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Abstract: We investigate the switching between singular points in non-parity-time-symmetric
multilayer structures using phase-change materials at the optical communication wavelength.
We first show that absorbing singularities can be switched to exceptional points (EPs) in a
two-layer structure consisting of a phase-change material layer and a lossy layer by switching the
phase-change material Ge2Sb2Te5 (GST) from its crystalline to its amorphous phase. We also
show that spectral singularities (SSs) can be switched to EPs in a three-layer structure consisting
of a lossless dielectric layer sandwiched between a GST layer and a gain layer by switching
the GST from its crystalline to its amorphous phase. We then show that self-dual SSs can be
switched to unidirectional spectral singularities in a three-layer structure consisting of a lossy
layer sandwiched between a GST layer and a gain layer by switching the GST from its amorphous
to its crystalline phase. In addition, at the unidirectional spectral singularity, zero reflection from
one side and infinite reflection from the opposite side are simultaneously realized. We finally
show that we can design an active device with large modulation depth achieved by a very small
variation of the imaginary part of the refractive index of the active absorbing material in the
lossy layer. Our results could potentially contribute to the development of a new generation of
singularity-enhanced switchable optical devices.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Exceptional points (EPs) are singular points in the spectra of non-Hermitian Hamiltonians
in open quantum systems that correspond to the coalescence of the eigenvalues and their
corresponding eigenvectors [1,2]. Recently, Lin et al. demonstrated unidirectional reflectionless
light propagation at EPs in non-Hermitian parity-time (PT) symmetric optical systems with
balanced gain and loss, where the reflection is zero when measured from one side of the structure
and nonzero when measured from the other side [3]. Unidirectional reflectionless propagation of
light demonstrates the existence of EPs in non-Hermitian optical systems [3–8]. Another type of
singular points are spectral singularities (SSs) associated with the lack of completeness of the
eigenvectors of non-Hermitian Hamiltonians in the continuous spectra [9,10]. Mostafazadeh
showed that optical SSs are zero-width resonances that corresponds to lasing at threshold gain
[11]. The reflection and transmission of non-Hermitian optical systems at SSs tend to infinity
[11–13]. In addition, coherent perfect absorption (CPA) can be viewed as a time-reversed lasing
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process [14,15], and therefore the CPA point is often referred to as time-reversed SS [10,16]. In
particular, a PT-symmetric optical system can support a self-dual SS, at which the system can
simultaneously act as a laser and a coherent perfect absorber at the same wavelength (CPA-lasing)
[15,17–20]. Another type of singular points are unidirectional spectral singularities at which
zero reflection from one side and infinite reflection from the opposite side are simultaneously
realized [21]. EPs and self-dual SSs can also emerge in non-PT-symmetric configurations
with unbalanced gain and loss [7,8,16,22]. This is due to the fact that EPs and SSs exist in
a larger family of non-Hermitian Hamiltonians [7,16]. Such non-PT-symmetric structures
are of interest because they can relax the strict requirement of having balanced gain and loss.
Singular-point-based optical devices are important for several key applications in photonics,
including optical network analyzers [4], switches [22], wave-based information processing [23],
perfect absorbers [24], and sensors [25–29]. Implementing multiple types of singular points in a
single reconfigurable non-PT-symmetric structure could be essential for developing compact
optoelectronic devices and highly tunable optical systems. However, switching between different
types of singular points in nanophotonic structures has not been investigated before. One of the
most promising approaches to achieve this is through the use of phase-change materials.

Ge2Sb2Te5 (GST) is a phase-change material with amorphous and crystalline phases [30].
The atom distribution of GST is chaotic in the amorphous phase, while the atoms are aligned in
an orderly manner in the crystalline phase. Thus, GST can lead to a drastic change in electrical
and optical properties through the transition between the amorphous and crystalline phases. The
phase transition can be induced reversibly and rapidly by applying external electrical pulses,
optical pulses or thermal annealing. The transition speed can be at subpicosecond timescales
via femtosecond laser pulses [31,32]. In addition, power is consumed only during the phase
transition process, and no external excitations are required for GST to retain its phase due to
its nonvolatility. GST is currently widely used in a variety of reconfigurable optical devices,
including memories [32], optical switches [33–35], active displays [36,37], and neural computing
technologies [38].

