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Bosics o_? Nuw bev Theovj

e et o, L be 4wo i\«z-l-ejers w R
b being % pos¢ +ive Lm_-l-edoev-. T he
division of o Lﬁt, b s defined o5
Ot_:-la@i/ + ¥ j o_g r<]o)' wbeve

ﬂ, 15 the t}uﬂ-l-l:fh‘!' cnd v is The
Yﬁmo‘(,ndev oYy vé5;°c~]0€- lf =0 C Ch
which case o = bc;)/ then b awn d 9
OLXe _{fanfovS ox dvisSersS of O . Jn +this
case we 545 dhed b divides a o

?md— thedt ¢ denoded ag L,Ict. £

r 0 fhen we soy +het b does nof divide a
omd +his is denoted as L:)\Q..

CIE w momber S AT
d?_\listws (ch—l—mcﬁ) exceP"' _’]_ thl O
then "o i cqlled PY e
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. \f 6. vwm ber (5 ot Pvémf} L‘(‘ ¢S

then o c_om]po5¢‘—}e wowm ber

M "

. Ang ComFoSE-l-e iuw lo@r' Cc Cewy |9€

Lo ctorired as

oL = p. pf’: P:’... Ff‘-
Prime  numbers q\mj\ €y, €y, -5, € ove inte-
5e~r5. The fuvndomental theorem of
evithwmetic  sfotes +het +he above fo ctori~
Zotion s uhi?ue.

wheve Pcs  ove

- Thf_—’; [augoef‘f‘ ?osc-l-dve v Jrg’ev d which
divides lwo injreje\r‘s o and b is cqfled
+heir ;]Y-eﬂquesjr Commion dlvifev (G.CD‘, ovr
&QA Tond (s denoted o5 J= Cq) b).

\g d= (Oc) ]9) =1 (w"sic‘-\ means +het

& onmd b hove no Common foacters
Cov ‘“""50"9 ofher then 1>) fheve a gund

b Cive (.Q,Hved M\J-l'u'“:“j Prime oy

re (N Ratd ' .
lm-\'c E’,l:f ?\’LYV'L ov co.'fw.'m_e
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) EUCledLQn Alj"r“‘H‘nm ‘Pow ?c'nclivjo gccl

Let a awnd b be c'n{-edoerr. T he. é_UC{E'c!t'S'q
Ot\(fﬁréj\'lnm .@:r finojinj CO(.) E) .fo“ow!-‘

Divide Q‘L(j Lo o(_zl,cil-t-‘r‘i_) \f =0 +Hien
=(a,b)

E\Sf divide L bJ‘Q: b=ﬁ7,2+r2_ )- lﬁ rnL="°
| thew G=(ayb)

FZ:\’_; C’/L‘ + \’L(

”

o= e Faa +O

th_eh. r\t: (UL) lo): g«C'cl 0() O . gnd b.
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e Lemmad: Lek d=(a, L) be the Jreg{*es#
Covumen.  Qivi§ sy OE 6. ond b. Then d
15 oo ‘.ln_eet\r Com\aiuqHOV‘- "f o and b ov

COL) 5) = wioc+in b wheve

m , v ave £n+90erf-
eroof ¢ From the Eug(ecliqﬂ a.[éOorEHmM used
gov ﬁinélns the a.c.cl we have

v, = bﬂ-qc%_ (2)
r3: HMVZ%B' CZ)
W= =33, ()
% T Te-2 _V\a—-i‘h C \‘),

E? Cl) 'tm?li es thet Yi & ¢ liveesr comsbing~

Fiom of o and b. E_suqkow C?—) ]mf]ief

ek Y, 8 o |ineqr combingtion of b and

Y-_L Om_A thos V2. (s ¢ lt'he v Cov Lt'hf 'F"“"'l—
o€ o ond b. Simi(‘-‘.(‘j \'"3) Y‘i,)
Itweay cowkc'ng-[-n'ong o€ G

-":) V‘k O.V'G
Oun,cl lo Tlﬁu;

r, = (o, L) =wo +nb where vyn intesary
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clb Cce C is o common divifor of

o Om.cl \:3)/ +He‘a clcl whevre 4= CQ L;)
Yroof : Lewima L dicketes 4het
d= ma+nb C_.L)
C\QL lm?lieg o=k C @—)
clb  implies b=p-c (3)

e Lewmma 2 \f C\OL own d

E?s (1)) (2, &) gt&lc\
d=mkbkc 4—?\.2(‘.-—@4_‘2-}-\’1’/'))(: which
1m?l\e.\' C\A

¢+ Lewwma3: £ cle and c.,l,) then
| o thev werds ¢ ddvides

\ ’)lo or (v
o:v-r‘d—hvreqv—ee#bﬁsdﬂ—ﬁﬁ—ﬂt__nd b. ]

i C‘OL lmv[tes O.=¥Yn-cC C()

C\ b \mfllef = vi.-C ('z)

Be (1),@ imely #het Raxpb= kmctync
= (\ZW\. t)h)c_ . Thouy c\hqi)b,
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s Qewﬁ{;énﬂ the FLucledian etlgporc'H\M
'g"v ?énc\in{(f Hhe g.c.cl.

| et <-7(->M Aeno+e the ope Vg flonme

X Moa wL .

Llel o anwnd L be £n+%r€rf . The E'uc.ff..-
dion qlcfofi{'kw ?ov ginéinj Ca, L.) fo“ou,_f

<0L>L =Y F°
<b>‘1 =Yy F°
<~q>\1 =\ Fo
<"z>\,3: oy £ 0

| <rh“2>\" =Yy :Iéo

k-4

<\(\a—1.>r = 0.

k
Then +the g.c.d of o qud L & i




(D
Exqm?!fi i US{“OE the Louclidean
01[50\’5“1% ,€L:hc1 CBL()Z_L)

So ludcon ¢ Here
{34, = 12F°

<21> = & :j‘:o
13>g.- 5 F0°
(8>, = 3T°
<5> = 27 °
<35 = LHO

<2> - © . Tkeve,,fova@_' (_311 2!).‘:_‘1_.

