto estimatenemorytraf ¢
expectedduring the executionof atile. Thisis thenusedto guide
the empirical searchon tile sizesand unroll factors(asexplained
laterin Section6). Consideratile to be executedby athreadblock
or athread. Theiterationspaceof statementén thetile is param-
eterizedby thetile sizesof theloopsde ning thetile. Considera

andG1;Go;:::; Gw, bethewrite accessesf arraya; in thetile.
Let | be the iteration spaceof the tile parameterizedby the tile
sizes.Let f beafunctionthatcountsthe numberof integer points
in a polytopegiven the parametersLet DS, denotethe accessed
dataspaceof readreferencef arraya;. The numberof integer
pointsin polytopeD S, givesthe numberof loadsdueto arraya;.
Let DS denotethe accessedataspaceof write reference®f ar
ray a. The numberof integer pointsin DS; givesthe numberof
storesdueto arraya;.

The modelto estimatememoryloadsandstoresin atile canbe
characterizedsfollows.

fi i

[ Fijl and DS = 4 Gl
j=1 j=1

DS, =

Thenumberof loadsandstoresin atile =

Having modeledhenumberof loadsandstoresn atile, thetotal
memorytraf ¢ is estimateasednthenumberof tilesin thetiled
iterationspace.

5. OPTIMIZING SHARED MEMORY
ACCESS

This sectiondescribesour approachto optimize accesf on-
chip sharedmemoryin GPU multiprocessounits. Following the
obsenration from Section3.2, optimizationof sharedmemoryac-
cesscanbe equivalently viewed asminimizationof bankcon icts.
The stratgy to minimize bankcon icts in sharedmemoryaccess
is to padthearrayscopiedinto sharednemory However, nding a
suitablepaddingfactorfor anarrayin sharednemoryis nottrivial.
The procedureof nding a paddingfactorfor anarrayin orderto
minimize bankcon icts hasto considerthe effects of paddingon
all referencesnadeto thearray Paddingto minimize bankcon ict
with respectto one referencemight have a negative impactwith
respecto anotherreference.

Wede ne aformalrelationbetweerthe degreeof bankcon icts
andthe accessstrideacrossthreadsin a half warp that determine
the degreeof bankcon icts andhencethe sharednemoryaccess
bandwidth.With sharedmemoryorganizednto banksandsucces-
sive wordsstoredin successie banksin acyclic patternthedegree
of bankcon icts is given by GCD(stride of array accessacross
threadsof a half warp, numberof bankmodules) Whenthe stride
of array accessacrossthreadsis zero,i.e. whenall threadsac-
cesshe sameword, thereis a specialhardware optimizationin the
GPUarchitecturehatenablesroadcasiof thewordto all threads.
Hencein thatcasethedegreeof bankcon icts is consideredsone
asthereis only onesimultaneoudankrequest.

We modelthe costof accessing word from a sharedmemory
bankasa linearfunction of the degreeof bankcon icts. Let C(n)



bethe costof accessing word from a sharedmemorybankwhen
therearen simultaneousequestso the bank(possiblyby different
threadsof a half warp). The costfunctionis given by

C(n) = tgart + treques N (3

wheretsiart is the startuptime to access bankwhenthereis one
or morerequestdo the bankandtrequestis thetime to serviceare-
quest.Figure4 shavs the trendof thelinear sharedmemorybank
accesgostfunction (plotted using dataobtainedfrom the experi-
mentdescribedn Section3.2).
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Figure 4: Shared memory bank accesgime for varying simul-
taneousbank requests

Thealgorithmto nd optimalpaddingfactorsfor arraysin shared
memoryfocusenthecodeto beexecutedn athreadblockwhich
hasbeentransformedor global memorycoalescingusingthe ap-
proachdescribedn Sectior4.2. Thealgorithmhasinformationre-
gardingarraysthatneedo becopiedinto sharednemory aswell as
thespacendtime partitionsof eachstatemenin thecode.Foreach
referencebasedn thedistribution of innermostspacdoop across
threadqblockor cyclic), thedistancebetweerdatapointsaccessed
by successie threadsis calculatedandit de nesthe accessstride
acrosghreaddor thatreferenceFor eacharrayin sharednemory
the algorithmenumeratesll paddingfactorsand nds the optimal
onethatminimizesthetotal numberof bankcon icts causedy all
thereferenceso thearray

6. MODEL-DRIVEN EMPIRICAL SEARCH
FOR OPTIMAL TILE SIZES AND
UNROLL FACTORS

In this section,we discussoptimizationof programparameters
suchastile sizesandunroll factorsthatarecloselylinkedwith the
choiceof systermparametersuchasnumberof threadsandnumber
of threadblocks usedfor execution,and the availability of GPU
localresourcesuchassharednemoryandregisters.