We previously showed that for a three-layer structure, consisting of a gain medium layer
sandwiched between two GST layers, unidirectional reflectionlessness in the forward direction
can be switched to unidirectional reflectionlessness in the backward direction by switching GST
from its amorphous to its crystalline phase [34]. In this paper, we investigate the switching
between different types of singular points in non-PT-symmetric multilayer structures at the
optical communication wavelength using phase-change materials. We first show that switching
between coherent perfect absorption and unidirectional reflectionlessness can be achieved in a
two-layer structure, consisting of a phase-change material layer and a lossy layer, by switching
the phase-change material GST between its crystalline and amorphous phases. In other words,
absorbing singularities can be switched to EPs. We also show that switching between lasing
and unidirectional reflectionlessness can be realized in a three-layer structure, consisting of a
lossless dielectric layer sandwiched between a phase-change material layer and a gain layer, by
switching the phase-change material GST between its crystalline and amorphous phases. In
other words, SSs can be switched to EPs. We then show that switching between CPA-lasing
and left reflectionless-right lasing [21] can be realized in a three-layer structure, consisting of a
lossy layer sandwiched between a phase-change material layer and a gain layer, by switching
the phase-change material GST between its amorphous and crystalline phases. In other words,
self-dual SSs can be switched to unidirectional spectral singularities. In particular, at this
unidirectional spectral singularity, zero reflection from one side and infinite reflection from the
opposite side are simultaneously realized. This unidirectional spectral singularity is associated
with strong resonance trapping in the proposed non-PT-symmetric structure. This singularity
results in extremely high sensitivity of the reflected light intensity to variations of the imaginary
part of the refractive index of the active absorbing material in the lossy layer. We finally show
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that we can design a singularity-enhanced active device with large modulation depth achieved
by a very small variation of the imaginary part of the refractive index of the active absorbing
material.

The remainder of the paper is organized as follows. In Section 2, we employ the transfer matrix
method to account for the behavior of the proposed non-PT-symmetric multilayer structure. In
Subsection 3.1 we design a two-layer structure, consisting of a GST layer and a lossy layer,
to realize switching between absorbing singularities and EPs. In Subsection 3.2 we design a
three-layer structure, consisting of a lossless dielectric layer sandwiched between a GST layer
and a gain layer, to realize switching between SSs and EPs. In Subsection 3.3 we use a genetic
optimization algorithm to design a three-layer structure, consisting of a lossy layer sandwiched
between a GST layer and a gain layer, to realize switching between self-dual SSs and unidirectional
spectral singularities. We also investigate the underlying physical mechanism of the realized
unidirectional spectral singularity. In Subsection 3.4 we design a singularity-enhanced active
device with large modulation depth operating at the unidirectional spectral singularity. Finally,
our conclusions are summarized in Section 4.

2. Theory

The optical properties of our proposed multilayer structure can be described by the transfer matrix
M defined through [5,6]⎡⎢⎢⎢⎢⎣
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where E+L and E+R are the complex electric field amplitudes of the incoming waves at the left and
right ports, respectively. Similarly, E−

L and E−
R are the complex electric field amplitudes of the

outgoing waves from the left and right ports, respectively (Fig. 1). The transfer matrix for light
propagating across the jth layer is given by [39]

Mj =
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cos(njk0dj)

i
nj

sin(njk0dj)

injsin(njk0dj) cos(njk0dj)

⎤⎥⎥⎥⎥⎦ , (2)

where k0 is the wavenumber in free space, dj is the thickness of the jth layer, and nj is the refractive
index of the jth layer. The transfer matrix M of the entire multilayer structure is obtained by
multiplying the transfer matrices of individual layers as follows

M = A−1[

N∏︂
j=1

Mj]A, (3)

where N is the number of layers, A is given by
⎡⎢⎢⎢⎢⎣

1 1

1 −1

⎤⎥⎥⎥⎥⎦ and A−1 is its matrix inverse. The

complex reflection coefficients rL,R and complex transmission coefficients tL,R for uniform plane
waves normally incident from the left and from the right are obtained from the following equations
[9]
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(4)

Note that the transmission coefficients for light incident from the left and from the right are equal
due to reciprocity, that is, tL = tR = t. The transmission is T = |t|2, while the reflection for light
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incident from the left and from the right are RL = |rL |
2, and RR = |rR |

2, respectively. A spectral
singularity corresponds to an optical system with purely outgoing radiation, that is, E+L = E+R = 0,
E−

L ≠ 0, and E−
R ≠ 0, which implies that the system acts as a laser [9,15]. If these conditions are

satisfied, we have
M22 = 0. (5)

The SSs satisfying Eq. (5) are usually referred to as lasing singularities [40]. In contrast,
coherent perfect absorption, as a time-reversed lasing process, corresponds to a system which
completely absorbs the incident coherent radiation from both sides. That is, E+L ≠ 0, E+R ≠ 0, and
E−

L = E−
R = 0. This happens when the following conditions are satisfied

M11 = 0, E+R = M21E+L . (6)

Singular points satisfying M11 = 0 are time-reversed SS and are also referred to as absorbing
singularities [40]. A self-dual spectral singularity appears when the following conditions are
satisfied

M11 = 0, M22 = 0. (7)

This corresponds to a SS which accompanies its time-reversed dual. An optical system which
supports a self-dual SS at a given wavelength can act as not only a coherent perfect absorber with
incident coherent radiation from both sides, but also as a laser without injected signals at the
same wavelength. A self-dual SS is therefore referred to as a CPA-lasing singularity [16].