(—:%c\mv(ez Ustng the Euclideqn alpovcfhm
f“"l‘l (_’5) LiQ)

P { -l'cO\"'L Hevre

<7S>Ao“33#:o) <Lf‘2> :?%Oﬁ

<33> 6F0; <c3 =3 F o

{62 =©- Tkevefm
s, L(z) 3.
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Problems L ¢ Prove thet (21/1._1 E-HE_ -1
)"Qn ‘S 'm’refer ). /
Mﬁ et d be o common divisoy
96 Z‘Q*‘L—_L_ o v cl Q-n"'—[ v TLLeh__

Al qnd 4l According

to Lemmag 3. d ntl Ny n
A2 ‘(2 L) 2(2 ——.L)

o 44
M 3\2 “L*‘Zh + 2 oy ol‘i.
TLU} d mus-f— Le cl-:’_(. o cl

i 1
CZ ".'.L/ 2‘1')‘— -—-_(_)___.i

'P\'oo§2- W e Ca,n\ft +he a.,Love loJ

USEhg +he Evclidean o | ov cthm @w
@Cw&inf the scd. Jus{L tee thet

<2n+i-—-i_>2h_ ) = <2x£__i>w
= oz

= <2 " < 2"1>Q\h-_ . ....d { o =

~ 2 -1
NI
2 —4 - 0. — -
1 | [ LLUS (2?1._1) 2—‘-}’“.!_) =1.
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Peoblem 4 = frove -ng‘F

ﬁQ?_n-aB/ 2" a) =4 -

?\rwf-? led d be a common divigor
oﬁ o'~z oqnd 21 . Then |
A\Q_ —3  ev d A(Q_-HL ACC‘OYCJl:“Cf

+0 LQm\mQ 3

4| @ 1) - (2"-3)

&\L’ ~ov d:'i/Q)é{» Bu t wecther
2 ‘h.u.\"" H  divide +the odds

2"—% emd 2 4L, Thu jke

ou\J c;c;-wu.wq diviey o}? 2 —3
ond 22 t1i i¢ d=l and

vy \ g3
'\\'\fl("’f‘”“bve CQ‘_ '7 -
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'Sum.m'.qu of note fcons .CL

meemwn s o ddvides L

. OL*\O meqﬁﬁ Oc does v;_o'l' dévide b

* (Q-) lp) de‘f?o‘l'f’-S e 5Y€q-l—e_¢'{— COMAWALO .

divisov of o and b

. <’3'—>m_ meens X mod w-




Moelo[mr Arc:{-hme{-ic_

f)ro‘ferl-LQ.S of the mod m o pergtor
L ar gy = LR Y2
€ xamgle: IT+492 = LA + <292
:<3+5>7 = <82{: 1.

e {2 3>m:: L <gZL>

W

. Addituie lverse mod m
<-—~ 0L>m y <YY1_.-0<-2L
o ,hw_‘_a_gs_(gjéj-‘k‘}'n- 1S o nvu mber S‘Uc"'- '{“‘f'{'

L ~o +0L>M =0.

Cramgle: (—33 = <7-3) = <43 =4

Aley, <o = <m<a3
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Eramele: <402 = <-<4o, 2,
= 4——_L>l3 = <13-_123 - 42

Con(jvueh-(— nom bevs module m

The integer rombere o and b ocre
ruemL moclo(o 2% Lf

CO«”QA con

<0L> = 2L>m . This can alse be
W

devoted foJ <a,_::b>m ov O(.:—flaMOJm.

lw  4his  case m]q—!p.

_E_%ﬂtwafle‘- O(_:':ZS) L:iE‘/_m:JO.

Beve <o’;>m:<35>lo:5 an d

> = LU =2 - Thus 35 and

and L0

15 ~ave Cgh(fvueh{- moJ {0 -

dedidey thedr diffevehce oV IOIBS-—-IS.




. Mu|+éf(i¢q+iv€ lnverse mod m @E

T he mul-l‘if\\'cd:'}f\fe (nverse 0? o wrod v

15 deneoted us <04__'1>m . }
ot = b bLbedo L 2 ) yva—1 F wheve
<"‘ >m ) % Y3

b is soch +het <01|o>m:i
v LoTt> <(<0L>m)’"-‘>m.

E xounp le :

. <,5_._._1> :‘:‘1 ) (o‘oServe -Hag-f- <5x?21: )

. <3_i>q Joes wnof ewxict

’ 45_1>2; does not exicf

-1 = S VS - i =25
LTy =y, ) Sm <A
Cobserve thgt Lu7x2> = <3‘f>”:l>.

.<L,'-i%‘:'5
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Question : When does <qf"‘>m em‘;J—?
: ~4 Lo
Angwf‘t‘lo/‘ <af_ % e%u’ﬂ’ ;ﬁ o nd on{j
.\g COL) m) =41 ) Cw:_ o ther werdy
OL—-l>m -Q‘M'S"I‘S i? an d OHIJ f.f & gqwnd m

oce \re\n\ -\—'welj ?rdme>

ex| s {‘J') how

Quesiion : Whenever <o(_-i>m
do we find LT T s ik ky dria ]
omd  evvor {

Ahswer: No. T here i§ « c{oSecl J?ormulq

——p—————————

Fha 4 ?rwicl,es +he M\Jljrifll'cquivﬂ criverfe.
Thig Eé\;mol% velotes 4o

!

Golc\’)& +v+ien+ ?uhc-l-ﬂov\ (sw‘~ Phi*fvnc'f'io;c‘) o
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EU(Q-(:’; -[-o{-ie'n'l- _fu h_c_-{-dov\. CP he — ?uh(_l-ion)

COHSMJG’Y 3 Tofc'HVe in+eJe~r V. Defc'ne
dP(WI) +o loe + he nomber e_f_’ fo.rg-{we _'

lh)reéer; et ove smaller Than M and

a|so vele ere\g ’frcme to M (dPO”’L) E

called  Eoled's fotiont ?Uhc-l-ton or phi—

?unc{-ion)

Thewn

e |f P15 Posé%ive E_i_m_e- then cJP(?):P-—_ﬂ

e l€ L = F wheve m>o and P~ ?rcme

+hen <PCP‘°‘)-1> (P—-.L)) |
§Cat)= $CRW)]

PN

N [f (’gt) \,):J_ + hew

. l? W = cwmyosck and W= Fe‘lpfz;. Pel-—

61} ez) o €L oré CV:_'("ZIE\;‘ +then

g 1)

EDCWL): S oo 0 ) = £ Cfr- eﬂ(f’z £)
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e Fulers Theorem

i

|€ COL) W‘-)-_:i ) (G. Oun.'o' . gre r-e(e,i-a-

VelJ f"‘"'-""‘-\‘-’)_) vm.>0) Yhen

e Fermuog -I-j_g Theorem

Tl-)is \s o STech( Cosf€ of Eu’ev?j +heorem.

|+ stetes:
(£ P=Prime o v d C&) F) =1, +hen

{ TN \s

.




