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Abstract: We introduce non-Hermitian plasmonic waveguide-cavity structures based on the
Aubry-Andre-Harper model to realize switching between right and left topological edge states
(TESs) using the phase-change material Ge2Sb2Te5 (GST). We show that switching between
the crystalline and amorphous phases of GST leads to a shift of the dispersion relation of the
optimized structure so that a right TES for the crystalline phase, and a left TES for the amorphous
phase occur at the same frequency. Thus, we realize switching between right and left TESs at that
frequency by switching between the crystalline and amorphous phases of GST. Our results could
be potentially important for developing compact reconfigurable topological photonic devices.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Topological insulators possessing nontrivial topological states on their edge or surface have
recently attracted considerable attention [1,2]. Topological edge states (TESs) associated with
the existence of topological invariants in the bulk band structure have been reported in a variety
of systems, such as graphene [2], quantum Hall systems [3] and the Su-Schrieffer-Heeger (SSH)
model for polyacetylene [4]. TESs are insensitive to disorder and can lead to field intensity
enhancement [1,2]. However, conventional higher-dimensional topological systems require large
footprints and are not easy to fabricate. Topological insulators which include synthetic dimensions
have recently emerged as an attractive platform to realize higher-dimensional topological physics
with lower dimensionality [5,6]. Structures based on the Aubry-Andre-Harper (AAH) model have
been shown to possess nontrivial topological states on the basis of tight-binding models [7,8].
The AAH model is the one-dimensional momentum-space projection of the two-dimensional
integer quantum Hall system, and therefore exhibits similar topological properties [7]. It
was recently demonstrated that TESs can emerge in non-Hermitian photonic and acoustic
systems based on the AAH model [9,10]. It was also demonstrated that TESs and exceptional
points can be simultaneously realized in plasmonic waveguide-cavity systems based on the
one-dimensional AAH model [11]. TESs in one-dimensional photonic systems can enhance
light-matter interactions and are therefore important for applications in sensing and nonlinear
optics [12–14]. In addition, anomalous edge states and robust optical diodes can be obtained in
one-dimensional non-Hermitian topological optical lattices [15,16].

In a two-dimensional quantum Hall system, edge states at opposite edges propagate in opposite
directions due to chirality [17]. Such states propagating in opposite directions can be excited
at the same frequency. However, a consequence of chirality is that in structures based on the
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one-dimensional AAH model right and left TESs cannot be excited at the same frequency [9–11].
Switching between right and left TESs in such structures could be essential for building compact
topological photonic devices, and for developing reconfigurable optical components. This could
be achieved by using materials with tunable optical properties such as phase-change materials.

Ge2Sb2Te5 (GST) is a phase-change material with amorphous and crystalline phases [18]. The
amorphous phase is characterized by saturated covalent bonds, whereas in the crystalline phase
resonant bonds are formed. Thus, GST can be switched between its amorphous and crystalline
phases with a drastic change in its optical and electronic properties. The phase transition can be
induced reversibly and rapidly by applying external electrical pulses, optical pulses or thermal
annealing. The transition speed can be at subpicosecond timescales via femtosecond laser pulses
[19,20]. In addition, the phase change is nonvolatile and, therefore, power is consumed only
during the phase transition process. No external power supply is required for GST to maintain
its phase. GST is currently widely used in a variety of reconfigurable optical devices due to its
switchable dielectric properties [21–27].

In this paper, we introduce non-Hermitian plasmonic waveguide-cavity structures based on the
AAH model to realize switching between right and left TESs using the phase-change material
GST. We show that switching between the crystalline and amorphous phases of GST leads to a
shift of the dispersion relation of the optimized structure so that a right TES for the crystalline
phase, and a left TES for the amorphous phase occur at the same frequency. Thus, we realize
switching between right and left TESs at that frequency by switching between the crystalline and
amorphous phases of GST. We also find that the right and left TESs in the optimized structure
are robust in the presence of disorder.