Fig. 1. Schematic of a multilayer optical structure.

Alternatively, the optical properties of our proposed system can also be described by the
scattering matrix S defined by the following equation [5,6,41]⎡⎢⎢⎢⎢⎣
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The eigenvalues of scattering matrix S are λ± = t±
√

rLrR. Its eigenstates, which are Ψ± =

(1,±
√︂

rL
rR
)T for rR ≠ 0, or Ψ± = (±

√︂
rR
rL

, 1)T for rL ≠ 0, are not orthogonal. At exceptional points
of the proposed optical system the eigenvalues and their corresponding eigenstates coalesce. The
existence of EPs leads to unidirectional reflectionless propagation in either the left (rL = 0, rR ≠ 0)
or the right direction (rR = 0, rL ≠ 0).

3. Results

In this section, we design non-PT-symmetric multilayer structures with phase-change material
GST layers, to realize switching between singular points at the optical communication wavelength
of λ0 = 1.55µm. We use experimental data for the frequency-dependent dielectric constants of
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all materials, including GST in its amorphous (aGST) and crystalline (cGST) phases [35]. The
refractive indices of aGST and cGST at λ0 = 1.55µm are na = 4.4 + i0.098 and nc = 7.1 + i0.78,
respectively [35]. In Figs. 2(a) and 2(b) we show the real and imaginary parts, respectively, of
the refractive index of GST in its crystalline (cGST) and amorphous (aGST) phases as a function
of wavelength.

Fig. 2. (a), (b) Real and imaginary parts, respectively, of the refractive index of GST in its
crystalline (cGST) and amorphous (aGST) phases as a function of wavelength.

3.1. Switching between absorbing singularities and exceptional points

To realize switching between absorbing singularities and EPs, and therefore between CPA
and unidirectional reflectionlessness, we investigate a non-PT-symmetric two-layer structure
composed of a GST layer and a lossy layer (Fig. 3). The lossy material has refractive index
n2 = 2.02 + iκ, corresponding to silicon dioxide doped with CdSe quantum dots [42–44]. This
active absorbing material is tunable, since the imaginary part κ of the refractive index can be
modified with an external control beam [42–44]. The experimentally achievable values of κ are in
the range 0<κ<1 with optical pump power densities of hundreds of W cm−2 [42–44]. Using the
transfer matrix method (Section 2), we find that to achieve an absorbing singularity (M11 = 0) for
normal incidence, when GST is in its crystalline phase, the following condition must be satisfied

e2ik2d2 =
(n2 − 1)[e2ikcd1 (nc − n2)(1 + nc) − (nc + n2)(1 − nc)]

(n2 + 1)[e2ikcd1 (nc + n2)(1 + nc) + (nc − n2)(1 − nc)]
. (9)

Here, nc is the refractive index of cGST, while kc and k2 are the wavenumbers in the cGST
and lossy layers, respectively. In addition, if M12 = 0 and M21 ≠ 0, we achieve unidirectional
reflectionless propagation for plane waves normally incident from the right direction [Eq. (4)],
and therefore an EP. Thus, to achieve an EP (M12 = 0) for normal incidence, when GST is in its
amorphous phase, the following condition must be satisfied

e2ik2d2 =
(n2 − 1)[e2ikad1 (n2 − na)(1 − na) − (na + n2)(1 + na)]

(n2 + 1)[e2ikad1 (n2 + na)(1 − na) + (na − n2)(1 + na)]
, (10)

where na is the refractive index of aGST, and ka is the wavenumber in the aGST layer. Equation
(9) is obtained by first analytically calculating the transfer matrix M using Eqs. (2) and (3), and
then setting the matrix element M11 equal to zero (M11 = 0). Similarly, Eq. (10) is obtained by
setting the matrix element M12 = 0 equal to zero (M12 = 0). Since the left hand sides of Eqs.
(9) and (10) are the same and have magnitude less than one, to achieve a CPA to unidirectional
reflectionlessness switch at the optical communication wavelength of λ0 = 1.55µm, the right
hand sides of Eqs. (9) and (10) must be equal and have magnitude less than one. We therefore
choose the layer thickness d1 (Fig. 3), as well as the imaginary part κ of the refractive index of
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the tunable absorbing material, to make the right hand sides of Eqs. (9) and (10) equal and with
magnitude less than one. Once we find d1 and κ, we can use either Eq. (9) or Eq. (10) to find
the thickness d2 (Fig. 3). Using this approach, we find that for d1 = 266.4 nm, d2 = 1728 nm,
and κ = 0.051 at λ0 = 1.55µm, M11 is almost zero when GST is in its crystalline phase, and the
reflection for waves incident from the right direction is almost zero as well when GST is in its
amorphous phase. Thus, switching between absorbing singularities and EPs can be achieved in
this two-layer structure by switching GST between its crystalline and amorphous phases.