We perform multiple levels of tiling for exploiting parallelism
acrossthreadblocks and threads,and also perform registerlevel
tiling throughunroll-and-jamto optimize thread-leel code. The

rst level of tiling is doneto exploit parallelismacrosghreadblocks.
In GPUs,the size of a tile executingin a threadblock at a time
instancedependson the amountof sharedmemory available for
execution of the threadblock. The secondlevel of tiling within
a threadblock is done, if neededo bound sharedmemory us-
agewithin available limits. Whenthe numberof iteration points
in a loop executedwithin a threadblock is more than the num-
ber of threads,onemorelevel of tiling is neededo distribute the

Algorithm 2 Finding Optimal PaddingFactor

Input Inputarrayfor which paddingis to bedetermined A, Num-
ber of referencedo A in the sub-program N,¢, Original ac-
cessstridesacrossthreadsfor the N,¢t references AgNies],
Numberof bankmodules NB, Costfunctionfrom Eq.(3)-C

1: MinAccessCost ¥
2: OptRadding=0
3: for pad=0toNB 1do
4: TotalAccessCost 0
5. forref =11to Nyt do
6: Calculatenew accessstride AS,ey[ref] for referenceref
using original accessstride AJref] and paddingfactor
pad
7: if ASyen[ref]= O0then
8: BankCon icref]= 1
9: else
10: BankCon icfref] = GCD(ASew[ref]; NB)
11: endif
12: AccessCoftef] = C(BankCon icfref])
13: TotalAccessCost = AccessCofitef]
14: endfor

15: if TotalAccessCost MinAccessCoghen
16: OptPadding= pad

17: MinAccessCost TotalAccessCost
18: endif
19: endfor

Output Optimalpaddingfactorfor A - OptPadding

computationacrosshreads.Finally, if thereis enoughreuseto be
exploited,registerlevelftiling is doneto reducehenumberof load-
s/storefrom global/shareanemory

For aGPUarchitectureperformances enhancedby optimizing
memory accessand exploiting parallelism,as illustratedin Sec-
tion 3. Henceit would beidealto characterizeandmodeltile size
determinatiorbasedon the numberof loads/storebetweerglobal
andsharednemory andthenumberof loads/storebetweershared
memory and registers. Using the polyhedralmodel discussedn
Section4.6, we canobtainanaccurateestimateof memoryloads/-
stores. However, becausef the lack of control on the numberof
registersactually usedby NVIDIA CUDA C Compiler (NVCC),
and becausef the tight coupling of the GPU resourcespptimal
tile sizesandunroll factorscannotbe determinedby a costmodel
alone. An empiricalsearchis neededo nd anoptimalsetof tile
sizesfor thetiled loopsandoptimalunroll factorsfor theloopsthat
are unrolled. Hencewe emplgy an empirical searchto pick the
optimal codevariantamongvariouscodevariantsresultingdueto
differenttransformationgnablingef cient globalmemoryaccess,
differenttile sizesat multiple levels, and differentunroll factors.
The searchspacedueto differentchoicesof tile sizesandunroll
factorsare prunedwith the help of the costmodelthat estimates
memoryloads/stores.

The model-guidecempiricalsearchprocedureusedin our com-
piler frameavork is outlinedbelow.

For eachvalid programtransformatiorstructureobtainedby
the approachdescribedn Section4.2, perform multi-level
tiling (exceptregisterlevel tiling).

Generat®ptimalcopy codefor arraysthatneedto becopied
to sharedmemory(asexplainedin Sectior4.5).

For eachtiled loop structure determinethe register usager
anddeterminethe maximumconcurreng (L threads)possi-
ble within a multiprocessar (Thereis an optionin NVCC



to generatea low-level objectcode le calledthe cubin le
that providesinformation on the amountof sharedmemory
usedby athreadblock andthe numberof registersusedby a
threadin athreadblock). Setthe explorationspaceof num-
berof threadsn athreadblockto beT; T=2; T=4, whereT is
thenearesmultiple of warp sizeof the GPUdevice lessthan
L and512.

For all valid tile sizesthatdistribute computatiorequallyam-
ongthreadblocksandamongthreadswithin a threadblock,
andsatisfysharednemorylimit constraintestimatehetotal
numberof globalmemoryloads/storesisingthe polyhedral
modelin Section4.6. Discardloop structureghat have p%
more loads/storeghan the structurewith lowestnumberof
loads/stores.