2. Model

Analogous to the AAH model, we consider a periodic plasmonic structure with compound unit
cells consisting of metal-dielectric-metal (MDM) stub resonators side-coupled to an MDM
waveguide (Fig. 1). The compound unit cells consist of N side-coupled MDM stub resonators.
The distance between the nth and (n + 1)th side-coupled stubs in the compound unit cell is
modulated and given by [11]

dn = d{1 + η cos[
2π
N

(n − 1) + ϕ]}. (1)

Here, d is the distance without modulation, and η is the modulation strength. Figure 1 shows a
compound unit cell with five side-coupled stubs (N = 5). In addition, ϕ is an arbitrary phase. As
ϕ is varied between −π and π, the system characteristics continuously evolve, and for ϕ = π they
are the same as for ϕ = −π. Thus, the phase ϕ can be treated as a wavevector in an auxiliary
direction, and one-dimensional problems can be mapped to two-dimensional integer quantum
Hall effect problems with the Landau gauge characterized by nonzero Chern numbers [8].

The properties of the compound unit cell of Fig. 1 can be described by the transfer matrix M
defined by the following equation⎡⎢⎢⎢⎢⎣

H−
R
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⎤⎥⎥⎥⎥⎦ =M
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L
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Here H+L , and H−
L are the complex magnetic field amplitudes of the incoming and outgoing

modes at the left port, respectively. Similarly, H+R , and H−
R are the complex magnetic field

amplitudes of the incoming and outgoing modes at the right port, respectively (Fig. 1). The
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transfer matrix M can be calculated by

M =M6MsM5MsM4MsM3MsM2MsM1, (3)

where Ms =

⎡⎢⎢⎢⎢⎣
ts −

r2
s

ts
rs
ts

−
rs
ts

1
ts

⎤⎥⎥⎥⎥⎦ is the transfer matrix of a system consisting of an MDM waveguide

side-coupled to a stub, while rs and ts are the complex reflection and transmission coefficients of
the system, respectively, which can be obtained using temporal coupled mode theory (CMT) [28].

In addition, Mi =

⎡⎢⎢⎢⎢⎣
e−γLi 0

0 eγLi

⎤⎥⎥⎥⎥⎦ , i = 1, 2, 3, 4, 5, 6, where L1 = d0, L2 = d1, L3 = d2, L4 = d3,

L5 = d4, L6 = d5 − d0, d0 is an arbitrary distance with d0 < d5, and γ is the complex propagation
constant of the propagating fundamental mode of the MDM waveguide. Imposing the Bloch
boundary condition, the right and left reflection coefficients for the semi-infinite structure can be
obtained using the transfer matrix

r∞,r =
e−jkL − M22

M21
, r∞,l =

ejkL − M11
M12

. (4)

Note that, in the lossless case, the left and right reflection coefficients are equal.

Fig. 1. Schematic of the compound unit cell of a periodic structure consisting of an MDM
waveguide side coupled to five identical MDM stub resonators. The metal is silver and the
stubs are filled with GST and silicon.

In addition, the band structure of the periodic plasmonic structure with the compound unit cell
of Fig. 1 can be calculated using the transfer matrix M of the unit cell and the Bloch boundary
conditions H−

R = ejkLH+L , H+R = ejkLH−
L by|︁|︁|︁|︁M −

⎡⎢⎢⎢⎢⎣
e−jkL 0

0 ejkL

⎤⎥⎥⎥⎥⎦
|︁|︁|︁|︁ = 0, (5)

where L = 5d is the overall length of the compound unit cell (Fig. 1), and k is the Bloch
wavevector.

3. Results

In this section, we design plasmonic waveguide-cavity structures with a phase-change material,
to realize switching between right and left TESs. We use experimental data for the frequency-
dependent dielectric constants of all materials, including GST in its amorphous (aGST) and
crystalline (cGST) phases [25]. In Figs. 2(a) and 2(b) we show the real and imaginary parts,
respectively, of the refractive index of aGST and cGST as a function of wavelength.
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Fig. 2. (a), (b) Real and imaginary parts, respectively, of the refractive index of aGST and
cGST as a function of wavelength.

