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Abstract-In this paper, we present an exact analysis of parallel plate-
fed slot antennas loaded by a dielectric cylinder. The primary excita-
tion is taken to be either a TE incident mode of the parallel-plate wave-
guide or an incident E-polarized plane wave. The followed formula-
tion technique leads to singular integral or integrodifferential equations
of the first kind which are discretized using quasi-analytical methods.
The matrix elements of the resulting system of linear algebraic equa-
tions are given either in closed form or via rapidly converging single
series. This, in conjunction with the small matrix size required, en-
ables one to obtain very accurate results with low computational cost.
Typical numerical results are presented to bring to light the effect of
the cylindrical load on the characteristics of the antenna.

1. INTRODUCTION

Waveguide radiators are extensively used in flush-mounted antennas
and, also, in phased arrays. Usually, such antennas are dielectrically
loaded either for impedance matching or for protection from the en-
vironment. In the majority of previous related papers, the load was
taken to be either a dielectric half-space or infinitely extending dielec-
tric slabs (see, e.g., [1-5] and references therein).

In this paper, we investigate the radiation and receiving character-
istics of parallel plate-fed slot antennas loaded by an infinite dielec-
tric cylinder, assuming (1) an incident TE-mode or (2) an incident
E-polarized plane wave primary excitation.
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A similar problem, dealing with this same structure loaded by a
dielectric semi-cylinder which resides on the ground plane, has been
treated in [6]. It should be noted, however, that the formulation tech-
nique followed in [6] was critically based on the availability of certain
very suitable Green’s functions. Lack of such Green's functions for
the structure under consideration, renders that technique inapplicable
here, necessitating recourse to other methods.

The analysis, carried out in section 2, leads to singular integral /inte-
grodifferential equations of the fist kind. These equations are dis-
cretized with the help of quasi-analytical techniques, which yield efli-
cient analytical expressions (either in closed form or in terms of rapidly
converging single series) for all matrix elements. As a consequence of
this and the small matrix sizes required, highly accurate results are
obtainable with low computational cost. Typical numerical results are
presented in section 3 which validate the algorithms and, also, show
how—Dby suitably selecting the geometrical and physical parameters of
the load- both the radiation and receiving efficiency of the antenna can
be radically improved.

2. THE ANALYSIS

The geometry of the problem is shown in Fig. 1. The slot has width
2w . The position of the cylinder of radius R is specified via the
quantities (D, ®). All three regions a (2 < 0), 0 (p < R), and 1
(2> 0,p > R), where p is measured from the axis of the cylinder as in
Fig. 2, are taken to be linear, isotropic and homogeneous, characterized
by the scalar constants (e, i, ki = w aim) (i =a,0,1).

The cases of (1) incident TEo-modes and (2) incident E-polarized
plane waves will be treated on parallel lines in sections 2.A and 2.B
below. In both cases, all fields involved in the analysis have the form
E = yEy, H = iH, + 2H, where, assuming the exp(+jwt) time
dependence,

A ]
Jwpi Oz (1)
Hylz2) = ——2B0E2) 0 oy e (3), i=0,0,1]

Jwpi Oz
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Figure 2. Equivalent problems for z > 0 and 2z < 0.
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2.A Incident TE p-mode Primary Excitation

Let the TE;g-mode be incident from below, then its electric field
is given by

Eine(z, 2) = Bopr(z)e %%, pp(z) = sin (Lvﬁ” + ) ,
@ @)

= @ - (ke)?] . 0 <arglu) <2

The field (E*° = §E*¢, H") excited by this incident mode when
the slot is absent (short-circuited) will be termed excitation field. Its
electric field is given by

E;*(z,2) = —2Eppr(x)sinh(y2/a)(2 £0), 0(z=0).  (3)

The scattered field at points of region i(i = a,0,1) will be defined as
the difference (E, ﬁ) = (Etat H m) (Eem,-ff_em) between the total
and the excitation fields.

