E€ TS 1)<

@ Ne.u) MUU"L"' MOAU\\ Resi due NumLer
5»354-em5 with wodoli of (_’wms

YL [ ¢

S e o

The interested reader caw fg’vzc\ move tnfo

vmotionn ow 4he above su L\jec-l- iw the [ollo~

w'mé refefencesz

Re?ere.nces

[1] M. Abdallah and A- Sleqvmnif%os) “ 4 sgslfem,-
+ic o\ﬂwoqch go\r .selec{-m.g ?rqc{-lcql wodul ¢
sets Lor residve nomber sgsjrem.s} tn Proc.
of the 277th (EEE Sou«l—HQO‘S{'EY’h. SJmFoswm

o Syokewn Theov-g) Holrcl'z. 1945, ep K4S~ 449

(Z]. M. Abdallah and A- Skavanbzos,  New
Mo \’n Modoli ReSulue and Qua.cqu_ml-lc
Residue Sas-l-etng ?or Lqrae Dc'fh'qmn'c
Romées y in Proceeimjg of +he Twenb Niath
Asilomar Cowference on S:ghqk SJs-‘ems

and Cow.{;ul-evs cha? ¢ Gvove CA Oct. 1995
p)
PP 961 -96565. g




Theorb @i
Consider +he fol\ow‘h&’ sets

3 5 7 1 ..
Sngf*‘i) T 241, 241,240, 000 ) %
6 10 i« {

52_--'&?_24-1) 2+‘i‘)2+i) 2*1)2"*'1) g

8 24 40 s¢ 1z

Sq=$_2,+s.)2+_1)2+1,2 +1,2 +4, )}
o nz Lg4

55 = &2.“4-1) 2"84-1,_?_8 +1, 2 +1, & "‘5"'/}

wheve (v aehev—q‘ Q:Lk'!— d-1
‘SA = g‘q“ numbers Nk,a\ such +hat Nh)i:z | : +_]_)‘ C'Z.)
k=0,1,2,3 ..-,3, wheve d=1,2,3, -~

Obseyvation ¢ Al dthe numbers in the Sy Sel-s)

Cd=142,3,::7)) , vepresent all possible inkegers of

the foren T4t for any WE 23, .

The L‘ma.ra exponents (i.e)‘ +he exponents of (-w°) of
the nombers of the S; sels have the ,{:’ollowtnd- propecties.
Frofer’rn i: E;«.Fonenh °‘¢ q.cqur_er;.-l- numbers in any
se Sa) (A:l,2)3)...))) dif ey L’J Zel-

&’vre*l'_‘]?—: The number 2™+1 Lelonas fo 4he set

Sy if and ow()v 14 <n.>2_4 = 24"1_




@)
v other QOVJS) wh et properkies 1,2 dictate

G ve :
o P\ro?ev"(;‘ 1 dicdotes {hat Q*P""Lf‘ﬂ-',fs °f 61°U0L-——

cent wumbers in sels 5, 52) 53) S, 55) .

Aé?ﬁer LJ 2, '-l) g, \6) 32),..) edc...
Of_Y‘OPGV“’J 2 A‘IC""H*‘G!‘D {‘I’LQ"" +He b{nqrg exPonem‘.S
Cf-e-/‘ +he exfonew\-s og -\—wa) f:or nombers Lelon(fincr
$o 5@‘\’5 5_1)52) Sz, 5,_’) 55) -ty ave o? forms
2+l 4k+2, R+l 16k+8, 32k +46, -y et -
Levﬁmo; .L-'-T\‘LC flrs{- wumbevr "1\4_ qna 5¢ 5e-\- iS Q4 Com-—
wown divisov of all the numbers iw the some .Se!-)' Cit
divides all the numbers m the sowme sed).

Tlneortm _1_:  Aha -‘-wo_h.umlaer's oﬁ ;H.,e

o ?WW;I Zn-l-.l. . ave r‘erlq_{'-wdz ?rCme cf qhd
°"‘\7 ‘f 'Hnea Lelohg -|-o -!-wo differeh-l-
SA Sels. | _ ‘

Tl'!eorem 2: ‘g n, is Oma- in-(-e(fer and N,

IS an odd in-‘recrer) t+hen +he num bers
n .
241 ond o™ | ave velg l—fuely prime.
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THQO\’(W\ 3: The l;l_uml:'ers zni-—_l qnd 2'4-2'—.1
o e relo,{-iuel\/ prvime if gnd eonly if

"y gnd o qre re(q{-ively fvc‘me'.

¢ Modolh Selec'tion Ro(es

The fre.Sen-l-ecl 4heovems rrow'cle the v;ec.e.s‘.fq\zr .ch(ecrﬂ,%d
gov Selecling moJ_oh' sels with moduli of the Lorms

2“‘-!-1 2.“'—-1) 2“'3 .Some .!'E'Iec'(-fon ruleg Fo“ow wb-‘cl)

Com o.:i- o aotcl-elt'vae: fw svch SUCC{:j‘;rul wmodoll
 selections. |

i. Ov,|7 one madulus o{_’ +he 1farm 2.5 cqn be c.fw.s‘_eb._

2 . An7 numbev o€ moduli of L he ﬁov—m 2"t cgn
be ckosen-) oS Iona %S -[ahe\/ Leloncr o Jiﬁfcrenjb
Sy sets (see Theoren, 1) Tog-el-he-?-wi-l-‘n these,

"~ +he numbers Zm-é-.!.) 2“7‘-—1.)' ceeey ').m'--l. con be
chosen o5 lonJ 45 WMy M) eco )L aqre Paivwise
\re\ﬂr‘-ive\\( prime odd in -I—eaers (see Theovems 2, 3).

3.0n|7 one wmodulus oﬁ the form 2"-1 wheve n

s even cqn be chosen Csee Theorem 3)-\\0 this
cuse , the numbey 2%-3 wmust be factorczed gnd

its factors wil] then delermine which num bers
MUS*_' be excluded .?vom possible wmoduli choices.




S e#omn?\e) suppose 4hgt the number M4y s
chosen as evie °£~ the wo doli choices. Obsevyve
bask 2%y = (2"-3) (2% 1) (2P¢ 1), Since 2%LeS,
ond '2.22+-1. G:Sz) no numbers ICom be chosen ‘C\rom the

“seks Sy and Sy (see Theorem 1). Also, the number 2-1

dickates thel vio number of the form 24 3 where (:l,ll) £1i
can be chosewn (see Thecvem 3). .

4, The product of lhe wmoduli should be |“\Ir'J€

f-“°°d\‘ in order o implement the descved
Janqm‘\c ranfe.

6. For o given clan-e.Wc range, +he lavpest modulus
should be ar smqll as possible so thet +he
RWVNS sas-l—em cgn . have the hiJL-es"- posscble

j

f"'€°""""‘“‘-e- Thig implies Yhet +he modult
wm{ wust I.".e_. as close o5 posscb le. do onme

_?hoi—her) cx‘ec,-l-ing +his way o balqnced Jecomrou
stdion og Yhe Jthmic renge.

A -€w Bo‘\o\nce& £— wmodoli 5&-}-'

\"esul"'ﬁh-s E'FOW!- the ?\“ef;cn.l-ei '\-l-z.eovj
Collowy ¢
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o A new Lq]qnced ® — modoli set

P = 5”‘» Mz, W3, My, s, Mg, M3, m‘?‘? |

n~3 -2 nw—1 vy -l ki
= %2 -1, 2" +1 2 -1, 244, 2 4, 2 +4,

2™y, 2 ? _— CB) :

wheve v,_:l-|k+2_) R is an In-l-»e(fer.

The modvli of et B P arx pacrw is¢€

're_\ﬂv\-i.velg prime.

» The wodvlc m, and m, Le(owj_-l—o
sefs Sf and 52 _ve.sgecjc‘-"elg (see pro-
-\»eng 2). |

e Nelther M, niovr m— C@“.L'ﬁlonj% 52
or.si ((see ?ra?er—{y 2>) whle -H‘ej
have 4o \:elo'ng to two dcfferent sets

O and 5y wheve d>2,d">2 and

d 4! (see ?rOfer{j 1)‘

| Theve '?ove) V"'Lz) ‘M-L,) WLG) WL.7 ‘Le \on 4o
} -?ouv dL€€€h+ .Sq[ sets and due ‘[‘g
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T‘neorem i O Ye PQCH—UI'SE vele,-l-éve!J Pn‘we.

