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* Duality

In_ handout 46 we presented the ten axiowms of
switchin a,,lgebrm We present these axioms here
“gain. ese e oms Qe

(AY) X=0 if X#1 @L) Xx=1 { xt0.
(A2) I X=0,then X=L (A2)) |£Y=L then X =0

f

(A3) 0-0=0 (A3') 1+1=1
CA4)1-1=1 (A L{’) 0+0=0
(As) 0-1=1-0=0 (A5 1+0 =0+1 =1

As seen J?mm- the above, these axioms ave stated \n
Pairs 5§ (CAL-(AL), (A2) 3(;,4 2/), CA3)—(AZ"D> CA4)~CA4D,

CAG)-—CF}GE). The Pr{'mec{ version ag eqach ax lom (5
obtained Zrom +he unprimed version by simply swap-
Ping 0 and L and,if present; s and +. Gince the
aboVe +en aXioms cam be Used “fo prove all the theorems
of su.rijrchmi a[gebray we can now state +he Ea(lowiwﬁ
theorem about +heovrems:

. Prin,ciPle m? DUQ[H-\_,': /4%3 +heorewr or Ede_w_f-i-}y 1
switching olaebra. remaing frue {1[-J O and L are
swapped qnd + and + ave swapped as well.

+ [mplication: Duality 15 important [+ halves the amount

that yow haye to leayn, Once gou Rrow a 5wm'+ch'n§ a,|-
@ebm theorem (amrf &UJromq-Hr_q({Z brnow 145 dual-The dud|
l €4 vers np

+Keorems qre +he pri ions of the rimed.
* Important Note: Before +aking the dval of a logic epres-
510 -&HY pqren{%esi%g -+ ff—JYGL{ do not+ do +hig you_




will deuce mista bes. @
| will demonstrate the above with an example. [+ is
going to he theorem T10)- | will +ry +o +ake its dval
Wwithout using parentheses. | will produce a mistake.

)(.\{+>(.Yf:)( C'l-hearevm,@'.io)) AL
)(-l-‘{ . >(+Yl'_: X qu@+er q_FPh.mj Lhe Fﬁnc|P|€ ﬂf-’dh”l'!\l?/)
YoY +X +Y' =X
Y°Y+¥'1+YIZX
Y-(Yr)+Y = X
Nooif A
Y +Y": Yoo kel s wrong .
The correct way GE doing it Pollows
Yo Y+ X‘Y{:X ( theorem CTJ_O)) )
CrY)% (I Cotiten Pl i s ol
X)) - (Y +y)=XC adter applying principle of duality)
The obtained lask live (X+Y)-(X+Y =X is +he cor
rect theorem (T10’) which is the dval of theorem
(TL0).
:EUQ_I' ﬂg a lag[c E’}(Presgl-&n: H-g FCX_LI}XZJr;-)an—]-:} ._);)
15 a folly parenthesized logic expression i*?.h'u‘w'r:..g $he
Vaviables XL) )(:2,_) “")Xn_ qnd +he QPQW,'#-OF“‘S +_) = gnd {]

then the dual of F, denoted by F5 (s +he same
eypression with + dwud « swapped. [n other words

D
F CYL)XQ}"')XHJ'i")'J{) —_— F(XLJXZJ...JXH.)!)-—}—JK)
Nﬂi‘ The 3enemli2ed De Horgq,n}j +heorewm ﬁ‘iq) can




also be stated as Po“nfufs: )
[F Xy X)] = F X Xap o0 Ko )

» Standard Pepresentations of Logi'c Fuactions

The most basic Tepmﬁenh{-ion 019 o logic function is the

Truth table. | &,{reau:ly provided the defivition of the

Tth dable v handoul# 5 5 (see page 7 of hand—

oVt# 5) . Below | provide thé trvth tables for a NOT
ate Cinverter), @ 2—input AND 89.4- and o 2-input
R gﬁ;{‘ﬁ’— YGLL Qh’.ﬁ&dy know t+his’ inkormation-