O

k_)feﬁu\néss BE Eulev‘?g e d Férhq+}

—I—‘I'LQOYEWLS

Eoleds and ferwmq 4—’5 Fheovem s av€
\356(-0‘ Sivce -H\eJ fro vide C("fed{ -F)OVMUIQI
.gof CowpY {-i\ncf +he wmv H-cl? {s'cg tive  (nverse.

?ec_gu Mgt Eu(e\rj Heorem says thet

34 Crk)m) 1 then L& M )> = 1= <og>

\Thus <0c_i> < MM) Ld

b F—erma.'f’f —]—heorem siates Fhet Eff prime
and (&)=L then <"’“‘>P-*1-—<0c>

—_huSk > <0LF—-2—>‘[ whe;: .

Ca,p) =
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Exameple L1 Find $(p) wheve p= 7.
Answer: Ff——‘-—[ 15 Fréme. T hvs df(7):
T-1=6. lndeed dhe six wnumbers L 2,-.,6
ave smeller than 7T ond re\oc’réve(cy prime

to 7]

E)Cogm_fle 2 Find (P(m) where m=36¢.
(2 end 3 are fn'.mefa,

2 2.
Answev: wi=2%3

J
Then &(m)= CPCBGD (‘)(2 x 3 )-—-
$ (2%) x 43(3)—2 x(z 1)><3 ><C3-.9
= 2 x{x3x2 = 12 . Thu, there qre
twelve \n_uwmloefs smaller thenw 36 gnd
relatively prime +o 36.These #Hs qre:

1,5,7,14,43,17,19,23,25,29,34,35.

€ xaom. ie 3 .F‘Chc\ —4
P 1 < 6 >1.1 .
Feve (6,14)=1 and  thus L6772

E\Lisk‘bo _TLLE' num_lpev F-‘-‘ii 1'5 Frc'wa.e

ond thevelore Fermats “theorenm
dic+q+€5




@ R

=
!
NS
\V
N
/N
o
N/

<6#1>i1.: <6 4

_ 2\H _ 2 4 —
“<(6)'6>11 B <(<6>11)'6>11_
RTINS SIS RSSO AL

— = = 2. hu
<L(><6 2 <2’1> Thos

{ D Dosble check 4o see thet

<e><2>“ = 42> =

Exameple 43 [Find <5“l>36

Answer @ Heve (5,36)=1 qnud +hus
<S_1>36. evists. The number 36 (s

c«:mgo;&e . Eulers +heorerm citc+°11r€.f the 4

A dl)(BG)--i

we foond Fhet (30 = 12. T‘zerefore)

~4 _ 121
{5757 <5 25 <s >‘5
= 3\? 2 - 3 2 -
<(5)x5 >, = <1255 =




. 2 2 b
<L’2_S>G)><5 >, 7 L4T=85 3 =

2.
= {1TxiTx 5 >3<, = L284x4Tx 5" 2,

= <<zs>°|> x4 >_<'52‘> = <i><i7><52>
36 36 36

STy = Lasnsy, = Ly 8
— _ _ 3
SRS LD U 652, =

Thys <5“'L>36 = 29. Dovble check 4o
bee thad <5>e2=1>36 :<w5>36:

Note : Own pege L of; +his handovt we
S+eted +he 'nec;essour(j on d 5uff{'c{en+
condition for fhe existence of Lalt>.

WA

Le.-,c),s Vi ow P*(O\lﬂ kq\ﬁ of —l—l-n's cond4iown.

. e Pro\le +L;q+ ;_€ (OL)V\'L):A:’:J. "l"LLehv_
0:1>m dees not eveist.




Paat | A9k
ASSU\M& -H\.qu <o(_, > exists. Then

;caz.>m“—' ov F['L.og: 7/M+JJQ)

Since dz("t—)m—) t+hen A\Oc ow d A\m
T‘qereﬁove

OL-__‘Zicl (2) - heve \Ql) !22. 6 ve in"@f@\d’.
m=k,d () /

Then e¢s - G_ CZ)/, CB) IM{D

ga_lzlcl—‘i,_—iﬂ Q

lq\at‘qg L ‘H\- 5[318,( 0( Ci CL() Vn.oclu(a Cl

o d Conslc\ercn; Jrhe .fa,c{' {-’L:f-[- ‘:‘_IJ'::L
Jtelés

 lathd> = Lgkad > or [651]6).
d

Ei-— (_5) s oL C.ﬂh-‘l'k'qdl'c-(-l'oh wLn'cLa. occvved

dve Ho -Hze w\rohé qs.cumr1'~10h -[-(,15,]1.
<°‘- >M €7LlS‘LS T(fxlevefove < .

does wnol Exist-
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Moclulq,v ?ielc\s o d \r'f.na’s

o | et P Le o F\réme numbev. Then -the set
Z?: 50)127_/3)...) P-—J.} cc}uiﬂvecl uu.i'H:. the
O?Cvm+iow5 odd (Hion m.oc\P ) subtraction ”wdb
mul+if|icq-‘-{on wod P forms the findte
@if—'\a 0€ in+€3e~r5 wrodulo p- We cen de-—
note this fiell by §Z,5 <+ x2]
oo Let ¢ be a comFosb+e num ber. Then
the set ZC:%O)l)Z)..-) c—.Lz S?Uc:f‘fee\
with +the O?EY'OLJ\"IOV'L5 addifion med ¢, sub-
Froction mold c, mul-\-iflicq-\ion modec Lorms
o Linite vcn(j which is 4he riw.a of intesers
wodule €. We coan denote Hhis rén.a by

AR E Ay SR> TN

Pro?evhgs OJ:_’ moéulq} fielis gnd rinps.