« The palrwise relquc'.velg preme expo-
nents n-3, -1, n+l dictate 4hot
mi) W"'j/ WL5 Oc.i’g -q(so ve (e {ive IJ Prlc'me
tn paivs (see {heovem 3)' (Jiueh the
;‘chj‘_ fhat “—'3) VL—.L) n+1 ovre odd cnie-

Se‘(S) o n Jov Preve ‘H‘\j"’ -H\.e QYe
faivwise velotively preme ?J?

. Finc\“_g)-.-l-heoreml 2 .Sugges‘l's f\'kq’} +he
entive  ged P 0f ey CZ) consist+s of

paivwise r‘elq-‘-iﬂgl‘j PYime wodulc,
The set P (s the most balonced 8—t¢<oa?’ﬁ
Set -COﬂSiSl'(.-né of atbvoctive modulc fovues
D_a“—_t) 9_‘°+1) ZC/' (see 4o+ evpouewts of
OLAJO‘-CQVL“,— _WOC(O(E c\,ie\gev L:g ¢t Praof -
_LCowe))




; ¢

Exomeple 1 ¢ Cowsider the previoule Pvesen-}ecj
8—woduli set (the seb P of (3)) Po.

V?_'—'lo)' C.Ste thed J_O:‘-[x2+2).
Then :

1}

7 S -'ﬁ {o! | | } )
% w)gz—-b?_-‘-\) Z-—l) Z +1, 2“-—1) 2'+l) 221—1,215

1]

The o\;shqm'\c l’%hge ,giov' Such < s7,§-]en-, is

C DR Y (148 T+ RSN E2) Li)s = 8O bits.
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@ The Quadvetic Residoe Nuhﬂb_ev- .S(}S'Fem (QENg)

« Complex Multighcation in the ving 2,

Considey +wo com,ﬂex numbers Q.-I-J'[-: an 4 C'F‘jc’
w heve J:\F—T) OLGZW;) be Zm) C&Zm') d 62, .
T hen +he f\m:loc‘!‘ og the fwe COmpfex- numbevs
W Z is

<Carib) (e J.)>m = |
.:<<ac>m - <bcl>m>m +j<<q4>m b C%>m

The tomrujcquionql re?uiy-emen'(- _fov- the |
C'omfle" molbiplication is four real multiplicqtions
°md 4wo qddifions.

® The Quadratic Residuve Number System (GRWS)

- The QRNS con .ferfwm. +h§ -_mUllf;plu'_conli_on_
°£ {wo Icow.;f'lez'x ﬂumbex;s- usmd" ‘Ob‘y fwo  veg|
WU H—i[’\\'c.c.-l-{ovms- This qéhfevemen+ is posschbie
[1¢ {-H*e'qruo.d:rql-ic ec}uqh‘on x%1 =0 has -Huo_

diskinct  vooks in 2y,




@

« T he QRNS Mqﬂ’iné ond Iinverse anrfc'hé

Comsider o complex number atib with quM)
be Zur amd led v be o vool of =« f41=0 in
2\««.} C-Hois me&hs.-‘l'-hq-l- v is gw inH'Jer svch +het
Y€ By omd <r?'{-.t>m:-0).

Thé QRNS mqrpén; is described LJ

atjb 2B (ol 1) ()
wheve |
* . *_
o Lo+rb> ) L' = La-vb>  (5)
The juve S G rNS LN is iven. by
Invevrse R g quPt(r 3 J € J

Cat, b¥) BB, ay b
wheve o | . |
o= 27 (a*r7) (6)
be L2 (B5-a) 3 ()




@

. P\’OCESSCIQX v -I-he QRNS c:lomqfw-

Led o, b) C)c‘ 6 €y amd let dhe complex
Num bevrs Q,+J b owd C+\')cl have +he (—’0”0““"‘?5
RRNS vepresendqtions:

*

ok (b Qs (&*; L)

C-l-JA QNS CC*) d*)
Then

Llaxjb)o (erjd)> B2 —(Kded> (o >)

wheve @ caw be +, =, *.

T\weovemﬂ_ Led w loe wn ml'eJer q:hc:l Ie-l— its
.?‘(LME c_l.ec_om?osd‘:on. loe m = ﬂ 2. ‘ﬁ_ where

TayP2) 00 )P ave priwe c\o{-e(Fevs‘ while e_{ ez)

ave CW*'GSE’-VS T hew +he quedvrstic G;Uﬁ{-lon

2_4-_[:.:0 lqn,g —{-wo cllS'l-th'(' Y'°°""3 H Zw-,_ l.f 9w d

on\y il Por4kiat ) EEh2 L wheve By k.
") Fave inmtbepevs.
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Exqule_’l: Usina’ the QGRWNS -]-echm‘;ue perform
i 213 4he comPle)( W mul-_l-i[’licq'f-ioh
erjf =d(asib) (et} )%, wheve «=5,b=6,
c=7, d=8&

Solvdion: Heve m =13 is o prime ond 135 4x 341,
The QRNS que_oreml\ then dichetes +hed a™ti =0
has fwo disfinct vools tn 213. Ovie sveh Yﬂﬂ-,- Y
r=5 (oLvServe thet <sz+|>l?, = <2,6>{3-:o).

- QBNS Mapping

The QRNS mupping described by egs ) =¢s)

yive
arib=5+j6 2 (¥ ) (<5+5x6>13; )<5~5x5‘>)
| = (9,1)
crjdT ‘H—j% N (e ;-4*_)’C"‘1+5"">|3)<7““"‘3>{;
= (9,0).

QRNS Multiplicyfion
_— VRO

ee i b= LCawil) (euy 9> CRE (cate "3 L)

__((‘ix? 3)<.h<6 3) (7,6)::(6 )g&)‘




« QRNS |uverse MQPPC\ng:

Ec}uq{—\'ohs (6),(7) give

(c*) (:”‘) Qgws (e,ﬁ)

wheve_

eoe™ (ere )y = <2” (7+s)> o
B G R e

Thus c-i-JF:.j <@+jb)(c+jd)>,3: °4+j4.

I Douue check:

L (8436)(7+] s2)>l3 {57 ~6782 +]) Lo+ ¢
(3
T LTIBOp L8225, T o]k
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% -4 MUHL—-H«:JU\C QARVS "S('TS'I'E‘MJ
w L . Cofrim.e Modol ¢

Ove com cles':fn mou i —modul ¢

QRS SJ“L"“"S
ngeg ov Modull:. SQJ‘S

rei,udveme\—,,-]- IS et the
1) 2}"‘") ", W\.U.S"‘ Lﬂ Fot;:\rwf.f-e vYe—
\‘leivelj frime  ound qlso

(n yfeem,gn{- w::'f'A
+heovem q.

Pue 4o +the -?qc{' %Q‘l'"qudwq‘re 5imr1icc’{7
15 achieved when o0siw the alvaclive mo_
3okl Qo rmyg 2‘%,1) 2“2_1/ 2“3) m(J Hhese
ﬁorms- well "Le Cou&i--&e\-ecl_ Ime\’e;.". Unfor{'v-’“
ng delly only Lorms "L itk W beinp
Cven. qTeh_qllowed. Formyg Qh'i—l-j_ wc'-(-hoh.i
\99”‘:“} Oﬂl‘l) s well LY ,?orm.s 2”’9*__1 Gnd
Zh'?’ ave ot G PRYopPriate .@v ARNS., The-
ovem 4 diclaltes 'Hw.q-l- -?o\r % modulvs v

to be AppropYgte for &RNS) each of ts




Ok
Prime fﬂ«cjrws | most be of Loy, Hbiy .
Tln.ere.?we) YL Pl v ot alse be of
govm, Lk 1. Hocue.vev/ rnedthey 2‘13) neov
2_‘“—9.___1 cov be of forw Ly RQJQIVJ",”I
wom bevxg Q_N'l‘i_ will o, Lein& Ocll) -I-heJ
Al get divided loa 3 (see lemwmoe _L) whi—

‘Q the ?Tivme# 3 i< t{'o-l— oﬁ €0Y'm.. L{’z'f"f

Cohsicle'( & ’camr(ex Num bev cu—\jlp with
G-ézm) be 2,  and wm=2%1 with n LeEnJ
i &Gn  E€Ven ilql'e(fev . Tl‘!eh Y= 2% 'S o \"ae'!-

Of :'(_2'-{-[ =0 IRy sz+’ ) (oﬁsewe -H\q-l-

24\ ? " _
A e A T

Tbe. | QARNS W""fl":“(j 15 fher, c[e.s_cn'iec{ "j’

Q"“JL QRNS (qﬂ). L’&)
whe ve

Q_*"<q+2%-b> % _ | hi[, (8)
241 ) b7 <e-27 >2_"“+t
The invecse Q@QgNs mapping (S eiven by

-
x ?'MS -
} (c:') b fgews q-&-J[a




wheve
o = <“ 2VL—'1CQL*4_ID:&-)> (ci)
2"y

L = <2TMLCE*——J>>2Q+i Cio)

gccm,ler.Lfo (8) — (19 dictate that if
m=2 41 (n e.ven)/ t+he QRNS mc:fff:“g qund
wnNexge MQ‘PP““—& \rela ov odditions q‘"_’cl M:Uf.éf—'—
Tlicﬂtfl-i-ons LH powevs ,( 2. Guch mvl'}tfh—-
cation s by powers of 2 vejuive volo tions
I wnd cowplewent opevations 1f diminished -1
Ve'grtsen-\-n(kons o_? nombes orve wused .