3.1. Right topological edge states for GST in its crystalline phase

We first consider a periodic plasmonic structure without modulation [η = 0 in Eq. (1) so that
d1 = d2 = d3 = d4 = d5 = d]. We choose d = 550 nm, h1 = 100 nm, h2 = 40 nm, and w0 = 50
nm (Fig. 1). The metal is silver and the stubs are filled with GST in its crystalline phase (cGST)
and silicon (Fig. 1). We first assume that all materials are lossless. However, material loss will be
included later. In Fig. 3(a), we show the dispersion relation of the structure without modulation
calculated using the finite-difference frequency-domain (FDFD) method (black squares). The
middle of the three bands shown corresponds to a mode with slow group velocity. We also
consider a structure in which the distances between adjacent side-coupled stubs are modulated as
in Eq. (1) with N = 5, η = 0.4, and ϕ = 0. The compound unit cell has overall length L = 5d
(Fig. 1). All three bands of the structure without modulation shown in Fig. 3(a) (black squares)
split due to band mixing for the structure with modulation [circles in Fig. 3(a)]. In particular,
the middle band with slow group velocity of the structure without modulation [black squares
in Fig. 3(a)] splits into five bands for the structure with modulation [red circles in Fig. 3(a)].
Figure 3(b) also shows the dispersion relation of the structure with modulation calculated using
CMT [Eq. (5)] (red circles). We observe that there is very good agreement between the CMT
results and the exact results obtained using FDFD.

Figure 4(a) shows the projected band structure of the periodic structure with the compound
unit cell of Fig. 1 for η = 0.4 and N = 5 as a function of the phase ϕ [Eq. (1)], calculated with
CMT. For a fixed ϕ, we have five bands (yellow regions) in the frequency range of interest. As an
example, for ϕ = 0 the system supports five bands with frequencies ranging from 125 to 126 THz,
133 to 135 THz, 136 to 142 THz, 150 to 168 THz, and 179 to 208 THz [Figs. 3(b) and 4]. As the
phase ϕ varies from −π to π, the Bloch eigenstates of the system are a function of k and ϕ. Each
band is characterized by a Chern number. This Chern number can be deduced from the winding
numbers of the above-lying and below-lying bandgaps using the phase of the reflection coefficient
for the semi-infinite structure r∞ [10,29]. The absolute value of the reflection coefficient |r∞ | for
frequencies lying inside the bandgaps is 1. Thus, the reflection coefficient for the semi-infinite
structure for frequencies lying inside the bandgaps is r∞ = 1ejθ , where θ is the phase of the
reflection coefficient. The winding number, which is the topological invariant of the bandgap,
can be calculated using [17]

w =
1

2πj

∫ 2π

0

∂ ln[r∞(ϕ)]
∂ϕ

dϕ =
1

2π

∫ 2π

0
∂θ(ϕ). (6)

Figure 4(b) shows the phase θ of the reflection coefficient r∞,r when the waveguide mode
is incident from the right onto the semi-infinite structure. The extra phase that the reflection
coefficient accumulates when ϕ varies from −π to π is 0, 2π, 4π, −4π, −2π, and 0 for the first,
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Fig. 3. (a) Dispersion relation of the periodic structure without modulation calculated
using FDFD (black squares). Results are shown for d1 = d2 = d3 = d4 = d5 = d = 550
nm, h1 = 100 nm, h2 = 40 nm, w0 = 50 nm (Fig. 1), and η = 0 [Eq. (1)]. The stubs are
filled with GST in its crystalline phase (cGST) and silicon, and the metal is silver. Here,
we assume that cGST and silver are lossless. Also shown is the dispersion relation of a
periodic structure with the compound unit cell of Fig. 1, in which the distances between
adjacent side-coupled stubs are modulated as in Eq. (1), calculated using FDFD (circles).
The middle band of the structure without modulation (black squares) splits into five bands
for the structure with modulation (red circles). The upper and lower bands of the structure
without modulation (black squares) split into several bands for the structure with modulation
(blue circles). Results are shown for d1 = d(1 + η cos ϕ), d2 = d[1 + η cos( 2π