For all selectedoop structuresdo registerlevel tiling and
explicit unrolling, instrumentthe registerusageanddiscard
thosefor which register pressurds increasedo an extent
whereconcurrenyg is reducedo lessthan25% of maximum
possibleconcurreny.

In all selecteccodeversionspadthe arraysin sharednem-

ory with optimalpaddingfactordeterminedisingAlgorithm 2.

Searchempiricallyamongthe selecteccodeversionsby ex-
plicitly runningthemandtiming the executiontime, andse-
lectthebestone.

7. EXPERIMENTAL RESULTS

ExperimentsvereconductecnanNVIDIA GeForce8800GTX
GPUdevice. Thedevice has768 MB of DRAM andhas16 multi-
processorgMIMD units) clocked at 675 MHz. Eachmultiproces-
sorhas8 processorcores(SIMD units) runningat twice the clock
frequeng of the multiprocessormand has16 KB of sharedmem-
ory. CUDA versionl.0 wasusedfor the experiments.The CUDA
codewas compiledusingthe NVIDIA CUDA Compiler (NVCC)
to generatehe device codethatis launchedrom the CPU (host).
The CPUwasa 2.13GHz Intel Core2Duo processowith 2 MB
L2 cache.The GPU device was connectedo the CPU througha
16-x PCl Expressus. The hostprogramsverecompiledusingthe
icc compilerat-O3 optimizationlevel.

7.1 PerformanceEvaluation on Kernels

Figure 5 shavs the performanceof several kernels— Matrix
Vector multiply (mv), TransposedMatrix Vector multiply (tmv),
Matrix VectorTransposémvt), andMatrix Matrix multiply (mm)
— thatwere optimizedusing the compile-timetechniqueslevel-
opedin this paper The comparisonwas donewith the vendor
optimized CUBLAS library (version 1.0) suppliedby NVIDIA.
The effectivenessf the compile-timeoptimizationsdevelopedin
this paperis evident from theseresults:for my, tmv andmvt ker
nels, the performanceachiered is betterthanthat of the vendor
optimizedCUBLAS implementationandfor mm kernel, the per
formanceis closeto thatof CUBLAS implementation.

7.2 Optimized Global and Shared Memory
Access

Themv andtmv kernels(Figure3) areusedto illustratetheben-
e ts of global and sharedmemoryaccessoptimization. Table 2
shaws the performancef mv kernelimplementedisingspaceand
time partitionmappingsasdiscussedh Section4.3. Ourapproach
makesadecisionto copy theelementf arraya in to sharednem-
ory thoughthereis no reuseof the elementscopied. An imple-
mentationwith efcient copy of elementsof arraya from global

memoryto sharedmemory(column“Non-optimizedShared”)pro-
vides an order of magnitudebetterperformancethan the version
implementedwith directacces®f a from globalmemory(column
“Direct Global”). The implementatiorwith copy to sharedmem-
ory is further enhancedy minimizing the sharedmemorybank
con icts through effective paddingof the sharedmemory buffer
createdo hold the elementof arraya. A further2x improvement
in performances achieved (column“Optimized Shared”)dueto
this sharedmemoryaccesoptimization.

[ N [ DirectGlobal [ OptimizedShared| Non-optimizedShared|

4K 0.43 13.18 5.61
5K 0.48 13.87 5.79
6K 0.35 14.37 6.04
7K 0.30 13.86 5.78
8K 0.24 13.63 5.52

Table 2: Performance comparison(in GFLOPS) of mv kernel

Table 3 shawvs the performanceof the tmv kernelimplemented
usingthespacendtime partitionmappingsliscussedéh Sectior4.3.
Whentiling alongspacdoopsis donein ablocked fashionto map
virtual processorsn a spacepartition mappingto threads,it vi-
olatesthe coalescednemoryaccessonstraintsand performance
degrades(column “Non-optimized Global”). Hencetiling along
spacdoopsis donein acyclic fashion(column“OptimizedGlobal”),
asinferredby our approach.

[ N [ Non-optimizedGlobal | OptimizedGlobal |

4K 4.22 25.21
5K 3.09 28.90
6K 3.24 33.47
7K 3.70 33.58
8K 4.13 34.93

Table 3: Performance comparison (in GFLOPS) of tmv kernel

Matrix VectorTransposémvt) is akernelthatinvolvestwo matrix-
vector multiplies, whereone matrix is the transposeof the other
andhenceat encompasseahlecomputationsnvolvedin mv andtmv
kernels. Our approachidenti es the dataspaceaccessedby array
referencanvolved in mv kernelcomputationasa candidateto be
copiedto sharedmemoryandon the otherhandidenti es the data
spaceaccesseby arrayreferencenvolvedin tmv kernelcomputa-
tion asa candidatefor directglobal memoryaccessandresultsin
optimizedglobalmemoryaccess.