Fig. 3. Schematic of a non-PT-symmetric two-layer structure composed of a GST layer
and a lossy layer for switching between absorbing singularities and EPs. The structure is
designed to support (a) CPA at absorbing singularities with GST in its crystalline phase, and
(b) unidirectional reflectionless propagation at EPs with GST in its amorphous phase.

To characterize light scattering by the proposed structure at absorbing singularities, we define a
coefficient Θ as the ratio of the total intensity of outgoing waves to the total intensity of incoming
waves [15,29]

Θ =
|E−

R |
2 + |E−

L |
2

|E+R |2 + |E+L |2
=

(|1 + ζM12 |
2) + |ζ − M21 |

2

(1 + |ζ |2)|M22 |2
. (11)

Here ζ = E+R
E+L

is the ratio of the complex electric field amplitudes of the two normally incident
incoming waves. Figure 4(a) shows Θ as a function of wavelength for the structure of Fig. 3(a)
with GST in its crystalline phase (cGST). The ratio of the amplitudes of the incoming waves
is chosen to be equal to M21 [Eq. (1)] at λ0 = 1.55µm, i.e. E+R

E+L
= M21

|︁|︁
λ0=1.55µm [Eq. (6)]. The

vanishing of Θ at λ0 = 1.55µm is the signature of CPA at the absorbing singularity. Figure 4(b)
shows the reflection spectra for the structure of Fig. 3(b) with GST in its amorphous phase
(aGST) calculated for normally incident waves from both the left and right directions. These
results confirm that this structure is unidirectional reflectionless due to the existence of an EP
at λ0 = 1.55µm, since the reflection in the right direction is almost zero, while the reflection
in the left direction is nonzero. Thus, Figs. 4(a) and 4(b) verify that for the structure of Fig. 3
switching between absorbing singularities and EPs can be realized at the optical communication
wavelength of λ0 = 1.55µm by switching the phase-change material GST between its crystalline
and amorphous phases.

3.2. Switching between spectral singularities and exceptional points

In this subsection, to realize switching between SSs and EPs, we investigate a non-PT-symmetric
three-layer structure composed of a lossless dielectric layer sandwiched between a GST layer and
a gain layer (Fig. 5). In contrast to EPs and absorbing singularities, SSs can only occur in the
presence of gain [9,45]. The gain material we choose here has refractive index n3 = 3.44 − iχ,
corresponding to InGaAsP with InAs quantum dots [46,47]. The real part of the refractive index
of this gain material in the infrared is weakly dependent on the wavelength, while the imaginary
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Fig. 4. Θ [Eq. (11)] as a function of wavelength for the structure of Fig. 3(a) with GST in
its crystalline phase (cGST) calculated for normally incident coherent plane waves. Results
are shown for d1 = 266.4 nm, d2 = 1728 nm, and κ = 0.051. The lossy material is silicon
dioxide doped with CdSe quantum dots (n2 = 2.02 + i0.051). (b) Reflection spectra for
the structure of Fig. 3(b) with GST in its amorphous phase (aGST) calculated for normally
incident waves from both the left and right directions. All other parameters are as in Fig. 4(a).

part χ can be controlled with an external beam [46,47]. The lossless dielectric is epitaxial TiO2
(rutile) with refractive index n2 = 2.53 at λ0 = 1.55µm [48]. Using the transfer matrix method as
described in Section 2, we optimize the thicknesses of all three layers, d1, d2 and d3, as well as
the imaginary part χ of the refractive index of the gain material (Fig. 5), to simultaneously make
the amplitudes of the transfer matrix element M22, when GST is in its crystalline phase, and of
the reflection coefficient for plane waves normally incident from the right rR, when GST is in
its amorphous phase, as close to zero as possible at λ0 = 1.55µm. The corresponding fitness
function used in the optimization is therefore chosen to be

F(d1, d2, d3, χ) = |M22 |
|︁|︁
cGST + |rR |

|︁|︁
aGST . (12)

Since the transfer matrix method (Section 2) for the structure of Fig. 5 is computationally very
efficient, we are able to use an exhaustive search in the design parameter space (d1, d2, d3 and
χ) to optimize the structure. Using this approach, we find that for d1 = 110.6 nm, d2 = 97.7
nm, d3 = 1145 nm, and χ = 0.09, M22 is almost zero, when GST is in its crystalline phase, and
the reflection in the right direction is also almost zero, when GST is in its amorphous phase at
λ0 = 1.55µm. We note that there exist other points in the parameter space considered (d1, d2, d3
and χ) that can also satisfy these constraints.