2.A.1 Representation of the Scattered Electric Field in Regions a, 0,
1

Taking advantage of the field equivalence principle, one may con-
sider the equivalent problems shown in Fig. 2. The equivalent surface
magnetic current densities =M (), located at z = 0%, are defined by

M =E(z,2 =0) x 2 = 2Ey(z,2 = 0) = EM(z). (4)
These magnetic currents are taken to radiate into regions z > 0 and
z < 0, respectively, in the presence of a completely opaque ground

plane (slot short-circuited).
The scattered electric field may then be expressed as follows.

Region a [6]
Ej(z,2) = f M, (cc G (2,2 =0—;z,2) da’ (5)

G(z, z; o, 2} = i _1_ ) [e—'ran—z'J/& _ e—7n|z+z’|/a] (6)
=) n
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Region 1

s o}

Ey(z,2)= Y cnJn(krp)e’™ (7)

n=—o

where p, ¢ refer to the cylindrical coordinate system O'(p, p,y) cen-
tered at O'. In (7), ¢, are expansion constants whereas J, denotes
the Bessel function of order n.

Region 0
Eg(m, z) = Ej(z,2) + Ey(z, 2) (8)
where (7]
Ej(=,2) f M,( (2) (kg (z—a')%2+ zz) dz'  (9)

is due to the slot (surface magnetic current density M, ), whereas

o0

E;(;c’z) = Z bn [Hg)(kop)ejmp = H,(f)(koﬁ)e_j“@] (10)

n=—00

is due to the presence of the dielectric cylinder (equivalent polarization
current density). Here, H? is the second-kind Hankel function of
order n, b, are unknown expansion constants, whereas the cylindrical
coordinates O"(p,®,y) are measured as in Fig. 2 (0" is the image
of O' with respect to the plane z = 0). The inclusion of the second
Hankel term in the right side of (10) assures that Ej vanishesat z =0,
thus facilitating the application of the continuity condition for E, at
z=10,

2.A.2 Integral Equations of the Problem

Via the representations (5), (7)-(10), it may be verified that the
continuity of E, at z = 0 is automatically satisfied. The remaining
three boundary conditions of the problem: HS%(z,0—)+ H:*(z,0—) =
HY(z,0+)(|z| < w); E3(p = R,p) = EX(p=R.¢), 9 H (p=R,p) =
@ ﬁl(p = R,)(0 < ¢ < 27) lead to three singular integral or inte-
grodifferential equations of the first kind. Leaving aside all intermedi-
ate derivations, the final form of these equations is the following:
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- jTJ( ) / My —apn( on(@')dz!

1 2 (2)
S (ko + E) /_w Mx(a:')H0 (kolz — «'|)dz’

o0

9 . N
> bus [HP (kop)e™ — HP (kop)e "
—0Q

z=0
n=

o
1

+ —

Jwho

pr(z) (2] S w), (11)

> ba [HO (kop)ei™ — HP (kop)e 7]
n=—00 p=R
i " n O 2 N eI
+5 [ Mala) g B (kg @—2) +z)L:

o0

= Y (kiR =0  (0<p < 2m), (12)

n=—oc

10
(2) ng _ 2) ing
= ap[ > b [H (kop)e’ (kop)e™i"]

n=—oco
/ M, ( H(g2) (ko Ve —2')? + 22) dz']
p=R
- — cndh (k1 R)e™ =0 (0 < < 2m) (13)
K1 n=-—oo
2.A.3 Discretization of Equations (11), (12), (13)

The unknown surface magnetic current density will be sought in the
form

My(a) = Mafa()] = VI—12 3 anUn(¥)(¢ = 2'Jw)  (14)

N=0
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satisfying via the weighting factor (1 —¢ 2)1/2 the edge condition. In
(14), Uy is the Chebyshev polynomial of the second kind.

The unknown expansion constants {ay,bn,cn} will be found af-
ter discretization of the system of equations (11), (12), and (13) as
described below.