Al A"l [AIBTA:B {A]B[A+B
gL olo] O 010 o
1lo o1 | IS o
1jol © f1ia) 1
R e
Avothrer troth dalie
: 15 shown below j, ‘
otk table s for another ;Hﬁ&riai!l%%ii%;ﬁ’fﬁz)
P op? /
XIY[Z] F
910 la | L
8lajlyL ) o .
[o]t o] @
(o {efe | L
Lielo ] 1
‘Tl o
e L
ERusegin b




@

Note: The jnformation contained in a +ruih table can

be delivered algebraically but some definitions are vee-
ded Lirgd.

eLiteral: The de\?iw.i%ian G-E a [itere] has been Pr""”.‘
ded 1n hawdovt#6- As o reminder; a |iterel (s a vare-
ble or +he complement uﬁ o variable.

» Product term: The dePinition of a product ferm has keen
fﬁwided in handout# 6. As a reminder, a product term
15 @ Siﬂglﬂ (itere] or « ivgfca,l product of two or more [1te-

% ‘
'E%sl*oﬁ—{?rﬁ:luo!ﬁ EXpYesion s The de?ini-ﬁon of_Jﬂ. 5{;»1-9{_’—

YOducts expression has beew Provided e IQDL:VLAOU‘{'# 6- As &
MEEMivfjér)}gézsm—oEEspmducg expressiong s gq loj ice |
Sum of product terms.
* SUm term: The definition ofa sum ferm has been pro-
Vided in handout 6- A5 a reminder; o sum terne 5 a Sin-
dle literal or a (uaicml suvm of fwo or more |ilerals.
‘_E’_@iuc-(--af-—s-ums expressions The cle%'niﬂon a? Q
Product—of —sums expression has been provided v hand-
out# 6. As @ veminder; @ product-of-sums expression
15 q IGB,I:CQ_( product of sum ferms.
-_L\I-Efmq_,l +Erm: A VLOI'_\'ﬂQl -I-e'ﬂf'n- .|‘5 Q. P!"GCIUC'I' or Suw. -{-f._.
e in which no Variable appears wmore thain once. A
nonnormal| term can a,lum,gs be simplified 4o a con-
stant or @ normal term Osing one of +he +heorems

G—Z}J CTB;)_} CTS); CTSD . @3>5+ﬂc+€5 )({*Y:X)
(T3) stetes X-X=X, CTS) states X+X'=L, CTS) sta-
Tes XI‘XI-_}D- Em.mples 9\9 norma| 4erms ave: }({Y.ZJ
X‘},‘Y 2. E‘mm?les ag namwrmql tevrmy are:
XoY-Y-Z 0 oY +2, Sl oyl
W+ w!. < -




- vL-veriable mintemt An n-variable minterm @

lo o norma| product term with n literals. There are
2™ such product terms. Exawmples of 3-vaviable minterm

@ve: )({,Y,;) XY/ Zf’) X+ Y- Z- Examples of 4~
veriable minterms qre X- Y- 2'-W, gz
X.Y.Z,W) X'Y"'Z"W’f

, n=variable maxferm: An n—variable maxterm is @
norma| cum term with litevals. There are 2 5u¢k_'50m
Terwms. Exq,m:ﬁleg of!3hvmriable ma X +erms are:
X+Y+2Z; XtYr 2y XiY+= Ex%mf;ke'/o{? ‘1;
varieble mayterms are: K +Y+Z WS X +Y+Z1W)
%oyl 2lew!

Note: There (v a carr-eannAence between +he 4ruth
table y minterms and maxterms. A minterm 15 a preo-
duct Yerm that is L in exactly one row of the trwth
table. A mayxterm (¢ @ sum +erm that (s O v exq_cﬂy

one row of the +ruth table. Table 2 below explains
the sitvation for a Z—variable +ruth table