- Moéolc: SelQC‘l"lon

Since 'Hl@ 0‘1\5 al{ewed eg.H—\'OLc.-'[-ive fov-u«g Qvre
?:L’i‘i CVL E\Jen) 0mJ vwlm.!per o€ Vv‘:_ocl‘_,lc' °f
. /
thig £

oYW (o be CLLOSEVL— .S lo

"3 es they
belows o diPPevent S, sets with

37)2 ) (see ‘SA sets of @))(2) and the

oxew _L>. of covvse, QJJchn+ modold wy et be




¢
&5 close QS ?ossé"w(e ‘o one aviother so

tHhat lhe QRNS system s balanced.
A balarced B—modol; RRNS gef s

-2 n 2

A:%M.L)mz)m:’»}:g?— +_L} ZI+_1_)2 +i}(9
wheve wn=z L{'{a-{—i) k= $,2,3, ... |

Hevre Wtzesz while m; ond mgz éeffmj
‘l’o ‘l-wo dlf_e@ren-l- 5(_24-5 _5c, o 4 - SAI wﬁere
d>2 4'>2 awy A:{:d’ F ( See e)Llehﬁ'}':""‘f

) J -

following seb P of epuation (3). Alss,
Set A is 4dhe most Lo|anced 3"Vn°¢1¢{"

§€+ s +he luuang egfor_zenk of q{j%@_&?"
odeli differ Ly fwoi Che exponents ave ever),
Set A com be exponded {ndo sged B

X
— 2"‘-"6 nw—2 Vi w2
= Yhy2 0,240, 27 0§ (o)

3 = i
weee w=8kte, beloz L




ar
Aao.(.,ﬂ) 2_652 while ., o d Mo Lelon(j do
"I'UUO d¢ ?fere'r.‘\' 5€+5 5 om_d Sf wheve C|>2
4! >2, dd . Tb.e r€5+rtc+con n=8kt+6

2
ensvures 4ot 9_ +_L o d 2"L+ 44 do et

below 40 sed 53 . Tkevefore +he _fnur e 0
doli f set B Lelorza 4o four Jc{’?@ren-l- S

Seds ond qcco\r'cltﬂa e theovem 4 -I—heg g ve
‘quwtse ' \’elq-l-welg pw.m.,e

Aclc‘cn.g one or 4wo wmove moJul:‘, 4o .Se-l-B)
6w e 59.’(5 the sels C end D
V?.—-Ll-{ n—-—é -2 73 w+2
C= i +.j-)2"+l)2+l)9_ +.L? C-LS)
wheve '\a.:j_élz-l-il-[) L:.L)Z)B_). .

_ -30 w—LY w—6 w—2 nt2
D=2 4y, o +1,2 41 7 +1)9_"“+.L _?C(q)

w‘meve W = 39\}.1-1-30) |2=_-_1) 2, 3) . e .

Led DQA) Dﬂs) DR(;) DRD be the JJ'n.qmic
vonses achieved 53 sets A B, C, D. Theun
DRy= 3w beds
'Dﬂg g Hn-—é bcb’ .

DRc = Sn—-20bcks .
DRD = é'n_-so beks .




A com povison between gels A) 8, CGD ve-
sults i +he fo“owina’ observeotions:

Lo Seds 4 8B, G D ave the mosi ba|anced
3—, H—, 5 6—wmoduli QRNS sels wity
\re\q.\—welJ prime wnoduli o€ _emrm.}' 2‘“-1-.1..

2- Al seds imr'g the Same gspeed Perfomgnce
Cqu’es’r modulvs is Z‘H%i-i).

3. Rego,rclihc; +helv AJh.qmic_ vinres, DRg > DRy

v w26, PRODRy Lur *7L4y PRy > DR,
an \’7->30- |

4. The dilferences v 4ne Lihq'\rg exponents
belween +4he |q«xe5+ qud the smgllecd
’“WAU\C_ Lo seds Ay B, €D qre 4, 8 \€, qnd
32 \-espec-lrive]g. Tl-.,us) sels A gwd B
'mxfla ™. 0 ve loa.lqh_(,ecl QA RNS avithmed(c
Then seds C and D.

S- TL'LQ C'rzoices of . ove m ove ‘r-es-l-r-a‘c{-ed
?—a\r sets C end D w‘len. Compag ved 4o
+"l-e C."'Lbices o? VL 'FDr Se"'.S A O("‘I-d. B.




« The Biqg Problem ¢

From dhe above olose.rve.lrimﬁj it is cleav +hat
for QRNS geds with move hon four waodul¢

of @orm 2”—1—1 (wn even)) se\ecl-évx(j palvwise
Ve‘o\-lrévelg prime wodull crveeles problem g,

Thes s due 4o the fact +hatl ag the rwomber

Og wmeodoull ‘mcrea.s.es) +he gelectcion process

becomes |ess Q\exdb\e) (c-e., seveve vestrictions
ove placed ow the choices aﬁ \a-:). Fovr Example
S5et D is defived for wn= 62,94, 126, .. . The-
5e valves of v ave very vestricted omd theg

o lso .Eorr_e_ the Aanqmic v-qnaees do be unveglio
5_Jricc,na lavge imp\aﬁvz_(j ivpracti] @RVS 5%5e
tems. |wn qAJEHon) sets with Live o move mo.

doli

* Question s |g theve o\\g_(j 5ol.u-|-60h fov +he

above wientiovned Problewmn PP
* Answevr: YEG

* Question :
NVEsTeon

66 wheol is +he SOlU‘I‘{QVL?
» Answer: G fo

veex 4 Pafe ——»

resuld iw very vabolognced QNS avithme Lic.




B~2 I_ __‘\_&ch'*-NoJu(i QR wnS 5{354@.\«1.( w i+h
Nonc,o?\rime Mo duli of «?“"‘*-5 2n+_1

HP_\’Q o 5olu-t£oh_ +o fhe qLove mentioned
?rol:\em i °¥?CY‘€A L,a considerin QARNS
Qc‘jsjre\m.s w ith nowvcoprime wnodvll  of form s
2%1. The ivttevested veader can find mo-
e iwfmr\mul{-(‘,o“ o e &sar This .SUL\jE'c.+
W e .fo“ouoinj Yf’fﬁ’\’ence-‘

} ?ﬁgefew €

C3]. MaALJOL“mLL ond A;Sho‘.\f&wt'z 0.5)”0\&.
4l e l:;f“%‘f‘(] $uqérq+ic res‘ia\ue_ 5(7.5‘[‘6‘\‘*1.
WE-‘H‘:. \ﬂ.o.h.c,.qPV't:me“ .\(n_oclU‘(.:t’ lEEE TV"Q"'L.SO,c.a
tions on Sigwel Processing, vol. 45,
. Yo. 8 ) g'—.':""f',‘;'."..,_ ' . 2086 —-20
) WE : pe 1L
Avpost 1997. >

A theorem fLollows whick provides +he

.ma-l{—(—,_gma,,"ric.q\ \oq&is. .?o_\r' -H._e Curreh'l‘ _S‘uﬁ._

Je¢¥.
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T\Le_owrem 5: C,oh-sie\e\r +wo numLeVS
ket ST

_ d
2
Nd,h: 2 +1 onwnd Nd)lz' =2 +41

l)e‘onéih.g Jro +L:.€ Lo € 54 se+ C.Sfe .Sd
sets  of 332 (1))@)>. Let
a—41

2.
Na)(,: 2 41 be +he €£Y5-\— num bev i},—,_
Set Sd' Then -Hze' nuwmbevs Nee o d

i,

t
Ny, &
Nd)o

ove "el“t-l-c'vflj prime tf 4 d oh.l('r

'lf 2k+1 end 210.!-1-1 o ve \’e(q'\évelj pPYivae,

Ez“‘thﬂe L COV_tsicle\r the numbers 210+.l)

.ZH+ i, 2‘8+.L/ 2_9_1**1 ) 2261—1. AN these

five nombers belong 4o the set G, . Thei
binary . exponents ave L0 14,18,22,26.
The odd Pavts of these exponents qve
5, 7) 9, iy, 13, These fc'ue num Levs




e ——— o cwm e e e

@)

7,9,14, 13 exe paivwise re(q{-cue(j
prime . The\reEwe/ GLC.(,o\rdl:hJ 4o -l—heovem,S;

1Q t 28,4
+he nuwmbevy 2% 2 _+i —
241 ) oy ) 2% )
- 0*¢ 1
2:-( ) 5 Ave QzISo chrwise re(q-‘-i-
241 2 +1

\'Q\S Prime.