Equation (11)

We set ¢ = wt, ' = wt'(—1 < t,t' < 1). Substituting from (14)
into (11), multiplying both sides by V1 —t?Up(t) and integrating

from t = —1 to t = 1, one ends up with the linear algebraic equations
o0 B o0 ~ .
S anAliy+ Y baAj, =Dy, M=012... (15)
N=0 =—
where
DY, = EgiM L (M i 16
v = Eoj wa’u&( + 1em+1(L) (16)
eilL) = [eﬂ'“/“ + (—1)Me-ﬂ-”cfﬂ] Ju(Lrw/a).  (17)

The matrix elements A}}. are given by

. 1

- Kun(k 18
MN = 3o MmN (kow) (18)

where K¢,y and Kun(kow) are given in Appendix A.
Evaluation of A}2
The evaluation of
1
AR = dt\/l —2Uu(t)
jwito
. [H(Q)(kop)e’w - H“}(koza)e-j“@]

z=0

dt\/l—tzUM [ ) (kop)e™™ | et

~ jwpo

is carried out as follows.
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a. w < D case : In this case the expansion

H(2)(k0p)ejntp_ Z koD)J (kor)ejmﬂej(n m)(m+®) (20)

m=—00
is valid, leading—via (19) with the help of the relation 3% |z=(] = %3‘% —
to the result

AR = z Z H? (koD)J*+ (M, m)eln-m)m+®) (91

m=—00
1 = [4(2) J(n—m)(m+@) m
= %mz—:l [Hn_m(ng)e - {~1]
H (ko D) M) T+(0, ). (21b)

Zo= B, JtM,m)=JMm-1)+J(Mm+1) (22)

1
J(p,q) = /:1 V1 — 22U, (t) 4 (kowt)dt

=2 [;(p,q) — I(p+2,9)] (23)
f \/_ Jq k‘g'wt)

_ Jot+q (kow/2)Jg—p (kow/2), p+ q even

_"T{D,’ ’ plgpdd  OF

where in (24) T}, is the Chebyshev polynomial of the first kind.

b. general case : An alternative method to evaluate A}2 | free of
any limitations (i.e., valid for w > D as well as for w < D), is based
on Lobatto’s integration formula [8]

1 m E
m . 2 _ o
/_ 1 VI8t = — §i=1jsm (:)f(t:), i = cosb;, 6; = ——,

m+1
(25)
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where m is a fixed integer selected as high as needed to assure any
prescribed accuracy. Using (25) we end up with the result

m
A= T oy 055 OO () (26)
where
F(t:) = Un(t:) eJ:_W' [—kOD sin @ H'® (kop;)
£
+%(wti — Deos®)HP (kops)|  (27)
1
with

pi =/ (wt;)? — 2wt; D cos & + D2,
@i = tan~'(—Dsin ®, wt; — D cos ®), (28)
U (t:) = sin[(M 4+ 1)6;]/ sin 6;.
In (28), the function tan~!(y,z) is implemented by the DATAN2
(y,z) routine of FORTRAN.

Equation (12)

Substituting from (14) into (12), multiplying both sides by e=7M% /
(27) and integrating from ¢ = 0 to ¢ = 2w, we end up with the
linear algebraic equations

o o} o 0] o
> anAfin+ D bpAia+ > cnAYf, =Dy, M =0,£1,%2,...
N=0

n=—o0 n=—00
(29)
where
Djy =0 (30)
A%, = —JIu(k1R)dnpm (31)

dnnm being the Kronecker delta. The evaluation of Aﬁ%n is facilitated
by the use of the expansion

3" HP,(2koDsin ®)Jm(koR)e™Im05m "

m=—0oc

H (kop)e ™"

p=R

(32)
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which, based on the addition theorem for Hankel functions [8], is valid
for any combinations of the geometrical parameters of the structure.
The final result is the following closed form expression

A2, = —(-1)"H®P,,(2koDsin &) Jps (koR)j" M + H? (koR)bunt.
(33)
Evaluation of A%},

a. w < D case : In this case, with the help of Appendix B equations
(61)—(64), we get the result