® Properhes of moc\.u\q\r fceldst

Let p be a prime # and (et ZF:EO_}-I)”QP_'L?
be +he Cield of in-le(rers vLod P- T'q_eln.)
— € aeZp, beZp then Laob> ¢ Zp wheve
© = Ty, X - ¥




e FO\" an e\thu:n.-‘r OLGZF) H—.‘) addctive inverse
<'""'OL> otwq-(j.‘; exists omd it i 5 oL e\emen+

o@ 2? CLC<°L>PEZ)

—» For any von Zero element ee Zp CDL%C’J)
(+s 'hq.UHlFlncoul—we lnvevse o™ > exists
avnd | an elemen-\— o\e Z Cc. e) <qi>e P)'

—* There exists o+t leqs‘r one gew_evqirov

3 gov‘ the MOAU\Q\Y fl&lc‘ Z which jeh_erot..
+€5 °L“ l+$ nov. Zevo eleme\q_-l-s T he

eneve.
Yer 3eF and <%, 5 <,

<3 > Jevere te oLll the von zevo elemen-l-s
°f Zo. |

® e onpev-‘r\es of modu\qv v-m.gs

Lelr C l::e o c.ompo.sl-l—e # end lejr Z 501 --.L_?
be 4he vinsg o? LVL-\'QJ’QYS meoed €. Then !¢

Ry qezc)bech@@k)ez wheve @ =+, —) X.
— | £ Q-E:Zc fhen L—a exists qnd <“°¢> € £..

—» Not evcry vion Zzevo - elem_evz.4- 0¢ 2. hq_s o
mou lbielicatcve jwverse iw Zc

— There does not exist auy gevievator +hay
Coan senevate the enbive mod

ulqv V‘LVLJ’ ZC. .
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Gewneve tors °£ Hm:lu[qr QCQHS

Ledt P be o0 ?rdme num bey and let+
Z, =501 ) P—1f be the field of iniesers
V\"LoAu\u ‘P -

Theve exists ot least one generator 3 fov
Yhe Vh.odulo!v {-’ie(& ZF wl')ic.lx 3enera,-|-ef G.“
1*% nov. Zevo € leu«tew\-s - TI'Le_ enere tov 3 be~

K 4
l”‘é’g to ;_ZP (_gézf) and <9 >l’ ) <9 >F )
<32>P) ) <3P—2>P ave gll the non €Yo
e\eu«evt\-s oﬁ 2? TI,,_e fo”ow(:h,é ‘-“,ld -l‘VUQ:

.<3§>P #1 for oLilp-t.
. <3%>P = <—i>F -. |

¢ I‘? g Is o 3?'16\’0:']'0'(' Of ZP evad }%—' 1§ evewn

 Fhen <--3>P is aqlso eL. generqior‘ °a€ ZP'
lf. 3 is o aen_era,-"ov 0-6 ZF thewn <jﬂ1>P
(s alse a SChevq'-l-'ov of Zf’ . |
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Examp(e: Fcwmd 4he éeherq-l-ars °-¢ 2-1'7'
={o)1)2)... (6?

Obvious fg O 1S wet qcfeherg {ov. .

L is wnel « Jenerg+ov Since <_j_> i |

<'—_L> =16 i¢ not @ JEHQY%+OV since the
17

num bevrs 3€hﬂ\r$‘l‘ecl ave 4, 4..-1>t_? , L, 4——1)17. -

Lc-l-)g now +YJ 2 . <2°>L_7 = 1) <2i>l7 =

L2 =4, <25, =8, <2, =16 =<1

Thusg <23>(_7=_1. avwd 2 i ot gehe_.rgl—vv.

The nuomber H ¢ also wet o geh.evg tov

Siwvce /\L‘ > 8> =1

U7
A\s") < ‘f> =13 Con h.o"- be e 3ene\—-q+ov

4
sinee <), =<y, o

Ney+ we con +\r3 3

L" 3" fo wext

?qgt




<3, 3y =<¢33) S5 =16
<3'y =3 SR NERSEIEEL
_<32>n =9 <3t°>ﬁ =90, T

<33>_;—; = {0 <3”>l7 = <-.1o>{_{-—"—‘ N
L3y, =43 <3‘2>” = 413y, = 4

43:2_, =5 L3%5 = <-52_ =12

{Fy =S (3 = Loy, = 2
<31>1'7 = ! 4315}(7 ) <_”>"7 - ¢

Thes 3 5w gemevsbr of Ay

Since el o R g§=even then <_3>l =

e 2.
=14 i alse o Jenevg{—w.

<3“*>n = & s alse e genu’,m.

Mse < —€> =11 s 3energ{-w.
A1y C

The number 9 can not Le aq aeuerq-l-ov-

Csinee <P = L) = < =t
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A\So) <-o|>l_?="9 15 hot a 3€he\’01"‘9v'

. 8 _ 8 -
Simce L (-9) >l7 = <9 >l7 4
Tr}jéng hu.mLe\{' £ one <an ea.sifJ fee thet

a 1 [Py
5 is o genevs tov @5 Diq 2 <5 >” ), L5 37
Qqve all +he ovr tevo eleu«eu{-s '9( Z,-,).
Thous g-5> =12 is elso « doehergf-or (since
. 7
-t - ‘l:‘:?':e"e“>
2 2

<5_"l> = 1 15 ano thevr Je\n_ev—th.
Also) <—-'7>(7=lO 1 JenerQ,{-or.

The C{-j’l"" éﬁherqhﬁ Of 2,7 gve :
3,5, 6 7, 191y 12, 14,
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Usina 38‘&&\’4“’0\’5) the Mqurlica,ch'ou Modr
C? -"-'?Vl'-me) e be +\"°.h.!(o. {-ec} in+o o,ddﬁhon.

Use fu\h.ess OQ 3ene~r9{-o 'S

—[_HES -{'echné?ue i$ co,”ed index cqlcu,uf 49:’1»15——

goc _
CDV‘LS(:CIEV +‘"’€ ?CQ‘J 2‘) C?:?Y‘éme), [_e-(-

q)bez\, o 4 \.eJr g Le one aehtre%v of Zf,
Then OL=<3L>P ) bf<3'$>l,

YLERY-

- >

T hos |
<Oc>kl9>P = <g .