Tkeofems 1 qnd 5 dictote that mo {4 ¢ mo dulc
QRNS gets coann be constrveded vsin
modolc I;‘(om diffecent 5:1 sets as wel s
‘g\’am the tame Scl. SQ{—/'Ccl?/Z).

The desien VV\-Q—‘-HoJoloJ'J for Con.s{-ruc{-c'vnj
mo ltimodulc” QRNS SJSJrem.s is described LJ. the

Lollow 'mg steps :
| g _

J_. MOcl\JlC o‘? '{'Ll,e .form V\’IL':2 + 1 CV?.C: euen)
ave chosen ?Y‘O\m the sowme ‘Sd set as
well o5 f\rom deferean Sd sebs (d '?/2).T‘1€
W‘-°$°\‘: CL’LOSf?‘L (’Vom —Hq,e 56, mLe 5:1 5e+ WLUS"‘
be ¢n q(rv_eemed- with Theorem 5 in 4he

sense  Jhgt dhe odd fo._v'l's QF their expo-
nenks  ghould be paivwise velg fively prome.




@y
Oﬁ covvse, qd\jqcen-‘- W'LOCIUI‘: VV'LUS.'{' be oS

C‘ose N ?OSSCHE +o on € °1h°'!"'L€Y S0 'H"-Qu',f
the Q&NS 5Js+em is bolanced.

2. AN\ wec’(j‘h#ec\ ‘o RNS Conversiowns, QRWMVS
Mq??{ngs) QALENS ?\'°C€55i"lj ) av d  (nvevse

QARNS MquénJS 0. Y¢ ?evfomea ,Usiuda set
Bfmy ey e ] (1)

wheve w. = 2\4,6+J_ (¢ even.)‘ Set Q

Consisde o_? v_zfvz,re[q,’rive\:r prime wmoduli gwud

Since all 0f {hem ave
A2
.(;orm.. 2 +1

of The ebbvachive
) the qloove men"'fonecl +"QM—-
50\"-]«'_(:0\‘15 \re\H ovu simF\e ‘n.qvaque-

3. The RNS -Ié wec'd’h’rec\ Convevsion {§
?cv?orme& Ub'\ug' sed

I_ I r ) \m v
/
Set QA consists of Paivwise re‘qh‘ve(j pri—

YviLé i\f‘l."feé’e?'s) -‘-L‘_e ?Y‘OJUC_'{‘ Of WLLI'CL'- C[ef(.he.s
+he actua clgw.qmic V‘Q'n-cj’e °€ the qgws sc}s#em.




The SCQ\C-'JO“_J“- ?%clror.s Ce ave dictefed Lj_
theovewr 5. Each C; (s edther L ov the Lived
num bevr o.€ some S set. The Chinese Pe-
W\-Ot‘c'.n&er Theoven— CCRT) ve congtrocfcon. _(’w.
Con\revlri.fu.g +he RNS vector CZ,L) Zz) e ZL)
wmdo  iks weigkl-ecl form us;ng set Q, s
5\7.::00»1, La

_Z: <EL<Z"'N"’ >w§'.M‘: >a Gy

¢

<

50m..e nwew QRwWS SE'('S with h.onc,on*dmf v o—

A\Jll O? ?Ovms 2‘1-.{-1 Cn e_uen) QYe wnow Pre.('en.l-e«l.
A new Couv-moduli set (s

Ai:i“"") M, Ma, "‘3?: {ZQ“L‘“) Z\m_z"'i)

h+2+1}/‘ v;_::"-lh‘l-?_)' k::2)‘3/q)...) Cw)

2“+1) 2




29)¢
Sed AL s om expansiow of sed A of (1-1)
™ dhe sense dhed i} includes +he extre wo-
c\u\us m, = 2\1-—‘(—{_1 . The vesteickion w= k42
imf\tes -[’ka,+ Wlo) V‘12€52 (see Proper-lj 2).
TLLE‘('EfaYe) Mo, Wy ave e+ v’elu\-\-iuerb prime (fee
Heorem .L). The Lﬂnq\f(‘] _C’CPC""—‘?H“'S Of m—“’)
W, are wn-yo4p-—-2 ) iz k42 while fhe odd
Parks b# these ex?oneﬂl—s qve V.E.'z_f.f_: 2k—L and

. -2%+)L which ave velg live

L wm! o _ WMy
‘?O\'e mé::“l’" = 5° ov d m,_:?--— 5 ave
2 +J. +.L

algo re\q’rive\a fvime)' (Csee +heovem 5). The
Sev A, is..'\-he most balowced fouv—medoli
QARNS set givce the even L&nqv:} e¥povients of
qadqcen+ wirodou | éigfﬂf \95 hwo. T he echueg ] -
Aanqmic Cange achieved ha Set A_L of Cls’) is
delined bJ %"&xm}r%—%*'w‘g o o™

DRAJ_:-Lm.-‘] beks CL9).
Ae\clih.a

one wove wodulus +o sel Ay of Cig)

518\35 56-'— AQ_




@

%n-—&’ v—2
Ar=92 -\-1)2 +1)9_ i, 9-+1 2" -l-l} CZO)

wheve VLrL{h+2) k=34,5,.--

Heve) Znﬁg-l—l) 2\,1_-—l1+l) 2"y Le‘ong 4o gef 5?_) whi—~

le "-’-—9'_'51:2{1-3 Y’-_:_L!.-Qh-—‘l .Vzi‘-.-—ZIa-i—_L oqve ve-
\01“‘(\!'8\3 ?Y‘Urn:e e FQ\(-V.S- TLLEOTM 5 -H:.en. tllc.—

-y
fokes thay 200 204 2L qye also
5

& 7 s
Paivrwise rela\lcwe\z( prime. The actugl C-\-ch-
WI.IC rqn(fe achieved ba set A?_ s

DRa, = Sv-19 bk C20.

E%\oo\\qclth.g f_-,e-‘r B of ClZ) La one oy two W ove
wodolc Jle\ds sets B, By wheve

-6
B %2 +.L,2 +12 +1 2+1 ?_ +l3 C22)

h......
By = %2 +1 2" L'+1)2 +4, 24-1)2‘“2‘“}(2;9

w\le\'e V?_:gk-ﬂ-é k:.[) .--) ...-?o\f [’Jo‘l"’l B.l) BZ_'

The \q_oncoprcme wodull iy each oﬁ the seds

B
L ond B, ke\ong 4o set 5, Also, sels 8,,B, ave

the wiogh balanced S-mod uly end G-—hn_ocluft QRNS




5&-\'5 with moduli o.e coms ZVL-\-.L C'\'LLe even
\Q{M_owa exponents oﬁ o{cljciCEh.‘I‘ viodoli dt"?fev—
\o(j fwo iw both 58‘('5 B_L o d B?__). The qe-

+Ucz.\ danqmic \"%VLJ’GS qc‘aieuecl Lg Selrs B.L)Bp_qw;
DRy = Sn—15 beks C24)
L _

DRBQ_'—'-' bn—25 Lits (25).

To cee the benefits oblained by vsing
MUH(‘.W'Lo-Aul\' GRNG sele with \'Loh.('.of\"t:me. oo~
duli Og fo'rms 2“'—{—1 (n even) considev com-
?OL""“‘“S the wodul; sefe 'C) AQ_) B, O,f
e:i,uotjréonb (i?))) C‘:LO))@?.). The -‘:OHO'—U'IRJ
\'LO\J -\-\’UQI -
1. The above +hree sels  ove S—moduli sels.
2. These fhree sels '1m1a[3 the soame speed

2
exfoxmance Clavpest modolus is 2™47).