———

Row[X[Y[Z2[F _[Minterm| Maxterm |
o [0 ol F@o0] X"Y"2' | X+Y+Z |
L [o]o[L|F(o0)) "Y'z | Xty+2! 4
2 |o]L]o[Floue) [ x-Y-2" | XtY%z
S {0114 [F(op)l ¥2X:2 | XEYtE |
T\ |o 09 X-Y-2'| X4v+z
D o fLiFse) x-viz | Xty sz
6 [114]o|rui0] x.v-2 X+yl e 2
L7 |1 1} [Pl XoY-2 X +Y'+ 2 J
dockble 9



Explonations: Eego_rding Lhe +able 2 of the @
previovs 298 +heé minterm YhYL2' (s 4 only n
Faul Gg'f‘ e truth table. [n row 0 of +}k€ fruth
table Y=0,;Y=0, £=0; g0 X!:—b Y/=1, 2 :i; qfwcl
obviovsly Yyl Zi=1.1:1=L. The minterm X Y. Z
15 L only in row £ of the fruth table-[n rew £
of the frutl table Y=8,Y=0, Z=1, so Xf;lg}’:i
and XK'YK-Zrl_'i_'i =1. The minterm X%Y-Z' s
1 only (nrow 2 of the +ruth toble: [n row %
of? +he +wwth {feble X=0, Y=1,2=0, so X’fl‘.LJZ-‘-L
and YLy 2= (. f-1=1. Similarly, the wminterm
X*Y+Z (s L onlyin row 3 of +he }+roth table,
e minterw }(,Yf = only 1n vow 4 of the
+roth Jrﬂc_]o[ej the winterm X'Y{Z pse ke E?Vzi)( ln Yo
5 OF the +vuth fabley the minterm X'Y'z__i! 15 1 own-
Iy tn row & of the +ruth table and +he winferm
Yo e 2t only tn vow T of the 4ruth Hable§ (| ko
Pe yow understand ii). _
Regomiin,g tHhe maxterms mﬁﬂ the mayferm Y+Y4 Z 15
0 orly i row 0 of the truth table. |n row © of the
truth table ¥=0,Y=0, 2=0, 50 X+Y+2Z =0+0+0=0-
The mayterm X+Y+2/ s 0 only invow L of the
truth table. [n row 4L of the +roth toble =0, Y=0,
2=1) 50 2'=0 and X+Y+2/=0+04+0=0- The max-
tevim X+ Y'+2 i O only in vow 2 of the truth
table . [ row 2 0f 4lee Lyt table X=0, Y=1, Z=9,
50 \{;Z‘O ond X+Y'+Z2=0 10 TGZD-éimI[qﬂyj +he
materm X+Y'42 (s 0 only In Yow B of the fru-
+h '}‘Q_Hfo +he W GX e vwe )("rjt- Y+2- s O onl In re:rwl{
0f the Hruth table 5 the mayterm X4y + 27 (50 orly
e 0w & 0P Jhe {ruth table, the mayterm Y4 v4 Z i
0 owly wn vow 6 of the +ruth table and the maylerm
X4+Y'+2 16 0 only invow T of the truth table.




Observation: An inJrer'emLina o bservation is +H@

for eack row 1n the +truth tabley the minterm
and the Correbfond{ng maj'{—e,r:n, ave complemenf-s
of eack other. Apply De Morg ans theorems (TL3),
CT.IZ’) to see that Refer 3o table 2 on page 5.
Consider ww 0. The minterm is Y4Y° 2" Take
+he complement of this minterm Ubiﬁg +heorem.
(T15> WY’LQ.'I’ yﬂr,{ &E‘{" 15 (XI'Y;'Z'}');: ()(f)!'l"(\(f){k
(Zf)f: X+Y+Z which s the maxterm corespon—
ding 4o row O. As another example consider row
H. The minferm camFondf&g to row 4 15
X-Y"-2" Take the complementof this minterm.
thq_{- you gng‘ 1 (Y'Y!' Z;')!: X/+(Yf) +(2f)_:
=X +tY +2Z which 15 the mayterm carrﬁgfandmﬁ
1\*{? yow ‘! Yﬂu. cCawn clc: "H—Le re,_f,-f— ‘9)" ypuyg‘({{%“