Exqwugle : Consider 2_1_{- One Jenerq-l-or Of

€4 i §=3. Led a=t4, L,;—.‘[Z--Then}

o=l = <312>l7 ond b=d42= {3'3 >_17
<'2H?’>c —

Thos  Laxbp = <3 ‘ 4




@3 c
“m?leme ntotion of +the (ndex
_Cj\cutus ‘I‘QCLLVL(:;UQ

A ?ossil,(e Lmﬂemen-l-qj_rfon 0f {he vaclex
C“u\CUlUS +€C\1h.u'$ue. which velies on- ROM

fables is chown below:

4 F.—:Prime
OL).[D € ZF

¢ .

o= <3 >P )

be <p>




e e - G

EE 7715 | @O d
ln-‘—roclucjri,on to the Rescdue NMouw bev
Sys+em CRNS)

A Reédlue Num ber Sszlem Cﬁwé) s defined
\05 o Set 5=£m1)m2)m—3)”') ml-? w‘lv.ch
15 called ‘the sed oﬁ modulc. The vodul ¢
ml)W’Z)“') m,  are ?osé-l-f-\ie 'In-l;e(jef.( ,sucL:
thet C’MLJMJ):_L fox LT (ie) +he modul
aLYe, ?oé.rwise_ .ve{&+£velj ?rim( or.rwe(a.-l-_c'vela
prime in palvs ). L

Let M be M=—;[_T;mi.:“"-_;""“2_‘”ml-

Then oy Ln-{-egef' XeZy (ZM.:{O)L)---)H—-i?
15 the v'in.a of integers wodulo M) has e

onique  RNS  repres ento flon

X 288 (X, X2,X3, ") XL)

wheve

Xi= £X3,. F X>o

CXi= <M-IXIS, i X<o

The above dictates the weighded—4o— RWVS
conNevseov.




. F\"oc_essing in  the RWNS A,amgt‘jn @A |
X)\{ GZM )' ZH:£O)|)2);")M'”1}:”.“-J o_f
Lnji'egers w-._.gA M ) M:Z’I;mg.
LQW- X and Y hoave RNS repraen-H fcong
% RYE (X Yoy o) X
Y .E..'-\-’-é CY.L) \{9_) . “) Yt_)

Thewn

XoY Laaks <<-)<‘L(:nl>ml ) <X26Y1>v“2) e <XL@YL%L>

wheve © c_len.o+es culcli-l'io‘“-) subtroction ov

mol-"l'iflicqut:on.

The fo“owéwz IS-I-q-{-Eme_nJr; d,ve frue fov

RN S 555+eﬁms: |
1. The RNS s CQ?‘H‘L[Q of SUFPor-LEn.J.
pavalled) cqud—fvee) kiak—SFeed avithmetic.

2. The RNS5 is on (‘.VLJrf.Je\r sgskm thet

com eausily support+ additions sobfractions
avd muHir“chons. Division i5 o c[c‘f‘eu'cuf-}
opevation S—’o‘r +he RNS.

3. The RNS is an uaweé;h{-e& SJS'"‘EWL 50

C,OW\.?C\\"(..SOH.S eve h__o-l- VQY‘J 5‘:"‘~F|e of’e\"ﬂg{'(o“ks.




(34
‘-[.'T'h_e_ RNS ofoVS Some usefu[ f"r‘Ova"('CeS

go\’ €xvrox <1€+€¢:‘|-60n.) evror covrection ond
E"*"H' tolerance 1w cl£3£+q| 535-{-em_5.

. D-(]n,qmic_ Rom_je 0$ the RNS

L
Let M be M= 1T wm¢ (M is 4he produvct of
=1
oll the wmoduli in the moduli Se+).

Tk.en} i £ lhe 535%011 5§\>?ov+s onlJ un.sd(rnecj

h.umloevs) +he 'D(jnnl\mic RG,\QJJ'C CD R) i S

DR is Co M-t].
\g -l-he SJS-{—QWL Suf?w+8 Si'j‘n-ec\ PLu'm_.L'erS
1 he Aznqmic ra,nae is

pe= (-4 H-uf i Meeve

B} M-l :
pp= (- Yt +55 ] if Meodd

e RNGS~ 4o~ UJei(sh'keA Conversion

There G ve +wo qu{c +echn£?uef for_
converhng from RNS fo the wei;lﬁre&
sbs+em . These +ec|rm£f,uer aqve :




@4

— The Chinese Remqindev T heovrem CQRT)
— The Mixed Redex Conversion CHRC).

The Chinese Rewginder Theovem '+€chnc'fue
is presented foest.

@ Chinese Rewia(nder Theovrem (CcRT)

led +he modull set be
5"{"‘1)"“—2)”-)“%_} j (_mc')md):‘l £°Y(:7Ej
le+ the RNS VerESQh.+q4—60n 0.€ X be

ond
X BN2 C_XJ.)XZ) ' XL)
its

Then the CRT recomshrucds X from

veSidvesS oas sShown below
X= Xy MNy + X Ma Ny 4o +XLMLN“>M

‘A

L
X= L Z XM )

L .
W - . -
wheve ™M= TmL ) M= M . N(',:<Héi>

L=4 wme ) m,;
Av qi“'er\Q.G\‘l’(‘.Vﬁ fO\"WL of +\-Le CRT &;ug{-(on C.L)

K3




X= <<><,1_N1.>m My + X2 N2>m Mg +-ee+ <XeVi> M>
A 2 as

S

M ¢
Mg
L
w\‘z.e\re Q;J gL M: “ o )- M('-: — ).
t—-1 L

Ly
Ni= M2,
the CRT eguation (2) offers

tiong s Cow:.fmwed

boCL).

Oy

X-'-'< §<X¢N¢

(=4

\h. 3enerql)
W0 Ye qH-ro\chivé iw{.Flem—en-‘-q
4o 4hose offerec\ LJ the CRT 8.;09

Som.e e'xqules ?M\ow-‘

Exmm?\e 1:
Consider oanm RNS 533#9_&» defined by the set
5:%“’\-1) g, ngz'% 15, L 6, l_l_?)' ( the modoli

\S)\GJ |7 ave pealrwise re{q%i'v%?mém#e% ......