5 + ϕ)],
d3 = d[1 + η cos( 4π

5 + ϕ)], d4 = d[1 + η cos( 6π
5 + ϕ)], d5 = d[1 + η cos( 8π

5 + ϕ)], η = 0.4,
and ϕ = 0. All other parameters are the same as in the structure without modulation. (b)
Zoomed-in view of the dispersion relation in a narrower frequency range for the periodic
structure in which the distances between adjacent side-coupled stubs are modulated. The
dispersion relation is calculated using FDFD (black squares) and CMT (red circles). All
other parameters are as in (a).
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Fig. 4. (a) Projected dispersion relation of the periodic structure with the compound unit cell
of Fig. 1 as a function of ϕ calculated with CMT with GST in its crystalline phase (cGST).
The yellow regions correspond to the bands separated by the bandgaps (blue regions). Also
shown is the Chern number of each band. Green (red) dashed lines correspond to left (right)
edge states. All other parameters are as in Fig. 3(b). (b) The phase θ of the reflection
coefficient r∞,r as a function of ϕ, when the waveguide mode is incident from the right
onto the semi-infinite structure. Also shown is the winding number of each bandgap. All
parameters are as in (a).
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second, third, fourth, fifth and sixth bandgap, respectively, in the frequency range of interest.
Thus, the winding numbers of these six bandgaps are 0, 1, 2, −2, −1 and 0 [Eq. (6)] [Fig. 4(b)].
Thus, since the Chern number of a band is equal to the winding number of the above-lying
bandgap minus the winding number of below-lying bandgap [29], the Chern numbers of the
five bands in the frequency range of interest are 1, 1, −4, 1, and 1 [Fig. 4(a)]. The sum of
Chern numbers over all bands is zero [30]. Different Chern numbers in adjacent bands indicate
the existence of TESs in the third and fourth bandgaps [Fig. 4(a)] based on the bulk-boundary
correspondence [17].

The left (right) TESs can be extracted from the minima in the reflection spectra of the
semi-infinite structure |r∞,l(r) |

2 when material loss is included [9–11]. The underlying physical
mechanism behind this can be explained as follows: when light with the eigenfrequency of
the edge state is incident on the structure, the edge state is excited and light is deeply trapped
in the edge region. If loss is introduced into the system, the trapped light is absorbed, and
thus r∞,l(r)(ω) is minimized. Figure 4(a) shows that the structure possesses two chiral edge
states in each of the third and fourth bandgaps when we take into account the material loss
of silver and cGST. Green dashed lines correspond to left edge states, while red dashed lines
correspond to right edge states. Chirality of edge states is a property of two-dimensional integer
quantum Hall systems. AAH systems are the one-dimensional momentum-space projection of
two-dimensional integer quantum Hall systems and exhibit non-trivial topological properties [8].
The modulation distance in Eq. (1) provides an effective gauge magnetic field, and the phase ϕ
accounts for the momentum along the geometrical dimension that was lost when moving from a
two-dimensional to a one-dimensional system. A consequence of chirality in the one-dimensional
AAH model is that in a given structure with a specific phase ϕ, right and left edge states cannot
be excited at the same frequency. Thus, right and left TESs at the same frequency correspond
to different structures with different ϕ. For example, left and right TESs are obtained at f =
134.9 THz for ϕ = 0 (d1 = 1.40d, d2 = 1.12d, d3 = 0.68d, d4 = 0.68d, d5 = 1.12d) and ϕ = 0.8π
(d1 = 0.68d, d2 = 0.68d, d3 = 1.12d, d4 = 1.40d, d5 = 1.12d), respectively.