A%}N = JM(.‘CUR)FMN (34)
where
B = “”T’“” Z JHN, eIV g (kDY (35)

f=—o0

b. general case : An alternative method to evaluate ;1}& N free of
any limitations (i.e., valid for w > D—R as well as for w < D—R) is
based on Appendix B equation (61)—(62) in conjunction with Lobatto’s
integration formula (25). The final result is the expression

AZ = Iy (koR)Gun (36)

where

e~ IMes
Gun = Zsmz(e Yn ()

(]

) M
: [ngSin‘:I)H @) (kop )+3p (wt; — Dcos®)H Y (kgp,)](?ﬂ)
i
with p; and ¢; defined in (28).
Equation(13)

This equation can be treated in analogy with (12), leading to the
following linear algebraic equations

ZaNAMN+ Z b ASE 4 Z enA¥ =D}, M =0,+1,+2,...
n=—oo n=-—0o0
(38)
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where
B2 =0 (39)
~ k
A = =2 Taa (k1 B)brag (40)
= k
A =22 [~ (0" H 2y (koD sin ®) T (koR)™ M + HIP (koR)dnar .
(41)
Finally, Ai} n takes either the expression
7131 ko ., 7
Ayn = ;[;JM(R:UR)FMN: (42)
with Fyn defined in (35), or the expression
431 ko / -

with Gy defined in (37). Equation (43) is subject on the restriction
w < D — R whereas (42) has no limitation.

The unknown expansion coefficients are determined from the system
of equations (15), (29), and (38). In terms of them any quantity of
practical interest can be found as described in section 3.

2.B E-Polarized Plane Wave Excitation

We consider now the following E-polarized plane-wave

Einc _ @Eoe_.jknkinc.F,
ﬁinc _ (kinc ” ch) /Zo, (44)
];inc

= —Zcosy — zsiny

incident from region 0 in the direction of k™¢. In this case we will
define the “excitation field” as the field excited by the incident plane
wave, in the absence of the cylinder, when the slot is short-circuited.
Its electric field is given by

E(z,2) = 2] Ege?*o= ¥ sin(kozsintp) (z > 0), 0(z <0). (45)
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The scattered field at points of regions a, 0, 1 is again expressible via

(4), (7), (8).
The boundary conditions of the problem, H\* (z,0-) = H'” (z,0+)

<FFEIC

+ HE™(z,04)(|2| < w); By + Eze = B, ¢ HY 4. B =
@ vﬁ(l)(p = R,0 < ¢ < 27) lead to three integral/integrodifferential
equations which are identical with those of (11), (12), (13) with the
following exceptions: (a) the right side term HE*“(z,0—) of (11) is
now replaced by —H{*(z,0+) (evaluated from (1) with the help of
(45)), (b) the right side of (12) is —E;*(R,y) instead of 0, (c) the
right side of (13) is ——c,‘a H(R, ).

Discretization of the above equations as outlined in the preceding
subsection 2.A yields again the system of linear algebraic equations
(15), (29), (38). All matrix elements retain their expressions derived
in section 2.A whereas the constant terms D}w, D%d, DRJ are now
given by

sin 1y

D = —EU Z()k()TCOS_?,[) (M = 1)JM+1(ka COHP)
M=0,1,2,... (46)
D2, = —Eoi™ Ja (ko R)G, M = ;41,42 : (47)
D}, = —ﬁ—OEngJM(koR Gy, M=0+1,+2,... (48)
with
G = eikoDcos(®—1) ,~iMyy _ ejkoDcos(¢+w)ejM1,b (49)

2.C Scattered Fields

The scattered electric field at any point in region a is given by
E'(‘Jt (2,2) Z )M/ (50)
where
T5F = Z ani" NN + Denta(n) (51)

with ¢y defined in (17). In the case of the incident TEpq mode
(section 2.A) the reflection coefficient of this mode is given by

RIEF = -1+ TTE. (52)
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The far scattered electric field in region 0 in polar coordinates O(r, )
and the per unit length far radiated power are given by the relations

2 _ifkgr—T
E{(r,0) = [ e ihor=)
1 oQ o
. (—Zkow Z an [J+(N,O) + 25 z JH(N,m)j™ sin(mﬁ)]
N=0 m=1

o0 oo
+2§ 3 bn Y Jm(koD)e™ ™) sin[(n — m)6] j""m> (53)
n=—00 m=-—00
1

"B o)
Pra= g7 | ’r"Ey (r,f))‘ df (54)

3. NUMERICAL RESULTS AND DISCUSSION

Sample numerical results are presented below for the parameter values
Ho = p1 = po, ¢/a =05, w/a = 0.25, Ey = 1V/m, assuming that
region 0 is air.