* Hinterw sumber* A windies nilber 15 an wu—bil
lnteger used to represent qy n—varieble minterm.
The vome minderm L will be vsed +o denote +he
Minterm corre,sanLdimg 4o row ¢( aﬁ the +vth +able.
For ;E.\H}m?\e} minterm 6 i X-Y-ZS minterm Y is
Y.Y .2- Csee +q-,b(E'. 2 on {’q’_g& 5) ln, mim-\~erm L
@ particular Variable appears complemented £ Hje
EUT_TE&uPGm&lmg bit in +he bimvy represendtq L
L 65 035 otherwise \E - @f
eV

\s uncomplemented. \
T@){Q_HL‘F\E the minterm 4 ; - i

‘ of table 2. of age 5.
I}‘:i lecqry vepresentotion of 4 Cg-lopp Tﬂ;:rfbﬂn{_ﬁﬂ
i tcavse we have +hyee Variables) is {op
L WMinterwm 4 ¢ XY{ 2! 'Tkus)




©)

'__HQ_,XJFQM YLUME?SV:_; A mq.}{-l-erm V1 Uh’lbﬁr FHS @ ’-"?.f‘é’l.q'

anreger used +o represent awn wn- variable wayterm
The nwame mayterm L will be vsed to denore the
Maxterm corresponding to row { of +he truth table.
For 8¥0Lm§>|€) mayterm 3 15 )(*H”J—i— ZIJ mQ¥+Erm7
15 )(I-l-Y'i-l- 2 (see dqlle 2 o page 6).ln maxterm i,
@ particular variable appears complemented £ the
;orrebpm&img bit in +he binmry representation g{?f‘,
b 3 otherwise [t 16 U%complﬁmem+ed+ Consider for
exawmple the maxterm 6 of table 2 of page 5. The

3-bit binary representation of 6 1s 110. Thus, the
mayterm 6 is Xty z.

5 E%E}J ov the correspondence between the +ruth teble
and minterms, one caw easily creade an algebraic
Cepresentation of @ logic function from ¥, fruth Falle

Let wme demonstrate this with +he example of the fon-
ction F of table L on page 3 of this hoandout. As seen
Lrom table L Lonction F is 1 1'}@ (¥=0 and Y=0 and

2=0)or( Xm0 and Y=1 and 2=1) or (X =41 and Y=0

avnd Z':D_) QFC X:i and Y=1 and Z:CD OV"CX-"-'J. a_id

\(:i avd 27:1)_ [n other u)urc[f;)ﬁuvmﬂom Fisgd {g
C‘mhﬂrem O 15 l)m“ G-? @ minterm 2 15 i) or

Ci@ winterm 4 s i) orCiE minterm 6 15 i) or
Cig mivterm T 15 l): (v other ‘*UO"‘J%{) EU"LC#'D”‘” £
1 130 X’:\(‘{.Z’(:_L sla X’{-Y«Z:i ovr X-Y’{'Z-:_L or
YN 2i=t o YWeoY. 2=1. Fhis can be weitlen as
G \Ggic eﬁf,u%\uﬂﬂe showwn on the nexk page.
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F:ZEJYJ}CO}E)%@J): i /
:)(I'YE*ZI*' W2 XY 2 E XY E FX-Y-2

—|n the above Eci/uCLJr[sz, @), the notation

ZKJYJE C imderm list @nd means

the sum of minterms 053,46 7 With variebles
XJ \{3 o

 Canonical sum : The canonicalsvm of a l‘f’g} ic

—_—

?umc-“mm 15 g sum. of the mivnterms {:Grrﬁsgomd:'ng 4o
teoth +eble rows Clnp ok comb inations) {im‘ which +he
Lunction Produces @ L output- For Eya:,m?[ﬂ; &Q,U%Hwa,
CL) above glrows the cawvowical sum \Qor the Lunclion
E of +able L ol ?Otgﬂ 2 of Heig handovt-

— Based on the correspondence befweern the Lruth fable

@ng MQyterimG, one C&v easlly cveate an Q,fgﬂfj*@tlc i
ET’@&EVL“G&{GVL cf o log (¢ -?uw clion {?r‘ﬂm (te Hruth *lLﬂuEJf&__