Fig. 5. Schematic of a non-PT-symmetric three-layer structure composed of a lossless
dielectric layer sandwiched between a GST layer and a gain layer for switching between SSs
and EPs. The structure is designed to support (a) lasing response at SSs with GST in its
crystalline phase and (b) unidirectional reflectionless propagation at EPs with GST in its
amorphous phase.
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Figures 6(a), 6(b) and 6(c) show the transmission and reflection spectra for the structure of
Fig. 5(a) with GST in its crystalline phase (cGST). We observe a lasing response when the
wavelength of the incident light becomes λ0 = 1.55µm. Greatly enhanced transmission and
reflection with ultra-narrow linewidths are simultaneously achieved, which reveals the existence
of a SS (M22=0) in our optimized structure at λ0 = 1.55µm. Figure 6(d) shows the reflection
spectra for the structure of Fig. 5(b) with GST in its amorphous phase (aGST) calculated for
normally incident waves from the left and right directions. These results also confirm that the
optimized structure of Fig. 5(b) with aGST is unidirectional reflectionless at λ0 = 1.55µm, since
the reflection in the right direction is almost zero, while the reflection in the left direction is
nonzero. Thus, we conclude that for the optimized structure of Fig. 5 switching between SSs
and EPs can be realized at the optical communication wavelength by switching GST between its
crystalline and amorphous phases. It is worth noting that the presence of the middle lossless
dielectric layer is critical to achieve such switching between SSs and EPs. We found that a
two-layer structure without this middle layer cannot achieve the same functionality. The middle
dielectric layer is required in order to achieve destructive interference between reflected waves,
which leads to zero reflection for waves incident from the right, and therefore to an exceptional
point for GST in its amorphous phase.

Fig. 6. (a) Transmission spectra for the optimized structure of Fig. 5(a) with GST in its
crystalline phase (cGST) calculated for normal incidence. Results are shown for d1 = 110.6
nm, d2 = 97.7 nm, d3 = 1145 nm, and χ = 0.09. The lossless dielectric material is epitaxial
TiO2 (rutile) with refractive index n2 = 2.53. The gain material is InGaAsP with InAs
quantum dots (n3 = 3.44− i0.09). (b) and (c) Reflection spectra for the optimized structure of
Fig. 5(a) with GST in its crystalline phase (cGST), when the light is normally incident from
the left and right, respectively. All other parameters are as in Fig. 6(a). (d) Reflection spectra
for the optimized structure of Fig. 5(b) with GST in its amorphous phase (aGST) calculated
for normally incident waves from the left and right directions. All other parameters are as in
Fig. 6(a).
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3.3. Switching between self-dual spectral singularities and unidirectional spectral
singularities

As we saw in the previous sections, to realize switching between CPA at absorbing singularities
and unidirectional reflectionlessness at EPs, we use a structure which includes a lossy layer
(Subsection 3.1). In addition, to realize switching between lasing at SSs and unidirectional
reflectionlessness at EPs, we use a structure which includes a gain layer (Subsection 3.2). In this
subsection, to realize switching between self-dual SSs and unidirectional spectral singularities,
we consider a non-PT-symmetric three-layer structure composed of a lossy layer sandwiched
between a GST layer and a gain layer (Fig. 7). The active absorbing material in the lossy layer is
silicon dioxide doped with CdSe quantum dots, while the active gain material is InGaAsP with
InAs quantum dots. In the optimization procedure we use a genetic algorithm which applies the
concepts of evolution and natural selection [49,50]. More specifically, we use the transfer matrix
method coupled with the genetic algorithm to optimize the thicknesses of all three layers, d1,
d2, d3 (Fig. 7), as well as the imaginary parts κ and χ of the refractive indices of the absorbing
and gain materials, respectively, to simultaneously make the amplitudes of the transfer matrix
elements M11 and M22, when GST is in its amorphous phase, and of the reflection coefficient for
plane waves normally incident from the left rL, when GST is in its crystalline phase, as close to
zero as possible at λ0 = 1.55µm. The corresponding fitness function used in the optimization is
therefore chosen to be

F(d1, d2, d3, κ, χ) = (|M11 | + |M22 |)
|︁|︁
aGST + |rL |

|︁|︁
cGST . (13)

In the genetic algorithm, the number of individuals in each population and the maximum number
of generations are set equal to 50 and 10000, respectively. Using this approach, we find that for
d1 = 1149.7 nm, d2 = 352.8 nm, d3 = 1365.9 nm, κ = 0.405, and χ = 0.247, the transfer matrix
elements M11 and M22, when GST is in its amorphous phase, and the reflection coefficient for
plane waves normally incident from the left rL, when GST is in its crystalline phase, are almost
zero at λ0 = 1.55µm.