3.A Convergence of the Matrix Elements

Table 1 presents values of the matrix element Al2 as obtained (a)
via (21b), using mmax series terms, and (b) from (26) for several values
of m. The parameter values are D = 0.4\, w = 0.2\, & = 7/2 (A
is the free-space wavelength). From this table we observe, e.g., that
using mmax = 40 series terms in (21b) or m = 12 in (26) assures an
accuracy to within 16 significant decimals. The convergence of other
matrix elements was found to be similar (not shown).

3.B Convergence and Validation of the Algorithm

The convergence of the algorithm will be illustrated in connection
with the following truncated form of the linear algebraic system of
equations (15), (29), and (38):

Ni-1 N2

A1l 7Al12 Bl
D anAjin+ D baAji, = Dy,
N=0 n=—N;

M=012,..,N-1 (55a)
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Mmax A2 of equation (21b)
10 —0.00147666424863165 — 70.00383538534264153
20 —0.00147674549731481 — 50.00383538534264153
25 —0.00147674546876499 — 70.00383538534264153
30 —0.00147674546904863 — 70.00383538534264153
35 —0.00147674546906390 — 70.00383538534264153
40 —0.00147674546906373 — 70.00383538534264153
45 —0.00147674546906373 — 70.00383538534264153
m AR2 of equation (26)
4 —0.00147677815047212 — 50.00383538508578739
6 —0.00147674555414627 — 50.00383538534263939
8 —0.00147674546930824 — 70.00383538534264153
10 —0.00147674546906445 — 70.00383538534264153
12 —0.00147674546906373 — 70.00383538534264153
14 —0.00147674546906373 — 70.00383538534264153

Table 1. Convergence of A2 for D = 0.4\, & = 7/2, w = 0.2).

Ny-1 _ N2 _ N2 _ ~
D anAfin+ Y baAfi+ D ARy, = Dip,
N=0 n=—N- =—Ns
M =0,+1,%2,..., N, (55b)
Ny—1 _ N2 _ Nz . _
3 oA+ Y. A2+ Y wdl, =D,
N=0 =—N2 =—N3
M =0,41,%2,...,+N, (55¢)

The convergence versus truncation sizes N} and Ny is illustrated in
Table 2 where the radiation efficiency Prqd4/Pine is shown for the TE;q
incident mode when a = 0.8\, D = A\, R = 0.3\, & = n/2, g, =
€0, €r = €1/€0 = 2. As seen, the convergence is stable and rapid
(for instance, using N; = Ny = 10 assures an accuracy to within 13
significant figures).

In the case of a TE incident mode, a validity test that has been
extensively used was based on energy conservation principle: FPj,, =
Presi + Praa. In the case of an incident plane wave primary excita-
tion, the algorithm was tested by verifying the validity of the relation
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N] :N2 Prad/Pt'nc
3] 0.5245025390926
10 0.5245025263801
20 0.5245025263801

Table 2. Convergence of Pryq/Pine for the TE,p incident mode at
a=08\ D=X R=03\ ®=7/2, &, =2.

E{,") (r,0 = Bg;% = 1) = EIE,O) (r,8 = ;9 = ), based on the reci-
procity theorem. In all numerous cases that have been considered both
these relations were ascertained to within at least 13 significant deci-
mals.