]_-jcsEc:I i b e A
Let wme demonstrate this with the exam le of fur—
C:rlﬂ‘-’b F of {able 1 or page 3 of this Lz,atncioujr?& seen
£rom tocble i) Eumc-ﬁm Eiic f—{z(x:tﬁ&i’ld Y=0 ara
Z=1)or (¥=0 and Y=L and 2=0) or-(Xx=1 2nd Y=0
aed 2=1). Applyivng DeMomas +heorem on the
@bove ofa temement we e?r: Function Fig 4 ;¢
(Y=low Y=1 or 2=0) and (X=Llor Y:@W2:215 a4
Cx=0orY=L or 2=0). Ay you see when | applied
D@HUT%C!.A’I?": theorewm { swapped 0% and 1% Qnd oY~
Qwud and. |n other worsy Lonchion F iy 4 L
(m‘lﬂemi 5 i) and Cmaxterm 2 is 1) and (mayternns o)




1o
| olher wordy, Qunclrion A isfl )<+Y+2’:1 q,(m?
vrYz=l and W4y +2'=L This can be written a5

@ \ogic equetion A5 5 own below:

F: —mgfj;}(l) Z)S): Cz)

s l"’?.. the C{,\DD\FE ﬁ(.]/uq,{—{qn, L1>) +he nu%m,{—l-ﬂb’b
T,y 2 (4,2,5) 15 o waxkerm [iot wnd means

t+he producth of mayterms L,2,5 With variables
\.(_}Y_}z

: CQ’.’“’D““:CQH\ Pmduc&-?__ The canorical product of @

\ ogic function s @ product of +he maoy+erms cor—
responding +o input combinationy For whick +he fu—
oTion produces q O output. For exameple; gguationd)

Q.L')D\.‘E 5[9_0% dhe cayLon i c i
icel| Pproduct -?ﬂr"4—frze Lunctio
F of {ablel of Page 3 of teis hkgvidout. gl

'ﬁcf?“er*”}g between. o minterm ligk and o
Wiaytern (ed .

[+ s very easy o co nwvert between a minderm |ligl
Q,Vz,d.ﬂ{. metern lis+ For a ‘EUVE.-C"‘i.DW_ a-g_lg_ vq,y-:&ng[gS 154
Possible wnindevm amd wmayderm vivmbers will EE r‘:_
The set 30433, 2% 0 A minkerm. or mayterm.

Containg q sybset of +hese ViUmbers.

e e e e S e L Tt
- e e =il e . CM = Si=E S Sl = SR RN T g T S S
- e e SR Y Tl
G ——————=— e
e ST o e e = —
J e O e T T g T O DTS
-'-"—_".—-%"_. = A e .__.‘.‘,‘1 *& =



To switch between [jof fypes; take the 554—@

complement. Gome exemples are shown below:
* Zu o0 4= Trx;w()z— (0,253,556)

: Tr}‘ﬁcljl) ” Z?’\)Y (0,3
. ZA_)BJCCGJLJz)B):WA;BJC C%S:éﬂ)
’ }jxﬂﬁj_) :T{;{JY (90,2,2)

y ZW}X;YJECD)LJZJ 3,5,T)11,13)= WX, Y, 5 (6991012

\ 9515)
Exampler Congider +he Ponction FCA_;BJC) provided b
Froe Troth tablo belowsCilin Leble =) Wille i)

v cawowicq| s5Um, »\Qsm and canonical FWC{UG’L ﬂgﬁm

Ao b |
o dl
00 1.} o
Slade
g1 L
100 L
1ol 11
\_L_to i
ELE 4
Table 3

Answer?:  The Ca,nwz.ic:&,( SUum Eﬁm 15
':: ZAJB)CCE)L‘)S‘)%T)M '},
= A-B+C+hp Bfrcjir A-B-C+AB-CHAB-C