3. The sed € Cwhich Conlping (oo coprive

'Wl.oo\\.?\f) mchieﬂes Sma‘lle\’ JJ“QMI'C_ Y'ot"x’e
L) c.ohr\.rqrecl ‘o *H-,,e rulyres a‘c[o'-evet}
\o(j the nowcoprime wiodul, sels Az, B, .




9)¢
Just see thet D'Rczs’ﬂ-“?-ogééf)
DRAQ_: Sn-—19 L«l’rs) 'DRB‘L:-'SVL'—-IS beds

4. Set C 15 the mog uhbqla,ncecl when
CW-ffowe& e sebs A ond By - Just gee
that the differences ™ the binavy expo-

- vients Lel-wee\n. +he (ﬂvg’ﬂ-‘{‘ and the smgl-
lest wedu li for  sete C, Az, By ave {¢,
10, 3.

S.TLe clwi'ces 0.!? i g ve muc_h_ movée vye -
Skvicted Ror set C when compeaved to
+the c,\noi_c.eg o.? 145 Eo\r SeH Az)-BJ_-'See
et sedt C s _cleﬁih.ee\ for_ VL'::BO)qg) €2,
78}ﬁ"l)~' ) St A'z_ 15 de@'necl fov
ho=14) 18, 22,26, 39,34, - -+ | set By s
de?ine& -€ov Vo= \q) 22) 39, 38) L(e) ..

The QLAV&VL-H{P-S obtained LJ u_cc'nj mo{ti-

modoli QRNG sebs  wil, noncoprime wodvli

WS eveVr waove obyious w hew com o -

\("'“'5 the G—moduly Seds DC"‘?L{(_‘\- contginsg




@9¢

co?véme magul{> ond B, (which consisis
Of hovxcof\"ime ™o d\:l\')., Both sets D ond B,
i“\\’\g the Same S\’fec\*?e‘r-rt)*rmqnceClqrd’ej-!-
wmodolug g 2n+2:|—1) avd —Hzercfore +he cow pa~
risown ¢ _fqiy, Sed Bz e’nd.o(j‘(’ o c]an.c\\mic
rompe  4hot is 2%° times larpec +hun  Fhe
a(jnapmic_ Y'O,vzdﬂe echieved L}] Se 'Dj CJee ‘H‘l.f"'
DR,= b — 50 LC‘rj/" DRg = 6n-25 Kecids). Set D
I5 vevy ownbalegwced C[QVJ’GS" e)lf”‘ff'-r“",' smellest
erpouent = 32) while set By is the wmost ba-
lanced G-wmodvli QRNS set wiH, wmodol °f
forms 2Q+1)' Cthe evea binge e*Fm@—h'ﬁS
°f adjucent Wmodvli diffev by hwo). Frugll
the choice s o? N «vre _v_g_g.__h move veoleicted
Qof set D when com?q\'ecl +o C’n.ol'ces of Vi
for set By . See that sed D is defined Lo
wE62,9y, 126, 168, 199, - -« while sed B, s
de fined Lov n= Y 22 30, 38)116) cee .

® Some Move (ood News:

The 5004 news go .Ea.'r is .-f‘z_q-\- LJ USi\’?-J the

new 'ero\"a (ke 5 seds of Ci))@-) awd theovems
1 q‘ﬂ-c\ 5) i-l- weos fossc‘l;\e -|-o covz.sf-lruc'{- muHrJ-—-

-




GO
Moc\u\t'.. QRNS 5(']5‘[53“1-5 based own sets  with

lon. CoP viMme o duli of odlreclive fovms 2'0'-1-1.

The Leneﬁi)ﬁ's obteined weve very (%\:fe JJ"’L‘%-
™Mic venees vevy boulanced evithmelic, Ple~
Xible waodoli ckoices) v d 3—‘-(.\\ presevving

the atbrackive modoli forms m =4l fo
+he iv;-\-emq\ ?rocessinj .

Queshion: 1o #his #he cnd of te god weus?

Answer: BUT of CouvRSE NoT!l]

9235-\—&0"2.-’ go) whet is 4ke next fougl mgtu;?

Prnswer? The wnext Joocl news5 IS thet l’()’ usfhj

the u.euu\a developed '__-I-lzeovg_(_—l'l_xé_ -Sd sets of
(1)) C2) aud 4he Theovems 12,3, 5) it has
beewn possible 4o congdvued vy [+ d—mod vl
RNS (not QRwS) sgstems based on geoig

t.uc-Hi viovcoprime wiLo dulj pacys of the

\ICYB 01++chl—c've' ,Eorm ZVL(:-- _L) Z‘QL‘FJ. -

This wnew clqss o@ wLOH-L'ni..oduli RS sg.:#em.g




s based onm 5:-‘-5 of Lorm

G2
IP"’ m m*. * Yy VYL * -~
= 1 J.)Y""z)m-z)“') L) TS

Yiy iy Vi, Yig i Vi
:%2 =1y, 2 12 Tl ey 2 —d, 2 +1
| (=26)
wheve 4he ex[:ovz.en_-ks Yz._,_) vzz) TS n‘—‘mus-]-
be as close os posschble 4o one awvot+hev

50 that RNS arithmelic is as boleawnced
as posschle.

. e
P_ggm.d-(-éovz_ A: The numLets W?.é: 2~y avd
mf.-:zn

othev.

The rew RNS 535"‘_{“5 uJ'm C|r1 ve]g ovL pPars
0?- conjugm-l-e-moddli resul}d in --h_o.vdwo,ve—eﬁﬁ,-c,-eh{_
2-level iwmplementalions Lor Hee weirh ted —fom
RNS ond RS =+4o— wedgm—e& convers fon

{.’-{-,1_ ove colled COWJUJOL'\”\‘-'S C‘]E €ach.

)
| D
%chieve vevy lotv-dve' 'c\anqucl‘_\f’ﬁ\nﬁes o d imp)y
fosk aua QE@iCien-L RV S interng] process

\'1..3.
e, T

Whewn Compored +to conveutco
°f +the




G3)(
Sawee dynamic V‘qind’e) the wew systems offe
the fz—onowing Ioeneﬂﬁ-l-s: l). Hard wave Sevingg
of. 2570 to L]o'yo Lov dhe welrhted —to— RV
convers jove. 2). A vedvedion of aver 8C%
t+o cio% iv. 4he Compléxﬂ-g of the Livqg
Clul\a,cse Remainder Theovrem CcRrT)
involved In the RWS —}o- wet'dﬂh-l--eé CoOnrw

Vevrsiown., Th.us) e,icjm@; Cov+ Com premys gg

between lqrdoe cla o wic ""9("2-3*35) Sast

intevvie] Froc.essivz.g_ and  eow Covmp |ex¢
ew 555-’-8\%5.

thtevesded oo dev cawn find oo
ve m-f-orhioc_{-ccm_ on this gubject iw +he

?o\l olw.ftf_n-g refevenceg :




Re Qeren ceS

C4T. A-Skavantros and M. ALdallah,

i Ngqe\ Re5i°|ue Ari"'lfl.me{-fc_ P\"O CesfsSo Y3
Lo Hifr’m Speed Dc:cfc"l-nlk 53‘"15( Prvce-r-fc'hgj
W Proceedings of the Thirk Second
Asilown o Confevence on St;fngls, .Scys#em.s/
ond COh?U*"WS) ?qcéf\'c G\'o\le) CA,
Wovewbevr 19938, pp- 187 1493.
Cs]. A. Skavanties ow d M-Alvclolllqk/
" 1m?(e-men}q¥€on SSues. OF 4he | |
+w0—\evel veSidve wnombey 55~f-e‘n-:_ weth
Paivs oﬁ con\jutfq'l--e modu{c ¥ " |EEE

/
Tromsactions on Scicrngl Processin

P
vol. 47, no- 3, tp- 326838, March 1999.