Fig. 7. Schematic of a non-PT-symmetric three-layer structure composed of a lossy layer
sandwiched between a GST layer and a gain layer for switching between self-dual SSs and
unidirectional spectral singularities. The structure is designed to support (a) CPA-lasing at
self-dual SSs with GST in its amorphous phase, and (b) left reflectionless-right lasing at
unidirectional spectral singularities with GST in its crystalline phase.

Figure 8(a) shows Θ [Eq. (11)] as a function of wavelength for the structure of Fig. 7(a)
with GST in its amorphous phase (aGST) for normally incident coherent plane waves with the
ratio of the amplitudes of the incoming waves set equal to E+R

E+L
= M21

|︁|︁
λ0=1.55µm [Eq. (6)]. We

observe that Θ vanishes for the optimized structure of Fig. 7(a) at λ0 = 1.55µm. Figures 8(b),
8(c) and 8(d) show the transmission and reflection spectra as a function of wavelength for the
optimized structure of Fig. 7(a) with aGST. We observe that the reflection and transmission are
greatly enhanced for λ0 = 1.55µm. The vanishing of Θ [Fig. 8(a)], which is the signature of
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coherent perfect absorption, in combination with the greatly enhanced transmission and reflection
[Figs. 8(b), 8(c), 8(d)], which is a signature of a lasing response, provide convincing evidence of
the existence of a self-dual SS in our optimized structure with aGST at λ0 = 1.55µm. Such a
system is a CPA-laser and can act either as a CPA or as a laser at λ0 = 1.55µm.

Fig. 8. (a) Θ [Eq. (11)] as a function of wavelength for the optimized structure of
Fig. 7(a) with GST in its amorphous phase (aGST) calculated for normally incident coherent
plane waves. Results are shown for d1 = 1149.7 nm, d2 = 352.8 nm, d3 = 1365.9
nm, κ = 0.405, and χ = 0.247. The lossy material is silicon dioxide doped with CdSe
quantum dots (n2 = 2.02 + i0.405). The gain material is InGaAsP with InAs quantum dots
(n3 = 3.44 − i0.247). (b) Transmission spectra for the optimized structure of Fig. 7(a) with
aGST calculated for normal incidence. All other parameters are as in Fig. 8(a). (c) and (d)
Reflection spectra for the optimized structure of Fig. 7(a) with aGST calculated for normally
incident waves from the left and right directions, respectively. All other parameters are as in
Fig. 8(a).

Figure 9(a) shows the reflection spectra for the optimized structure of Fig. 7(b) with GST
in its crystalline phase (cGST) calculated for normally incident waves from both the left and
right directions. It is interesting to note that at λ0 = 1.55µm the reflection from the left (red)
is close to zero, while the reflection from the right (black) tends to infinity. In other words,
the optimized non-PT-symmetric structure with cGST simultaneously supports unidirectional
reflectionlessness for incidence from the left, as well as a unidirectional lasing mode in the
right. This exotic phenomenon has also been observed in PT-symmetric coupled cavity systems
[21]. In these systems, such a phenomenon is obtained for M12(λ0) → ∞, M21(λ0) → 0, and
M22(λ0) ≠ 0 [21]. Figure 9(b) shows the amplitude of the transfer matrix elements |M21 |, |M12 |,
and |M22 | as a function of wavelength for the optimized structure of Fig. 7(b) with cGST. We
observe that, in contrast to the coupled cavity systems [21], the simultaneous left reflectionless
and right lasing in our case requires

M12(λ0) ≠ 0, M21(λ0) → 0, M22(λ0) → 0. (14)
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First, M12(λ0) ≠ 0 and M22(λ0) → 0 [Fig. 9(b)] leads to diverging reflection from the right side

(
|︁|︁|︁M12(λ0)
M22(λ0)

|︁|︁|︁2) [Fig. 9(a)]. Second, M21(λ0) approaching zero faster than M22(λ0) [Fig. 9(b)] results

in vanishing reflection from the left side (
|︁|︁|︁M21(λ0)
M22(λ0)

|︁|︁|︁2) [Fig. 9(a)]. Thus, the simultaneous left
reflectionless and right lasing in our structure emerges from the coincidence of two singularities
at λ0 = 1.55µm. In general, unidirectional reflectionlessness (rL → 0 and rR ≠ 0) is the signature
of the existence of an EP associated with the coalescence of the eigenvalues λ± = t±

√
rLrR and

their corresponding eigenvectors Ψ± = (1,±
√︂

rL
rR
)T . However, in the case of simultaneous left

unidirectional reflectionless and right unidirectional lasing mode (rL → 0 and rR → ∞), as
for the structure of Fig. 7(b) with cGST at λ0 = 1.55µm, the system exhibits a unidirectional
reflectionless singularity [21]. Note that the pseudounitary conservation relation

√
RLRR = |T−1|

[5] still holds at this point. We conclude that for the optimized structure of Fig. 7 switching
between self-dual SSs and unidirectional spectral singularities can be realized at the optical
communication wavelength by switching the phase-change material GST between its amorphous
and crystalline phases.