7.3 Model-driven Empirical Search on
Matrix-Matrix Multiply (MM) kernel

The MM kernelis usedto illustrate the stepsinvolved in the
model-driven empirical searchprocedureexplainedin Section6.
A problemsizeof 4K 4K (thatwasbarelyableto t in the GPU
DRAM) wasused.

For themulti-level tiled codegeneratedisingthe programtrans-
formations (without loop unrolling and registerlevel tiling), the
register usageper threadwas estimatedusing cubin as 13, lead-
ing to a possibility of 512 concurrenthreads Furtherexperiments
weredonefor 128,256and512threadperthreacblock. Thenum-
berof threadblockswasvariedbetweerl 6,32 and64.

For varioustile sizesthatdistributethe computatiorequallyam-
ong threadblocks and amongthreadswithin a threadblock, and
satisfy the sharedmemorylimit constraint,the total global mem-
ory loadsvaried from the order of 4K3=27 to 4K3=2%. All code
versionswhich hadloadsin the orderof 4K3=27 to 4K3=25 were
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Figure5: Performanceof Matrix kernels

considered@ndvariouscombination®f loopunrollingandregister

level tiling were performedfor the selectedcodeversions. Since
the choicesof registerlevel tiling dependn thesizeof thetile be-
ing executedin a thread,the choiceswere limited. The register
usageof eachunrolled, registertiled versionwasdeterminedand
thoseversionswith excessie registerusagethosewhichrestricted
the numberof concurrentthreadsto belonv 128) were eliminated.
Figureé illustratesthe performancef the selecteccandidateshat
wererun empirically to selectthe bestone. The codeversionthat
wasselectedby the searchprocedureesultedin a performanceof

around97 GFLOPS- comparedo vendoroptimizedMM kernel
performancef around101 GFLOPS.
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Figure 6: Performanceof MM kernel for various codever-
sions

8. RELATED WORK

Priorto theintroductionof CUDA [18], GPUprogrammingsys-
temshave relied on graphicsAPI-basedimplementationswhich
have limited the sizeandkind of codesthatareimplementableon
GPUs.In addition,CUDA hassigni cantly enhancegrogrammer
productvity by relieving the programmerof the burdenof think-
ing in termsof graphicsoperationsPrevious GPUgenerationsnd
their APIs hadrestrictve memoryacces$atternsuchasallowing
only sequentialvritesto a lineararray For example,Accelerator
[27] doesnot allow accesgo anindividual elementin parallelar-
raysandoperationsareperformedon all arrayelementsBrook [6]
is a stream-basethodelthat executesdts kernelfor every element
in the streamwith restrictions.The GeForce8800allows for gen-
eraladdressingf memoryby eachthread which supportsamuch
wider variety of algorithms.With this generaladdressingit is im-
portantto applydatalocality optimizationsin orderto exploit high
bandwidthandhide memorylateng.

TraditionalGPUsalsoprovidedlimited cachebandwidthfor gen-
eral purposeapplications. Fatahalianet al. [8] mentionthat low-
bandwidthcachedesignson GPUspreventgeneralpurposeappli-
cationsfrom bene ting from the available computationalpower.
Govindarajuet al. [12] usean analyticalcacheperformancepre-
diction model for GPU-basedhlgorithms. Their resultsindicate
that memoryoptimizationtechniquesiesignedor CPU-basedl-
gorithmsmay notdirectly translateo GPUs.

Liao et al. [15] have developeda framewvork that works with
Brook [6] to performaggressie dataandcomputatiortransforma-
tions. Recently Ryooetal. [25, 24] have presentedxperimental
studieson programperformanceon NVIDIA GPUsusingCUDA,;
they do not useor develop a compilerframework for optimizing



applicationsput ratherperformthe optimizationsmanually Ryoo
et al. [26] have presentederformancemetricsto prunethe opti-
mizationsearchspaceon a pareto-optimalitybasis.However, they
manuallygeneratehe performancemetricsdatafor eachapplica-
tion they have studied.

9. CONCLUSIONS

In this paper critical performance-in uencingactorson GPUs
were characterize@ndtechniquesvere developedto addresshe
issuesthatinclude 1) generatiorof effective programtransforma-
tionsfor GPUsthatenableef cient globalmemoryaccess?) deter
mination of optimal paddingfactorsfor con ict-minimal dataac-
cessrom sharednemory and3) model-drivenempiricaloptimiza-
tion approacho optimizevaluesfor systemandprogramparame-
ters. The effectivenessof the developedtechniquesvas demon-
stratedwith variouskernels.
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