3.C Further Numerical Results

For the TE;p incident mode, Fig. 3 shows the radiation efficiency
(Prad/Pinc) versus D/X, R/A, e, and a/X when g,/ep = 3.7 (the
other parameter values are indicated in the insets). For the sake of
comparisons, the case ¢, = 1\R = 0 (unloaded antenna) is also in-
cluded. We observe that, for the parameter values selected, the un-
loaded antenna is a poor radiator over the entire frequency range. In
contrast, by properly selecting the geometrical and physical parame-
ters of the load a very high efficiency is attainable. For instance, the
choice a/X =0.6349, R/A = 0.301, D/X = 0.371, &, = 6.84 leads to
an almost perfect matching (Prqq/Pinc > 99.89%) .

Fig. 4 shows the radiation efficiency versus e,, = £,/€p for a =
0.56\, R = 0.301\, D = 0.371\, ® = 7/2, & = 6.84 (solid line).
For comparison, the case &, = 1\R = 0 (unloaded antenna) is also in-
cluded (dotted line). Clearly, for this selection of the parameter values,
the presence of the dielectric cylinder greatly improves the efficiency
of the antenna for any choice of &, .

The receiving characteristics of the structure are illustrated in Fig. 5
where the per unit length normalized receiving cross section (og/w)
is shown as a function of &, in case of an incident plane wave for
f =10GHz, ® = n/2, ¥ = /4, a = 0.56A, R = 0.301\, D =
0.371)\, €4 = g0 . The receiving cross section is defined by
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Figure 5. Normalized receiving cross section or/w versus &, .

Power received by the antenna P
Or = —— : | (56)
incident power density — |E |2
2% °
where
P"“P l'Y-n
Prec = Z | (57)

with TLE given by (51) and with Nppop denoting the number of prop-
agating waveguide modes. From this figure, we conclude that by prop-
erly selecting the values of the geometrical parameters of the load the
receiving efficiency may be radically improved. For instance, whereas
op/w = 0.3909 for e, = 1 (unloaded antenna), the presence of a di-
electric cylinder of relative dielectric permittivity £, = 11 leads to the
value or/w = 5.669 (i.e., the receiving efficiency has been improved
by the factor 14.5).
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4. CONCLUSION

Rapidly converging semi-analytical methods have been used to ana-
lyze the parallel plate-fed slot antenna loaded by a dielectric cylinder
assuming either a TE incident mode or an E-polarized plane wave pri-
mary excitation. These techniques yield either closed form or rapidly
converging series expressions for all matrix elements. Proper choice of
the geometrical and physical parameters of the load results in a radi-
cal improvement in both the radiation and receiving efficiency of the
antenna.

APPENDIX A

: -a
Expression of Kj,,

- 1
Kiyn= wu ——MEN A+ 1) (N + 1)SM+1 N+1 (58)

S = 552800 (5%) 0 (59

' { (—1)M + cos(2nmc/a), M + N even

jsin(2nne/a), M + N odd (58)

Series S'EJ ~ » which converges very slowly (as n~?), may be recast into
rapidly converging series as described in [6, section III]. It is impor-
tant to note that, using its accelerated form, S'f{,; N Tequires no more
than 10-20 series terms in order to obtain results accurate within 15
significant decimals.

Expression of Ky (kow)

Koailow) f dtv/I= 2UM(E) [ : (kow)2]
fdt\/ “UN () HD (howlt —¢])  (60)

has been evaluated in [9]. It is identified with K3,y + K}y of [9],
whose expressions [9, (25)-(26)] are exponentially converging, stable
and numerically very efficient as discussed in detail in [9].
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Figure 6. Specification of the geometrical parameters encountered in
Appendix B equations.

APPENDIX B
With reference to Fig. 6 the following relations are valid:
(2) [k Vi —x')2 + 22 ]

- —%H{g) [kﬂ \/(:l: — ')+ (2 - z’)E] p=R,2"=0 o

=R

Y [ko/e=2V+ - 27| _,

oo
> H® (kod)Jn (ko R)eI™?e™™=0) (4> R) (62)

m=—00

H (kod)e ™ = Z H® (koD)Jo(kor') el e~ 3+ (D > 7'

m+f
(63)
d 1 0
57|, 700 =
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