The extremely sharp line shape of the reflection from the left side [Fig. 9(a)] reveals that the
underlying physical mechanism for the formation of simultaneous left unidirectional reflectionless
and right unidirectional lasing mode is a strong resonance. This strong resonance results in light
being trapped in the structure for a long period [51]. In Figs. 9(c) and 9(d), we observe that
the phases of the reflection coefficients for the optimized structure of Fig. 7(b) with GST in its
crystalline phase undergo abrupt jumps at λ0 = 1.55µm when the light is incident from the left
and right directions, respectively. The corresponding group delay experienced by the trapped
light is given by τg = dΦ(λ)

dλ , where Φ is the phase of the transmission or reflection coefficient
[51], and is therefore very large at λ0 = 1.55µm. Thus, light reflected from the left side is trapped
in the absorbing region for an extremely long period and is attenuated, while light reflected from
the right side is strongly confined in the gain region and is amplified [21]. The simultaneous left
reflectionless and right lasing phenomenon can also be observed in the electric field distributions
for the optimized structure of Fig. 7(b) with cGST [Figs. 9(e) and 9(f)]. When the plane wave is
normally incident from the left, there is hardly any reflection, as seen in Fig. 9(e) and its inset.
When the plane wave is normally incident from the right, the reflected wave is enhanced by
three orders of magnitude [Fig. 9(f)]. In addition, we observe large resonant enhancement of the
electric field inside the loss and gain layers, when plane waves are normally incident from the
left or right directions [Figs. 9(e) and 9(f)]. Note that the two field profiles in Figs. 9(e) and 9(f)
are very similar except that the resonant field enhancement is much larger for waves normally
incident from the right [Fig. 9(f)].

3.4. Design of extremely sensitive active devices at unidirectional spectral singularities

Figure 9(a) shows that the optimized structure of Fig. 7(b) with cGST is reflectionless for normally
incident waves from the left direction (red line) in an ultra-narrow wavelength range with ∼ 0.09
nm bandwidth. Figure 9(e) also shows that a large field enhancement is induced inside the middle
lossy layer filled with the active absorbing material. These features provide an opportunity
to design an extremely sensitive active device at the unidirectional spectral singularity. To
characterize the sensitivity of the optimized structure of Fig. 7(b), we define the figure of merit
(FOM) as the absolute value of the derivative of the reflection from the left RL with respect to the
imaginary part κ of the refractive index of the active absorbing material in the middle layer

FOM =
|︁|︁|︁dRL

dκ

|︁|︁|︁, (15)
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Fig. 9. (a) Reflection spectra for the optimized structure of Fig. 7(b) with GST in its
crystalline phase (cGST) calculated for normally incident waves from both the left and right
directions. All other parameters are as in Fig. 8(a). (b) Amplitude of the transfer matrix
elements |M21 |, |M12 |, and |M22 | as a function of wavelength for the optimized structure of
Fig. 7(b) with cGST. All other parameters are as in Fig. 8(a). (c) and (d) Phase spectra of the
reflection coefficients for uniform plane waves normally incident from the left (rL) and from
the right (rR) directions for the structure of Fig. 7(b) with cGST. All other parameters are
as in Fig. 8(a). (e) and (f) Profile of the electric field amplitude, normalized with respect
to the field amplitude of the incident plane wave, in the optimized structure of Fig. 7(b)
with cGST at λ0 = 1.55µm, when the light is normally incident from the left and right,
respectively. The vertical dashed lines indicate the boundaries between different layers. The
inset in Fig. 9(e) shows the normalized field profile for −2µm ≤ X ≤ 0µm, when the light is
normally incident from the left. All other parameters are as in Fig. 8(a).
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where RL = |rL |
2. The FOM can be calculated using the following finite-difference approximation

dRL
dκ ≃

RL(κ+∆κ)−RL(κ−∆κ)
2△κ . In our calculations, we use ∆κ = 10−4<<κ [50]. Figure 10(a) shows

the calculated FOM as a function of wavelength. The maximum value of the FOM is ∼ 3250 at
the unidirectional spectral singularity (λ0 = 1.55µm), which is one order of magnitude larger
than the FOM in plasmonic waveguide-cavity devices [52].

Fig. 10. (a) FOM [Eq. (15)] for the optimized structure of Fig. 7(b) with GST in its
crystalline phase (cGST) as a function of wavelength. All other parameters are as in Fig. 8(a).
(b) Modulation depth [Eq. (16)] for the optimized structure of Fig. 7(b) with cGST as
a function of the variation ∆κ in the imaginary part of the refractive index of the active
absorbing material filling the middle layer of the structure at λ0 = 1.55µm. All other
parameters are as in Fig. 8(a).