3.2. Left topological edge states for GST in its amorphous phase

In Fig. 4(a), we observe that for specific values of ϕ (e.g., ϕ = −0.08π) the corresponding
structures support both right and left TESs at different frequencies. When this happens, the right
and left TESs are located at different bandgaps. This suggests that, in order to achieve switching
between right and left TESs in the structure of Fig. 1, switching between the crystalline and
amorphous phases of GST should lead to a shift of the dispersion relation of the structure so that
a right TES for one phase, and a left TES for the other phase occur at the same frequency. Thus,
if the following two requirements are satisfied, we can realize switching between right and left
TESs. First, the fourth bandgap for GST in its crystalline phase (cGST) must overlap with the
third bandgap for GST in its amorphous phase (aGST). Second, the spectra |r∞,r(l) |

2 for the cGST
case and |r∞,l(r) |

2 for the aGST case must both be minimized at the same frequency, when loss is
introduced into the semi-infinite structure. To fulfill these two requirements, we use CMT to
optimize the distance d, length h2 (Fig. 1), and phase ϕ [Eq. (1)]. Using this approach, we find that
for d = 550 nm, h2 = 40 nm, and ϕ = −0.08π the system supports right and left TESs for GST in
its crystalline (cGST) and amorphous (aGST) phases, respectively, at f = 148 THz. Figure 5(a)
shows the dispersion relation of the optimized structure calculated using CMT for GST in its
crystalline and amorphous phases (shown with red circles and black squares, respectively). We
observe that indeed the fourth bandgap for GST in its crystalline phase (cGST) partially overlaps
with the third bandgap for GST in its amorphous phase (aGST). The overlapping frequency range
is highlighted in green. As shown in Fig. 4(a), a right TES exists for ϕ = −0.08π at f = 148
THz for GST in its crystalline phase (white square on the red dashed line). In addition, Fig. 5(b)
shows that a left TES exists for the same structure (ϕ = −0.08π) at the same frequency (f = 148
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THz) when GST is in its amorphous phase (white square on the green dashed line). Interestingly,
the topological properties remain the same when GST is switched between its crystalline and
amorphous phases. Even though the frequency range of the five bands of interest is shifted when
switching between cGST and aGST, their Chern numbers (1, 1, −4, 1, and 1) remain the same
[Figs. 4(a) and 5(b)]. Figures 5(c) and 5(d) show zoomed-in views of the projected dispersion
relation in a narrower frequency and ϕ range for GST in its crystalline (cGST) and amorphous
(aGST) phases, respectively. These clearly demonstrate that the right TES for cGST [Fig. 5(c)]
exists for the same structure (ϕ = −0.08π) and at the same frequency (f = 148 THz) as the left
TES for aGST [Fig. 5(d)].
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Fig. 5. (a) Dispersion relation of the periodic structure with the compound unit cell of Fig. 1,
in which the distances between adjacent side-coupled stubs are modulated as in Eq. (1),
calculated using CMT for GST in its crystalline (red circles) and its amorphous (black
squares) phases for ϕ = −0.08π. All other parameters are as in Fig. 3(b). We also indicate
with arrows the frequency range of the fourth and third bandgap for the cGST and aGST
cases, respectively. The overlapping frequency range of these bandgaps is highlighted in
green. (b) Projected dispersion relation of the periodic structure with the compound unit cell
of Fig. 1 as a function of ϕ calculated using CMT with GST in its amorphous phase (aGST).
The yellow regions correspond to the bands separated by the bandgaps (blue regions). Also
shown is the Chern number of each band. Green (red) dashed lines correspond to left (right)
edge states. All other parameters are as in (a). (c) and (d) Zoomed-in views of the projected
dispersion relation in a narrower frequency and ϕ range for GST in its crystalline (cGST)
and amorphous (aGST) phases, respectively. All other parameters are as in (b).