EE 7715 @

Errovr Detectcon eand Evvor Covvecicon

_“’1 Residve Nomber 555+€m5-

| va +hisg hqnclov“") the 60Bd'ec-f— of evyroyv
dedection %nd evrev Correctcon in Residve
N ovw bey 555‘\'6\%5 is studcied.
Counsider an RNG .535'{"6\'\1 besed own moo
dolc ml)mz)---/ml'_ wheve +he modul(¢
&re  paivwise re(q+éve.lg prim e inferers.
—\_0 OLC.LLE.Q\J& evvoy cle—‘-.ec_-(-dovl /e\rv-o'r Cvrrecf-t'ou_
some vedondgnt wodol¢ must be odded

+o Jr\-b.e 355“'6“’1. }__eJr +!1€_ Y'EC‘UPIJQQ‘I' 'W'ZDC]U--
L. be

Ll ) Mz ) ) M Svch o

s§5tem {5 them called Redundgnt Residue
Nuwm, bev Sas{-em_ CRRNS), For such o

SBSJF'QWL) 01.“ +11e- L+‘r WLOCJU((: m_l)mz)...)

L+l ) ") m|_+y— QYe f&ivwaG e (g

'}"C\le\j ?Yc:me, Some clefc'vu'{-feh.s ?onow:

® The wiodoulc My My ees, My avce
called  vion

V'ecluh_q\ﬁ h'll‘ \nf‘z_c_;&u\(l.
® The wmodull wm

called redondyy,

WLL)YYL

41 ) W7'L.+2_) ) m[__-{-\r' o vye
4‘ Modulc‘..




e | Le dgnqmic_ rqucre_- echceved L»(j +he

non  vedundognt modulc 5 called
'_\Egi-‘(i\rnn,*e th_o,mic_ vanree . Thas g

to 50 fhet - |
LQSL'\'L‘Mg#e JJ\QO,MEC V'Q,VLJ"Q-T [ O H-—_[]
w heve M= My Xm, ®Keee XMy
® The +°'\"°t\ c\aia,vm'c thcre N4

Total chnc\mic. ronge = [ o M ‘—J_]
: LO\'LC‘(Q MT:: le‘xml)c---xm

L+ Y

g The '1“856-\-5.'010,4'6 npe TS

B\e&’i‘({\ngl—e Vshcfe: EM M_l_-j_] ]

Let o number X have +fhe f&llowl‘ncﬁ
RRWNS vepresentotion: |

X BEN, C><‘L)><7-) ") X'-~) ><L.+.L) ") Xu—»—)

where Xe= <X>m. ) T L2 Lt
C

The elements Xe¢ ove +the vesidues or
) residue ddigids of Y.




}

Ba evvor c\e-‘fec+£on/error .correc_{-cjcm_ [vL@[aJNS
systems we wmean technig ues fod which
residue chJrZJrS i evrov C€QU‘+ residoue
clc:gc'.lrs> con  be cle+eci:e<l) loce fed gud
CoxYected. The fonowin(r theovenr s (n
Place: |
Theovem 1t A Redondewt Residve Num-—
bec  System CRRNS) with ¥  redomdgnt
modole will aqllow dedectcon oJ(‘f v oresc—

dve c\c‘& s iv ervor ev corvection of
L{-—J vesi dJue &L'JH-; i evver CL]—(2]. Herf)
L __l Ae‘lof\‘es 'H’LQ Ac,oo-r' -@Jh.c-(-(.oon - |

An obuious '\m‘a\iCa‘-]"fon Oﬁ +‘1€o\r‘em 1 i

that 4o be the__ ‘o covrect @ Bf‘?{‘f’_ e —
Sidue clt:(ff.-‘- [Ra8 eY‘Y"oY‘)
redvndond wmodull

4hgk L—%—_—J = i).

the vium bev Of
moust be \":2-)“ Csee




OX
__E_WO\" Aejr€C46°n 0\\(13 cvr\rec-‘-foh o{‘.’ S

ﬁiné\e vesidue Jijé# (. evrov.

Consider o Redundgmt Regidve Nom bey
Sasﬁ-em CRRN5> wedh | non vedundgwn +
‘Lo Au\t, v 4 v=2 re&\”’!aﬂ."z"' Vnoclul(:. Le+t
the wvon Y‘edv‘leclqwz-l— modul(

be m.l)...) e,
while 4he ve€dundgnt

oves gve ML_+J_)W1L+2_.
HE‘(’E) the 42 wmodold m

\ L) T M ey
G ve Fq{.\’wise \"e\q Yevel Prime (wn -f-eof’e\rs- Alse
eech vedonndent miodulus

. )
1S lqvjev’ then eqch
fon YeAunAgh+ Ynoclu(us.

L’e-l- Q numbe\'* X
Llcﬁleﬂ the @o”owlo\mg Y-_ES\'AUQ-CIL'_I’E‘(" \"EP\’“E.__

Seatation v tic RRNS:
>< &N—é—) C_X_L) ...)XL) YL..'{".L) XL+.?.) |

wh © = ‘= .
e.ve_ yt - <>(>M(_ ) = 1)2) ) [_) I—‘i‘-{) L+2 .
Assuome +the Cﬁl\owinflﬂ .

@). Asgume that the number
4o fhe legitimate vanpe.
OVQY’%{ObU o‘c "'}LQ

oCccuved,

X Le\ondos
This meang 4y 4+

\egi‘cémq{—e rqnpe has wof
This cow eaqsc

(J be nccomplished
"5 over £{ow Prevewtion F

SC.I':.em'e.S-




©&)j

|

@L)_ As&uhﬁ.e dho q-{- MOS‘(‘ ovLe V’QSl‘cli'g.
dipih cam be (w evvor ; (o move +han

ove X¢ can be (w cvrov-/wh_ev-e 6:1)..;.(_.;.2;.

@LCD. Assore 4hat the havdware Fov
Con\rer-kih.cg the RNS into +he uJet'fH-Fecl
555“‘6\‘11’_ {5 evvror free)a (<t 1€Uhc+c'0h,5
c.oWec_-HED.

o The ?Vocéc[u\f’e. for € vyov c:le-l-ec{-c'on/evmr—
Co¥vectdon b_ﬁ o .si*g’(e residuve d<eéi -
being 2 eYYor {5 og Lollow s 2
B i ST
{ml) m,',_') ey M m_L_ﬂ_).m_L+p_}) Convert +he

vesidve Y'Ef\’é‘sen'l'q f o CX.L)X:?_) ) XL)XLH.) XL-J—;:D
inYo its wec'Jb-l—eol Lorm. X The Chinesge
Rewiaivnd e Theorem CCRT) ov the Mixed
Roydix Conversion. (M RC) Ccavn, be uvsed
for this cowmversiown. | £ 4he obtoined

iumbev X loe|on<{>5 +o +he tl”ﬁ,?i‘f-t"m.q{'e
V%‘ig&)-(—\xem o1y €YYoy k_qs oCccuve de-

O%evwiSe) Mo exYer occuved.




_ _@J

. To locate and corvect % vesidue
eja\— ey, Cif an error occouved),
compute the m; —~projections of X, ¢= =4,
2) oy Ly Lt z_+z Let 'H'Le M — Frodedwh_

of X l;e_ demo“'e& o5 X I+ ¢g o well
knowwv .€0\c+ th g4 (v caSe Of @ ét*z,rlﬂ ve—

Sidve th-J"+‘ l:)f’.tn.,g (e ervoy

) o€ and °nl5(
owe projection “wtll belovp Lo the lepc—
. v T

+cmo‘+_€ ohnge ) while o] +he ofher f’;o"“
Je.c-l—ion,s w1 be(oncr -Fa the llleoec (e gde
Cavge C34,C2]. Il? X (+he m- —-F\"Odec{—wn_
of X) Belonoes fo the {e(fc-f-tmmte ranrpe,

— Y 7

t™hew the exvor occuved v the (th resc—

_c_:loe dégitr | ghig Ca se, +he corvect wvolue
»

of X is XC end ‘the covrect V‘éSt’eluE
digey Xe (s Xg = <><d”‘>m_c_ ]

I

ogues-\—c‘vn3 Whet is +the clef{vu' foon of
YC*: TH_Q_ ’nq_a.__.. PY"OJE‘C""CO\’L of X ?

o An.,swer:

X
Xé = The M — projec{con of X=




= ResuH— o{f convev-lrc'ncf the v‘es:‘&UC;DJ
vepresentotion C X.L) XZ) o Xeey )Xc.'-t—.L)'") yu—g
ko wec(f\—,_lfed v bey usénor Hhe wodolf
set im.l.) Moy )L ) Mhn ) o e MLt ¥,
The CRT or MRC Caw be vsed for Svuch.
Convevr{ions.