3
Heve M™M= TV, =y - m, Mz = ({sxi¢x 7= 4080,
(=1

Led +he 535-‘-6?\4’ be. cons{_clerecl {o be
uwn.si.gh.ecl which meons fhat the clJn.. vinpe
s pR=Ce M-1]= Lo 4o79].




d
Llet X and Y be X=55 and Y:‘Sc?@
and consider ?er'govmincfj ‘he muHCPh'Ca,-}EWL
Zz X-Y. The above can be done usfnJ

the RNS g5 follows:
o« RS (%, Xa, X5) = (X0 ) <Xy 5 X%, )
= (58, ) <55P ) <552) 7 (20,7, 4).

Y B (N, Yoy Ys) = (< Py s S Y Fny , LY Oms)
= (Ls8xg, <58, < 58%,) = (13,19, 7).

T hen
Z = X . \f E_N—ér (.Z.l) Zz) Zg) :(< X_l. \{l>m.l.) 4)(2'.\{2’2’13) <XB‘Y32,D

:('(10%\325)4—,”162‘; , <4 x7>!_7) = (_LO) 6) H), |

Conver-"f-ha C_'Zl)ZZ) 23)-“?- CIO) G)lj> into the
weég\n"re& Sas-l—am.. usin_a -H-Le_ CRT on e ge{—g

Z =L LBy N_L>mi M, ¥ < 22 t\?z‘/‘»mz- aa—pézg...ug%;g%__

wheve

S
M= Twm = 16xlex1T= 4 080
c=l

My= :‘,]_L = My %My = 16 X17




(7)d

_ ~4 _ -1 _
Ny= Mg >""1 = & (16 %47) >[5 = L(ix2) 1>l‘5 =
R B EMIQEw A

M, = M- my xmg = 1S %L

2 | N
Ny = <M{‘l>m-z = <Q15x17)"1?6 = <<C-L)x1> >16

= <c—1)"""‘>‘6 = =L 715

- M _
M3"_MB'"— m, xm, = |I5xlé

-1
- _ 1O _
Nz = Mz 1>m3-.< C.I.Sxié) %7— <(g—2)-(—1)) > =
= <2‘1>“=°l ; (see 4het <270 = t%_ﬂ:-;).
¥ I-'r must be h_o-,-ecl 'H'z.q{- lf e i oold) +hen.
(2.-1>m-’-" m;l . This is dve {o the chJ—
ol < 2*-5"-9-‘{-'—>m = <m.+1>m':1 .

The CRT -H‘LQW_” géveg

2= L 10xER R IEX\T + L6 1§ % 15%17 4 & 11 9> x ‘5"%
17

4ofo
=/ SrlEx!T +10%I5x17 + 14 %15%16 =
L5 T 4risel6 L7277 450

='3(90. Thes 1Z=X-Y= 3i90]
Double ;heCF fo See gt Z2=X"Y=55x%58=3/90.




®d

Exqw:.f|e__2__3
Repeq-(— exm'm‘:le 1l with X: ~27 and Y:+3z{.
Heve 4he S'JS'I‘@WL is St'jh.e'd M= m . m, - =z Yogo

eand +he da\n,u.\rnlc ronfe 1S DR= E M %_0"@"‘9
- E—-ZOL‘O +203¢l]

X 2% (%, %, %3) = (<M=IxI, ) <H=1xi j<xo |></>)
= (L togo-273 , <4080~ 27>6, £ 4080 ~ a7> )
= (Y0533, Lhos33 <“°53>n) € ), 7)-

Y=, Yz,\{z) = (< T hmy ) £ Vo, ,<\r>m._,,)

= (4,20

Thus

Z .y BV B (7, [£3 Zg) (4 Ky ‘(L>m 0 L¥e N, <% YBZ)
= (17 Jo, o).

Converding (&, %2 25)=(12,10,0) inte tie
“’“8\1'}9& -555'1‘9"“—- US“"—B the CRT one 32{-5‘

2= 35|62.




@d
Rﬁcq‘( +hed Jhe SJS‘(‘QWL 1S Sij"e‘! with
DR = E—-ZO'—{O +20?;‘]]. Since Z:3l62>2039
1+ means Fhet Z is nejq}c‘w ov

Z- 3162 —-M = 3162 ~kogo = —91|8.
DouHe ckec,(a "’o seé ‘Hn.at'(‘ (—27)»6%—3?):——7;8

E%&mple. 3:

Repeat e»aa‘mta(e. 4 with X= 55, Y=84

and conscder The SJS{'em to be Uh-séjneJ.

Heve +he DR =T EO N;i]:Co ljo'?‘i]

The RNS vepresentations of X end Y ove

5 .

X &3 (o, 7, 4)

Y B2 (‘1) Li) (6)_ ‘

The ®VS rvepresentation of the prodvct s
_Z=X-Y %% (0,12, 13),

Convevhng Co, 12, IZ) in,]-@h e u_,edcj,k.{_e&
.Sjs-ﬂrem | uséns +he CRT 3Cves
C‘O)lQ) 13) -C-'—Rl 7= <L[62.0I> = L 40,

4ogo
Heve ovevﬁ.(ow’ has eccoved. The actual




PYOAUC‘(‘ s X-Y:—_- 55 w8y = 4620 c!
bot 4620 ¢ (o QO‘I‘]],- The vesvlt we
3°{‘ from  the RNS system <
<55;<8‘fzoao: 540 .

The Mixed Radiyxy Conversion "'edz.nc'it»'é
i5 presented mnext

@ Mixed qudx Conversion (MRC) -l-eckvu'zue

Le-l— ‘he hq.olulf .S'e_'(' be

S:{\ml)mzj-,..) mLE) (mé)mJ>::i o LF
ond let the RNS vepresentation of X 'Le
x&()(i)xz) “‘)XL) | whe re XJ)"') XL
exe the ves¢dves. The Mixed Redix Cen—
vevsisnw (MRC) fovwmula is the one s hown

' Le.‘ou.)
!