The C&,nﬂwitﬁ[ m Pm;l,uc:# Qoﬁrm \g ;
F= e (04,20 CABFO -(A+Brc D AR O



M Write in canonicel som LPorm. &%@m—
VLUVLIL.CO(,\ Produc‘;\‘ @arm the Puncltion F(asbscyd)=
= o/-Cb/+d)+a-c.df

Avswer? | LUHU first provide the canonical| sum Lorm
c}f;) the '@UP'LCJHDVL- We have F=a/(C b’!%-—co-i-ﬁt'c"d!:

e Qg_bf_l_gf,d +a-cd = &i(-bj'CC*l‘CI)'Céjé{)-}‘

i
v od-dCbeld Here) ra-cdc il =
e (W W) P
[ - j—L | I - | [ [
I@»I'E‘C"f"&.f'lﬂ'cf)'(cl”{"cl ){-@L-a-w—mid-b)-(m—c )+
i
ta-c-d-bta-c-dl b= ehblc d +a el e aLf‘b'C'A{
talplcldl 4 aldbec +aldiboc'val-d-plic +al-d-bhc
[ Layliesalinl L L L L
ta-c-dl-bra.cd -} —a-b-e-dte b-c-d FabCai
ol clod tadblichd + aloblect dl ol bec-d +alb-cd
Lbic-d! pa-blrcod!= alipcd +ablc-d'+ eibicd
4= Qj;btcj. clf + Q__f. LeCc-d 4 &.I, b rcf.d + Q-'b'{:':lf'f‘ﬂ{,'b{c'd

%Mﬁ( 051y2,355,7, L0, 14),

The Q,bomje 5 the CMDYLiL%t S50 Eur +he givaﬂ-'
Lunction E.



We now provide the canoniceal E’F‘OAUCJf 'EO"'@
the functrion F It 15

F= m}bﬁcji(%é)sjq}u)12>,Lz_, 15) =

- (Q%{H-’rc‘-) (arbtc +d)-(als bic+d): (a,j+!b+fc+cfl§
(ol b +d)- (et Jycrd)-Cale bl crd)(atibrctd)

I
Examples Brove that ol-c +b‘!«c”-t~rczrb :a,{&‘/%-b-ﬂ-i-c
Avnower: | will g'm,d +he ca.mmca,l sSUmy w? bot

Fhe et and the righﬁr side QE Hyve above equa—
Yiovw anvd show that they are a:?,ua_\-

: | A=l =
For the ledt side we havet al-c+b'-c foue b=
=a/-c-(btb') + bl-c-(ate)) +a-b(ctc) =
L e (EEENS e
[ 5 N =+ | =

:’%‘C*E+Q.frc-b+iovc-q,+bf-c-a~[—Qab'c t+a-b-c
ety
Zabc'tolplc +alibec pacbh /v acbict abec
= Zq,>53¢COJL>3JLiJ 65T) -

For the ri%h{-si&e we have: al-b'tb-ct a.cl=
- ﬂf’-l:» Cm-cf +L,~QCQ+G¢£)+ Q,'C.K-Cb-f-bf) =

£ 1 XL

ﬂj'(o!- c+o¢{-bf- c:{+ bC-at+ E-C+QJ+&'CE'E +Q-c{éf
= a b’ tal e febct o bj'C£+Oc'b~CI+a¢-b'C
= Z% byc (015354565 7)

€cavVse the canonical s5ums of both |e €t and rithp
5ide o€ the equation are g9valy +he equetion is yo\id.

/



G
« Leview ‘ ,
WUW have lﬁarne& 50 ﬁcur‘ 15 ?{v’e ;GSBIHE .QH
Presen%q,z?.ms S@nr a combinational logic uncrions
L-A Lroth table. |
2- An &lgebrq,ic sum GE miw%&?“m% the canonical
Sum. ‘
2- A minterm gk Ubing the 2. notation.
H. An algebraic product of maxderms, Hee canonical
Fra&u3+.
5. A mayterm |igt using the T o bation.
Eoch owe of these vepresentations specifies exa.ctHy

the same {ngorm&.{'iont Given any one of thew,
Yo« cav derive +he other four.