' . X
all  dhe vesidve~ cil'(f ¢ s excepy ..>_<_9 Pay—

Ficcpate. Also, oll the wodvlc excepd
M are used.

e mri———

Eﬁ%m?‘e_ i: Thes exr?umF(e well demon—
5+VOL+€ +|1€ froceduve .€ow- C:Ie"'ec.'('(.'ng)

‘ocq{-@_ng o d cor\rec-{-c'nc? QS('I'LJ{Q
residoue clc.'(f& loecoméng fQul'JrJ.

Considevr o Redundani RNS CRRN5)
bosed on ged

Sz%ml_)vﬁz) ms3, m;_r) WLSE =

=156, 7, 14, 137




@)j

\-\eve) +he non vedundant modu (¢ ove
ml).mz)m3 whife +he redundagn 4
modul( gve M %n d Mg .

The \egiﬂ‘ma\'}f) -Lo}q_\ G d LHeaoc.'-[-clmeL——
-\-e \rcmgeb Gqvé . ' :

Leghimate vame=[o (sxex7)-1]=(0 205]

_FJHL\ Y"’_‘“fe—:[" (sxex’lxuxlja)-—i_?:fzo 30;02ﬂ
I[(eaé‘l‘qu-(--e Canpe = (210 30,029 ].
Consider ?evﬁwméhog (u_sfnj the qbove
RKNS) the compotofion Z:X'(”Y)
wheve x.—: 128 ownd Y=69. As seen,) the
expected resolt Z:%)(+Y:"J.23 +69 = 197
belongs +o 4he legéffqu’rﬁ rqhge)*'('over-

§low of the legctimo te canpe has not
occuvre AD. '

Con\:efjcc'ng X and Y inde the
ecbove RRWNG Jields :




] @
X BB (X0, Xey Xa, Xy, Xs )=

- ((12825 , <.|18>6 ) 41282’ ) <|28%1)<|281>3> |

= (3, 2) 2, 7, 14). |

Y RRNS, C\ﬁ)\fz) Yz, Y4, Y5> -
- <<Gq>5‘)<éq>é PR VAP <6‘?21)<6‘i>i__,,>
= CL‘) 3, 6)_ 3 LO'
} Then

£= X+ RRS, (7,7, 23, 4, ZS)Z
:(<3+L{>5 , <2-|—3>6 )<2.+6>7-) /\7+3>11)
{ui+4, =(2,5,5, 1o, 2)

ocv |
255 (2,%,2;, 2, 2)=(2,5, 5, 1o, QD}
-

What happened 77
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LQ{JS hohw see f the vresidoe repre —
SehJ\‘Q+Con (-Z.L)ZZ) ZBJZQ)ZS):CZ)S}S{?}:L)

|5 ewov—ﬁvee ov hot.
IU&ihé’ ith e maaulﬂ 5€1L {VH_L)MQ_) m3)m,7) w)s.‘?
:55) 6) 7/ 11)13?/ we converd tfhe

residve  vepresento tion CZ, b, 23, Z‘r) %)
= (2,5 5,10,2) indo its wecrh ted

.Qovm, Z . The computadions 568(&»3?
Z oave shown in the Appevd ¥ ot the

end o€ Lhig "Lq\ﬂa]ov'l‘)' C the cprT 1 u_(e&_).

The obdte ine d vequ _0¢ +his

ConvVers on
15 2:13)067- 'Sivjce £=13,067
_'_"__‘"_\"“3’5 to  the Lf|f£é+qu+€ Yawnpe | on
XYooy \-xqs

cte oh) -

occureol)' CHhic 15 ervor dete —
—’-—-_—‘—ll—_i‘




)

_ @)

To wow ‘oce""e and covvect Fhe €rrov; the

My — VVOJec+COh5 of Z wmust be com py—

Fed 5 Ci=1,2,3, 4, 5) - These projectcons
» *

dyve denmoted LB Z.L) ZQ_) Zg) Z,_’ 5 Z5 .

The ch?u-{-ot-Hons oF {«hese FVOJ€C1L£'OHS

xye eolse ghoww (v the ap pendiXx and

the CRT (¢ uged c.chivz-

65 A (€m n dev ) +he pro(ection Z_Lx 1S
the vegol+ O{f Coh\iﬁ\"-l-(:h; CZZ) 23) Zg) Zs)
l\’?-_‘i‘d i)fs we(,;fl-r{‘ed @wm usivzcr SQ‘(‘ ‘ "
Ama, My, Wy, mg £, Fhe projection Z,
l’.‘p the vesold of CO"‘!V'EY"I":WJ (z_[) 23) Z(,) Zb_)
into g cuee'(fHeA -fovm _'usc'hcf se+
{ml) Mz )My, Mg }’ ebec- ..

These ?rojec4£on$ e z{%uha] to Le:

%

Z.L = l)OSSJCZf LQ(D“IS {o f_“-eclot:‘-t,'hag\(e wTe)

Z;: = 3)057)‘ CZ; be(onfs to i“edpc"tlc‘mﬂe_ v*_enfe),
._..23”‘.-_- 197 5 (23 belones do lepidimgte renpe)

Z: = 2)-1-'17)' CZL,* loe\o'f}sas o (:”t!‘j’fz’("-."hg*!‘e Vf'zre).

2;-'—'—' i)Sl_l)' CZ; belo

ngs Fo Mlepihcmgte "“g:e)
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Siwce Z; loelongs fo the [ejé-l-c'mg#e.
!rctnge) Coll 4he reme«ining ?vokfecft'ons

belong  to the tllepitimate ange ) the
€xrov  occuoved 1w ‘H'Llle rescdue dc:f’é'f' _23-
Lo this  emse the covveet volve of F£ g
Z = Z;:l'17 and the covreet ves¢due —

diget 25 s z3r<z3"a3:<t17>7=1

PvOHem‘: _Consicler e Recluquh.p RNVS
(_..RRNS) L:qseA v module 5€Jr‘

6-—"-%_“1.1_)_“’12) ms, mq} 35_3) 1) % 7}'

H€(€) 'H-.e fiovy TecthcIa(h'(' WOJU[L‘ Q v<€ WLJ_)WLZ

wh (e  the vedundont ’m;o&\Jlt' 4Ye Mz, m

Lel o number X heave the ﬁollowiva;
rebiclue—db;r(:‘l' vepvesente ton  in this RRNVS:

RENS | '
X === (Xi)XZJXZ/ X‘*) = (L) 25 3 3)
wheve of covse  Xi=d XD, i=4,2,3,4.
. L&

y
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| J

Ld'\‘ 4he ﬁonverstH °€ CXi)X?_)XB) ><4> into
the weécr‘q{-eé 535{-9?& u.sin(so Set {mi)mz)m}') m,‘(?
556!33 the wombev X;—_ 178.

Let 'Hn-e_ m; — Frojec_h'ons o( X Ee
X{ =38, X2 =73, X3 =10 and XF=s58,
re3?ec4£ue[5.

Answev the €o“9w(n5 (j/uesfiﬂhs:

@ What are +he le564£m«+€) Yota| aqnd
Ll\egé—%-émq%e. \'f’ﬁhcf’ES -ﬁ)r thig RRNS?

} @ \5 the 56\101. vesidue Y"ef\’fsehac‘ah.""‘
()(l) )(2} )<3) xq): (1)2/ 3, 3) evrov — free
ov ho—l-? IU.S'{‘CFJ Jou\’ 9N S wevs

@‘# the 3<:U€?'L resc dve rePrese_n'.‘-q'I"(:UV'L
(X.L)X?_) XB)XQ>:C—1)7‘/3}3) 15 not evrov—
free | which vesiduve dcpct is in evrov T .
Whet ¢s the covrect Volue of the vescdue~
Ad‘fé'l'-_ (n evror? WLW"" ' S H..e covreet velve 0{?)(?
A%Sumf“l‘(:ehé_:(a.).- OVerFlow of +he |g°c'+c'mq+€

vthe Conno 4 o ccur Cid s prevented).

Q_L) At most one vesidue dc;fr."{‘ cogn be jn evver

} C(:f:t:)The havdware for convericnpg +he RNG (nto
The weifhted sysfem (¢ eworwliee.




) @J

AnsweY <
@. The Canges ore: |
Legd-(—dmg-}e \"g&cre_ ;“[:O szg)——i]:ﬁo .L1_7,
Totel cange = (o (3%‘1%5«%"9*1_7 = (o "H?}-
Iue(gi{'img)re Cqnre = Ci2  4i9].

@.Tl—;e residue  vepresentstion (X, X2 ) X3,

Xq)..—: (1)2) 3, 3) i5 not  evrov— F\’C’e/,‘ Con
EXYo “1015 occuved>. 'T"'m's v S duve -l—ﬂ the
fuct Jugd Y- 178 belongs 4o +he
l\\egé{-éh—m}e rgnpe.