To characterize the singularity-enhanced performance of our optimized structure in Fig. 7(b),
we further define the modulation depth [53]

M =
Ion − Ioff

Ion
, (16)

where Ion and Ioff denote the intensity reflected by the optimized structure of Fig. 7(b) in the on
(∆κ ≠ 0) and off (∆κ = 0) states, respectively. Figure 10(b) shows the calculated modulation
depth for the optimized structure of Fig. 7(b) with cGST as a function of the variation ∆κ in
the imaginary part of the refractive index of the active absorbing material filling the middle
layer of the structure at λ0 = 1.55µm. We observe that a 3 dB (50%) modulation depth
only requires a variation ∆κ ∼ 8 × 10−6 in the imaginary part of the refractive index of the
active absorbing material, which is three orders of magnitude smaller than the one reported for
plasmonic modulators [53]. In other words, large modulation depths can be obtained in such
singularity-enhanced modulators with extremely small perturbations.

We note that our choice for the imaginary part of the refractive index of the active absorbing
material (κ = 0.405) is within the range of experimentally achievable values [42–44]. In addition,
the imaginary part of the refractive index of the gain material used in the optimized structure of
Fig. 7 is 0.247, which corresponds to a gain coefficient of g ≈ 19683 cm−1 [54]. Even though
achieving the material gain required for our design is challenging, it could be realized with
ultra-high-density quantum dot structures with injection current densities of tens of A cm−2

[55,56]. Finally, the layer thicknesses can be controlled by atomic layer deposition with an
accuracy of 0.1 nm [57–59].

4. Conclusions

In this paper, we designed non-PT-symmetric multilayer structures for switching between different
types of singular points using phase-change materials. We used the transfer matrix method to
account for the behavior of the proposed structures. We first showed that absorbing singularities
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can be switched to EPs in a two-layer structure consisting of a GST layer and a lossy layer, when
GST transitions from its crystalline to its amorphous phase. We also showed that SSs can be
switched to EPs in a three-layer structure consisting of a lossless dielectric layer sandwiched
between a GST layer and a gain layer, when GST transitions from its crystalline to its amorphous
phase. We then showed that self-dual SSs can be switched to unidirectional spectral singularities
in a three-layer structure consisting of a lossy layer sandwiched between a GST layer and a gain
layer, when GST transitions from its amorphous to its crystalline phase. We found that this
structure supports a simultaneous left unidirectional reflectionless and right unidirectional lasing
mode. In other words, a simultaneous zero reflection from the left side and infinite reflection
from the right side is realized. The underlying physical mechanism of this exotic response is the
coincidence of two different singularities and strong resonance-induced light trapping. Finally,
we found that for such a structure the sensitivity of the reflection, when light is normally incident
from the left, to variations of the refractive index of the active absorbing material filling the lossy
layer is greatly enhanced at the unidirectional spectral singularity. Thus, the optimized structure
operating at the unidirectional spectral singularity can be used as a modulator or switch.

As final remarks, the tolerance of the switching between absorbing singularities and exceptional
points (Subsection 3.1) and between spectral singularities and exceptional points (Subsection 3.2)
to parameter variations is quite good. For example, for switching between spectral singularities
and exceptional points, for layer thickness variations of d1 = 110.6 ± 5 nm, d2 = 97.7 ± 5 nm,
d3 = 1145 ± 5 nm, and for imaginary part of the refractive index of the gain material variations
of χ = 0.09 ± 0.01, the resonance wavelength shift [Figs. 6(a), 6(b), 6(c)] is less than 0.02 µm,
and the zero reflection wavelength shift [Fig. 6(d)] is less than 0.05 µm. In the case of switching
between self-dual spectral singularities and unidirectional spectral singularities (Subsection
3.3), accuracy of 0.1 nm in the layer thicknesses is required which, as mentioned above, can be
achieved by atomic layer deposition. In addition, as mentioned above, the phase transition in
the phase-change material can be induced by thermal annealing, while the imaginary part of the
refractive indices of the lossy and gain materials can be tuned via optical and electrical pumping,
respectively. Thus, the properties of the proposed multilayer structures could be externally
controlled via a combination of thermal annealing, optical pumping, and electrical pumping. We
also note that, since the presence of gain and resonant features in the proposed devices lead to
large field enhancement, it will be of interest to investigate the effect of nonlinearities on the
devices. Our results could be potentially important for developing a new generation of compact
singularity-enhanced switchable active optical devices. The concept of combining gain, loss, and
phase-change materials for switching of singular points could also be applied to nanoplasmonic
waveguide-cavity systems, which could lead to integrated optics implementations.
Funding. Natural Science Foundation of Hunan Province (2017JJ3375); National Natural Science Foundation of
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