, . {
f N y A
x—-.._ Xi+vm'x2+ml°m2'x3 —|—ml.m2.m3.xq + .-

!
oo m Wy g X, C3)

‘
UJ\G—EV& X;) Xzf) *T) XL A gd C.a,_“ei +he
mixed vadix clda (ts ond XE&ZW,C :




@
The mixed vadix ACJé{-s X_;) X?f)..v}(":
con be ew‘wessed oS func-‘-CO*LS o? the

YQSLAUQS X.,L) .-") XL oLV\.A +£?-€_ V'.n.ocl-ulg_' mi)--JWl

The MRC formu[q o_E 3uq+ion (3) repré-
sents o we:.ah-k:l S(j.s-l—em The mexed raddx
Clt.gb'l-s X_L)X ) ) Xl_ have wELJI'L"'.S o ss0c(xted
1o thewm. The wec(jh"‘ associated o XJ_ '5-1
the weight assoccated 4o X, is vy, the

wecjlﬁ- wssoccgted o Xz '5 W’i"mz) )

the wec(jln'(" qssoccq{—ed to X[_ s
W\Jx\m xw:zx . Thug X_ll S ‘H‘LQ (8&54

7

5lahc€1c_qn+ \muxecl rqdcx elj("' whife X(.
'S '{—I"LQ V\’)OS-(- 51 ht,gl(_qn+ YY;(_)(G(J, \’“O;C'lbx J"J’(""

OL\“WS(J COMPOL\':.Sons l—.;e-l-ween. +wo numbere

X avd Y Cyn E.ﬂlSc,J be ?effovmeJ ‘LJ

c.om?Oanvz.g -Hnecv Ynlﬁte& N.Ja)n c]'ucft‘(' ‘r‘erf'e.!’en"l"ih
N

Flownsg QX.l) XZ} "") )KL} ond K\fi) Yz) oW /.
[+ will now be shown how 4he mixed
redix c\éaé{-s Comn L,e_ exrveﬂed s _fuh.c_%(ong

oﬁ the vesidues ownd +he moduli. The Proce~—
clu\(e wi.“ loe 5‘10&-0?1. Fov O I—{--lm.oJu.‘l. SJS'"”EWL




(24
bot it can eo«silJ be aenfrﬂ.li?ed +o &nJ
GLYL(:'I'YQ\Yj L"‘Mc:dull' 55_(1Lem-

Consider o L-moduli RNS SJ-ﬁLE’WL besed
o +he woduli  sed 5={""’.Um2)m3)m‘f,? |
ond [et the RNS represents tion of X be

X BYE (X, , Xz, X3, Xq) where X, Xz, X3, X

eve the vesiduves. The Mixed vadix convey-
Siown CMRC) -€0YMU[°1 s

| ! ' !
X:XLI*'MJ'XZ"'Mi'm?_'Xz MMCSUCRRD (4)
T"’Lkiﬂg Wed w,  both sll'des of ei-(‘() Jgeelds
i — ' ¢ ) .
<><>‘M = <X_L >W'.l - X_L ) ( <X1>m1:: X, Since
L
X; r Zw'.l.) ] Due_ +o +he Fqc‘{- -]-lag-f— <X>m1: X.l

one gets

\ Xj_': Xy (s).

'5+qr4—£n9 gacin Erom eiuq-n"c'on. (4) we
get




! { { { @CJ
X=X, =m X, + vm_L-m?_)(3 + v smg -y Xz,

Qv
_ ! ! ! !
mH (X=X ): Xy + M2 X3+ mgmy X,

oYy
.

Lo Ay X.L)> <X;‘>w, = Xa

2

oY

szk <-m:‘(><z—><s.'>> J ()

Regqumé +he comruﬁﬁltfm of XB ef“”L"MG’)

gwes
X ~ Xl.-mx?_"' m, m, X3-l—w: ., M 3><¢(

v
-1 i 1 / {
(m.l.m?.) * (X"'X_{_"’ m.le_) — X3 4’“"’_} X:.'

oY

L mpma) ™ (x=x-miXa ) 3, = <Xa 2, =X

Thug

)_\X;;’ = <(\m_[mz)_i. (X3—X;—M1X2’)>m ‘\ (7)
3




@A

F(,h.qllj) re(jq““hg The computation OE Xﬁ"
eiuc,‘,'t.'on (Ll) 3‘:"69

! / / !
X —_XJ. —my XZ - mym, X3 = m.L""’?.W’:-sXq

oY

Conrmyms) ™ (X=X, =y Xa = mymy X3 ) = th’
ov |

< (ml"”?-""B)#i (X Xy =y Xz —my s X3’>>mq =
= dX) >“'u, = Yy
Thos B

E1uo,-,-£on5 (5)-‘-(8’) Show eyxpresfions of the
mixed voqdiX dc‘fi-(-g as .gunC“'t'OhS' 0.{ +he

e YeSidueg avnd +he W\_oo\u\f .

Av. example follows:

E%qmp\f&‘]: Consider an BWNS -S'JJ'{‘Q’?*'L

defined ‘oj the wmoduli  setd S::{m_t)mz)mg)qu
=8 9,14, 430, Led e RNS vepresentation




"f o wvomber X be @01
X B (X, Xz, X3, X‘() = (4,2, 4, 7).
Convert the nomber X indo ifs wegH-FeJ
Lo USing  the MRC +ecljm'jue.
Answer: The wmixed vadix aledp::k o ve
oblaived gvom erluq-l-c'on.j (5)-—(8). These
eeuvgtionsg we
?,X;':J-)' 3 Xa = 45 X;: ol Xz,!—'-’Z‘
The MRC formule of eiu@,-}ion %) then
§ ive X=1478.




e ——— ey -

@od
QUCS‘LEOVE_'-___ 50 what ig $0 3004 about RN.S?