) @ Since the frodec_{-c'ovx L)Clo"‘gi"g’ to the

 legidimoate  vanpe is Xg=10, Call the
o-l‘fl-;_e\f projectcons ’oe[ohao Yo the L](egd-—
4.‘0‘*7—0&& rqnge)) the rvesidue cha-} Xz =3
15 v ervor. The covrecet volue of Xz
1S )(3::<)(;> = <10>5 =0, or Xzzo.

™3

The covvrect Yo |ve of X (S X:: X;:.LO.
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Reﬁerences :

[—L].D.Mq_nde{ Lwaum) " Evvor covvec{ion (n
Yesidve o< {—(—Lme_-{—ict, [EEE Tvansgctions
o COMFU‘{'er} VO( C--ZJ_/ PP- 538 5% S)
Jone 1972. |

[:2], M.-H.Etze|l and W. K- j—en[a{ns)" Re—

dondont residue number gystems fov
exvor deteckiorn ond covrecfior
'gch\ -? [evs 'L, |EEE TV%\‘LS&.C‘('&.on,S oL
ACO\JSJrl"-S) Sfeech. O v d S(Crngl Processc*:;
| vol. ASSP 28, pp- S538—54Y, Ockober (180.

[:3]- F- Bo(_v*sc, ond P- NOcesi—rmc/
co\r\’ec.-f'c'n ?rofer-fdes EL? T"QAU'QJ%*Q'{‘
residue nom bev sg,s-f-ems) (EEE
Trﬁhsocc.‘(‘wh_s on, COMFU"'GYS) VOI- C"-22)
PP- 207~ '3.1.5'} Ma‘rc;'rv— 1973. |

“Corvrov




) Af“"eﬂ‘i X

\n +hes ox?feh.a]dx) the C-Ome'[-Ol'}t'onS refq',.c'hf
to exoample 1 (Csee popes 7*’19} fov exomple
1) axe shown.

At fbrs-b U&Cnx the modull get %m_l) My, ”"-3}
WLL')m5} = &5}6}7} _(_1)_1_3}) the '('CSt'e]ue Ve — |
f’fesen'l‘ccl'c'ou CZJ) 22) 23} ZL{) Zs): <2) 5}
Sj_LO) 2) 1S converted mto il weirlz{'ed form
~. Usbrzg the C-('zéne.se 'Relmq:.'n_oler T heorem
CCRT) ovrLe oee-}s:

) Z_<L'legm?_xm3xqum5) %”“‘2’“’“3%“’&,?‘“"-5
5

+ 422 x(mLxmsme ):,ms)—l> P ™) % Y’qs xm‘{ 7\\‘\'!..5
my

-4
+ <23 melxmzxmwmsj >m x M, xm, x'm.q xms
| | 3
—-J1 .
+42H*Cmixmz*"‘3”m5> anxml"“"z Xy KWg

+<25x(w\lx W\zx WL3 ¥ m,’)"1> X Vh.l x ""'2 xm3 rm,
m
5

y

*KMS.




:<42><C6x7>cll xla)—i> x 6rTrlt w1z 4+
5

+ Lo x(5rTx14%LB) "> X SxTxs1x45 +
4‘45?‘(5*6%!!%13)_1) ¥ Sx€x{{x13 +
7

+<‘0X(_5X6%7)‘l3)-—1>li * Sx6x7r13 +

+ L2 » CSxGx'Ixi.L)“iZs % 5%6 %7 >‘1>

SxexXTxiI4 xi3

= X1 D % 6006 +
L >5 45x1>6x5005 +45x6>_{ X 4290

+<Lox6>l1>< 2730 +<2><.3>_L3>s2310> =
. 3

0)030
= <_2>< 6006 + S ¥ Go0g +2%42930 +Sx2730+6x239
Joezo

- 2.
£13,\ 1}30)030

[Z: 13,0¢7)

N(’-Kjr) the md—fro\;echjms 0€ Z oave Cou.f.Fu_
JI'@o\) ((‘..—..L) 2, 3,4, 5‘)- The frad'e¢{~c'oms ovre

= 13,067 o

c\e < * *
n "'GA LZ Z.L ) -") 25 O v d +|'1..e C_RT I.S
oSed 4o cwmpole fhew.
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e The ?‘(O\jec'l'éov\- Z_L* is +the vesol4 oC C

. OhVeanof
(_22)23) Zl") ZS)‘: QS)S)_LCJ)?_> In o ite w‘-"fh-—
+ 0‘ o l:h —
4 foem s g oe 1Mz, Mz, My, s f=5 6, 7
11,43 ¢. Using the CRT oue pets:

¥ _

5

+ 42 "(mz"mq "V""s)“ikﬂa * Mg x My xMig

+ <2‘t x(""\zxme‘m-s)“i> X My xmg ¥ g
1o
- 4
+<25\<Cm2xm,3xmta“i> x"“z_#’ﬂ‘f-‘;xmq
v
S

M2¥M3 X \""19 )Lms .
50554‘6-}%6&3’ in  the obove +he piven nu-
Merica vﬁlues of 2., 23, 24, 25, ™, g, My,
Mg one pets )

F 3

, = LLBxs), ¥1001 £L5%23 X BSE +

£ Lloxay x 546 +L2%23, ¥ 462 > =L o85

(&= boss |
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* The projeckion Zz_* IS the vesult of converJrcnof
CZ.L) 2_3/ ZH} ZS) :(2)5/ 'LO)?) ine i1s WGT‘L"‘
ted Lo using Se } {ml)mj)m’-r) m_g} :{5) 7
LU L35, Using the CRT one feks
Z; = LLZx(mzxmy 7‘““5)_i>mJ ¥ g Xy X g

4- 4 233‘ (“11% m;, )lms)_‘i>m3* m_i_?‘mz_' ® ms

T L By x Oy g yomg _‘L>M Xy ¥mgxmg
lr

+ <Z§ %(W\J)ﬂha)(m‘!>"i> P MJ)LW\.3 )tn‘14>
- ms.
m, x

a| M3xhqu$

= 3)."5'7 oy \Z;:ZJOEU
¢ The projection 23 (s the vesold of conmverting
CZLJ 22) ZL,) Zg)ZC’Z)S) .1_0) 7—) o l.'!'.S Cuec;f’(q_"-ed

go\’m 'us(',ng sed %,mi)MZ)mH)ME?:;.S)G)ii) 13}_
The CRT ylelds: -

* _ -4 :
£ = LLE x(mynm, xmg) >m_l¥ My ¥ m, x g

+ <227‘(“'\j¥n’1.,1 >¢m..5>""1‘>m * W\-_LY- WLL' XMS
2 .
+ 424" (m.L"m?_ "“"5)-1>m‘{ %y kg xm

4~ 425 %(_m_lx ml % m"'>“1>m « m_j_"“‘szWL,_,
S
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® The ?\rod.ec{-éon Z: iS the vesuld e]e Coh\}ﬂ-!clnf

C_Z.l) 22) 23) 25)': (2)5) S) 2‘) i"'-','o I{S u_aef'_fh-fed

Covim vSing Set {m.t)mz)mz) “"'5‘?:{5) 6, 7, 13}’
The CRT yie(ds: |

N -
Z‘r =L L (*’hzxm‘;)"’%) J> » My xMz Mg
"y
-+ <22?“<W\-lxm3 )*W"5>”J'>m2 % by x Mg X Mg
| T 2z x (myxmy x ms)_l>m3 X Wy XMy x Mg
~i
+ < 25 x (wyxmy xmg) >m5" Myxm, xmg |
= 2147 ov |2y =2447). oy xmg x Mg X

e The ?roljed-c'ov\_ 2; is the result off convevrtin
CZJ) 22)23)-29>:CZ)5/5510) inte 1{g F"-f?k ted

: €O'(W1_ U_S(:"?g SE'I" {MJ)mz)MB) m?}:-g'S)G/ 7/ ii}

The CRT gcves:
¥ - -
25 L Zx Cmgxmgxm) ™S my %y ym,
+<22melxm3xmlD"‘1‘>mzme XMz Xy,

+4'23x (mixm,)_x Yh.;t)_j'>m Y kM, XMy
3

+ 42‘;1 % Q‘V\-er:n‘-mB)_i> * oy x W‘lz)cm_z'
My

= 1S1T or @5“_—1511] et