To further confirm the existence of the right TES for cGST and the left TES for aGST, in Fig. 6
we show the normalized magnetic field distributions at f = 148 THz calculated using FDFD for a
finite structure consisting of six optimized compound unit cells as in Fig. 1. We found that six
unit cells are sufficient for the finite structure to form bandgaps and for TESs to appear within
these bandgaps [10,11]. The material loss in silver and GST is included here. When GST is in its
crystalline phase [Fig. 6(a)] and the mode is incident from the right (red solid line), the field
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inside the structure is enhanced at the right edge demonstrating the existence of the right TES.
When GST is in its amorphous phase [Fig. 6(b)] and the mode is incident from the left (black
solid line), the field inside the structure first increases close to the left edge and then rapidly
decays. This field distribution demonstrates the existence of the left TES.

Fig. 6. (a) and (b) Profile of the magnetic field amplitude in the middle of the MDM
waveguide, normalized with respect to the field amplitude of the incident waveguide mode
in the middle of the waveguide, for GST in its crystalline (cGST) and amorphous (aGST)
phases, respectively, calculated using FDFD. Results are shown for the mode incident from
the left (black solid line) and right (red solid line) onto the six-unit-cell structure at f = 148
THz. The vertical dashed lines indicate the boundaries between the six-unit-cell structure
and the MDM waveguide. All other parameters are as in Fig. 5(a).

In addition, we expect the TESs to be robust in the presence of disorder, as long as the disorder
is not strong enough to close the bandgaps [11]. To test this hypothesis, we randomly varied the
distances between adjacent stubs in the six-unit-cell structure with variations which are uniformly
distributed over the interval (−40 nm, 40 nm). We found that the magnetic field distributions of
the disordered structures confirm the robustness of the TESs in the presence of disorder.

4. Conclusions

In this paper, we designed non-Hermitian plasmonic waveguide-cavity structures based on the
AAH model with the phase-change material GST to realize switching between right and left
TESs. We used the transfer matrix method and CMT to account for the behavior of the proposed
structures. We found that CMT results are in very good agreement with the exact results obtained
using FDFD. We showed that switching between the crystalline and amorphous phases of GST
leads to a shift of the dispersion relation of the optimized structure so that a right TES for the
crystalline phase (cGST), and a left TES for the amorphous phase (aGST) occur at the same
frequency. Thus, we realize switching between right and left TESs at that frequency by switching
between cGST and aGST. Interestingly, even though the dispersion relation of the optimized
structure is shifted when switching between cGST and aGST, the Chern numbers of the bands
remain the same. We confirmed the existence of the right TES for cGST and the left TES
for aGST in the magnetic field distributions of a finite structure consisting of six optimized
compound unit cells. We also found that the TESs in the optimized structure are robust in the
presence of disorder.

As final remarks, the optimized compound unit cell (Fig. 1) includes five side-coupled MDM
stub resonators [N = 5 in Eq. (1)]. We found that smaller number of side-coupled stubs (N<5)
leads to sharper slope of the edge states in the dispersion diagram of the structure for GST in
its crystalline (cGST) and amorphous (aGST) phases. Due to this sharper slope for N<5, it is
impossible to realize a right TES for cGST and a left TES for aGST at the same frequency. In
addition, during switching between the two phases, GST is partially crystallized [31]. In the
intermediate phase, GST is a mixture of both amorphous and crystalline phases, and its effective
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permittivity can be found using the effective medium theory [32,33]. The system supports a right
and a left TES at the same frequency for GST in its crystalline and amorphous phases, respectively.
Thus, during switching between the two phases the system will support neither a left nor a
right TES at that frequency. As mentioned above, the switching speed can be at subpicosecond
timescales, so that the transition between full crystallization and full amorphization can be very
rapid [19,20]. We also note that experimental realization of our proposed structure could be
achieved using optical control of the phase of GST by applying laser pulses [22].

TESs in one-dimensional photonic systems are important for applications in sensing, nonlinear
optics, and optical diodes. Our results could lead to the development of reconfigurable photonic
devices based on such TESs. Although here we focused on plasmonic structures, the concept of
using phase change materials to switch between different types of TESs could also be applied in
other nanophotonic structures. We also note that switching between right and left TESs could be
realized in three-dimensional plasmonic waveguide-cavity systems based on plasmonic coaxial
waveguides [34,35].
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