Angwevf Covisidey an BRNS based on set

5=%ml)m%...Jmlq}:%l‘])23/29,3.1)37/411)Lfg,;
. _ . |
47, 63,55,59,61,63, 2°=645 . The modult
m; of set,S5 eve pairwige V'e[cnh'velc\/ Prime
. i 15 .
whele _lfl\"mc;" CThe A(jvz_quc range

=4

achieved log an RS 5gjslrem ‘oq5ec\ owve 54

S iP5 %PProximQJrela 75 bits. The \qvaes-p
mololvs jy sef § ( which diclates the speed
of the iwlernal RWS processing) s 64328
But <X>26 .éze-—i while 26—.1. cain be ve-
frese_h_(_e‘& Lg b_il(.- bc,'('f;o T"LU..S) OL\'H'LO'Jal'L the
ewtice RNS 535+em coan ?evf.ovm 75-bet
compotakions , CPRZ 7§ biks) ) ik cam pevform
o thewn . ok the 51\:&21 o_‘E 6—bit ET_"’CQ-S'S“"'J

\'1., ard o e,

As awviolhev eﬁ“’h‘”\{’{e COVLf’iAeT o RNS based
on %e*

' 2 43 4
R=Swmy,my, ...)m_,}:: $27 4t -1 20,

15 AG A7
24, 274+ 2”—1, 2 }




The seven wo dul 0.€ sel R eave @Cl

Pqirwise re[q¥£u€[5 ?rime uJ‘—Lfle
ioH

= ' > d v :
w2 2 and Hhe systewis dynemic

c=\ |

conge js DR Z 104 Leds, The slowesH
C.l'\.ﬂt.h.h..e_‘ s the c\n.olvm.el vod 2'“ whick
velies on AT7— bed P\roces,(c'vzcj \aqv—clque.

A \50} 0\“ +“L'€ MOCIU((: 0€ _sejr R ove Q{'H"V'ﬂt (."'C""
Voo forms 94 2%, 2°. These moduli

forms ingly  simple weighted —+o— RVS  and
RNS—do- weiphted cowversions as well o
simple ond “efficient RNS avifhmetic.

Question ¢ |g RNS o 3004 choice of o
555 ‘\*em i ovdec fo Fe\ffﬂ'm one Cowfw-l-al._
'HOV\- ? (snlj c=o0 @b wheve @= +) .—-)X,?).

Answer’ No 14 L3 nod . This 15 due o
the ch# 4ot +‘1.e -l-(:\me ]wvo(vec{' €0~r Covr~ |
.\lcr‘t‘t’hg o ond b fvom +he weg:l,_{-e(} .S‘Js-fe\m.
mteo the BNS oqund the +ime involved fov
C_on.ue-r-l-tlns the vesuvld = o @b .€vcm +ae
RNS  Lack lo the u.Je_c'J'H-{-eJ 555{-6\”.. w |

fake awry afl the speed benefits imglied




@r

\og Ihe ?q;-l' in"'t\rhq\ RS FroCEL’SS'c'\nC.;.

_@ues(—{oh: w‘f).e_h is RNS a 500& chot ce o_€
o COM?U‘{'EKS S(‘jb‘('em?

Answevz RNS s awn ﬁXC€{l€h+ choice 1w Qe
og COMPU"‘%'{‘LOV‘LQ‘\\; .t_\ﬂ-‘(‘e‘h.Sc‘\'ae ev..v('_y-oyLMeh-{-f,.
This wmegus {,roLlems which ve((j_on la.rcre
nomber of c,owfu-l-Ol'l't'Oh.S (q lot of fraca.rc‘»y)
end rq\q{-éveb 5mqll numbev oe conversionsg
g\rom +he weigk"el SJ.S'(‘G'M 4o 4he RS
ov d F\rom the RNS 4o _we";fl'l"f’cl*
Cownsider J?ov;i exgmple two 'sro(Jnomc.'e\ls cn

: 19
OLC'.DLL th ch): 5‘9(‘1(.
)

x5 = 2
and considev cemtou-ti.hj their fv-oCL'uc_{-
8 ,
R(x) = P(2) Q) = gc,;xt - The
| o

EWQU'\'S to +his CCDWLPU'(‘%‘('(:OV'L ove +the
2)000 da ke ?oitn.*"S’ (caefgl'cienés)

Lo, @y o) qm} j 1 b, by, ---, L"H‘i?.




The ?roiuc_ecl vesults ave the (999
coeflicients of R(x) or +he seguelnce
ic°) €1y Cmgf - The 'C""“P”‘L““L".""‘“‘(
\’E‘iui'{l&mew{- s _Loe mu(\Lif{l'cq{-EOhJ‘ end
(499) @ 10° additions.

[+ most be menkioned that polyne-

Ynéq\ ?roclud'_{ P(x)QQ:&) g v€ Ve\f‘g use fu!
beco use -H—Leg reel{2e vy U.ce(’ul D;‘Jc‘h}

Sicghqt P‘(Oce‘SSihg C'DB?) COva'l‘é{-t'OhS “lzé’

the _lineo,v COh\lo(u{-Coh which ¢ the

ke.qfl— DE linear fi{)ce\’t'nj’ efc.

?'{‘ouem -

Consider om RNS SCjS'fem w i, lm.o&_uh'l set
___.A_n_szg—“‘i)“z) '”"3?' |

Led fwo numbevs X awd Y e repre—~
Sented iw the RNS doma oS

X Eﬁicx_l) XZ) X})‘: ((0) L‘l) |5)

N Ryg (i, Y2, Y3)= (12,8, q)

W\n‘c,)‘m S the lavpest nomber behveen X and
Y




@4
@ COVLB(_JQV -l'wo num loevs X qw.cl Y (.u(,‘l"'\,
woixed rod (2 ALJL'('S ( 9_) X3> (.1.) Lf)20>

on d C\{_L) Yz \(?;> (5 io -1-3> Heve X awnd
\{1, Gve -{—'rz.e lee gt stcgntfthn‘{' v xed rqclcx
cgcjcs 0€ X ond Y whi le X3 qwnd Y3 qve
Hie wost ,gl(fmflqa,\,,l— wmixed vegdiy dcfu{i f

X emd Y.
Which s Yhe lqv._(es'F womber  Letween

X and Y?
Anbwe\r:

@ We can no-{— compave . BNS s unw'e'_:rﬁ-(ecl

@ H'&‘(’e X>Y Stince L'h. mos-(- "’i‘_fhichgn-f
wired vedox digit XB is fagper Hu;u the

st .5mmfacqn+ wmiyed ‘adix diect Yg of

the 3 \(







